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LOI NOI DAU
T dai trong tac dung vao cong trinh, dwa vao tinh chdt tac dung, dwoc phan thanh hai logi:
Tdi trong tdac dung tinh va tai trong tac dung dong.

Tai trong tac dung dong la tai trong khi tac dong vao cong trinh lam cho cong trinh
chuyén dong co gia toc. Do cong trinh co khoi lwong, nén khi chuyén dong co gia toc, trong
cong trinh sé xuat hién thém lyc quan tinh.

Tai trong dong la tdi trong co tri s6 thay déi theo thoi gian, tham chi vi tri tac dung
ciing co thé thay doi theo thoi gian; nhw tai trong dwoc sinh ra do khoi luong léch tam trong
dong co khi dong co hoat dong, tai trong gio bado, ap luc no, ap luc thuy dong, tai trong dong
ddt wv...

Cdc cong trinh xdy dung ngady cang c6 hinh dang thanh mdanh nho cdc tién bé vé mdt
vit liéu xdy dwng va cong nghé xdy dwng, nén rit nhay cam véi cdc tac dung dong. Dudi tic
dung ciia tdi trong dong, cdc dai lwong phdt sinh trong cong trinh nhuwe: Phan lyc lién két, ndi
liee, bién dang, chuyén vi vv... déu thay doi theo thoi gian.

Nhiém vu chinh cia mén Béng luc hoc céng trinh la nghién citu cdc phirong phdp dé
xdc dinh gid tri 16m nhat (bién d3) cia cdc dai lwong nghién ciru phdt sinh trong cong trinh
khi céng trinh chiu téc dung cia cdc tdi trong dong dé phuc vu bai todn kiém tra ciing nhw
bai todn thiét ké. Ngodi ra mén hoc ciing nghién citu cdc phwong phdp dé xdc dinh cdc tan sé
dao dong riéng cia céng trinh dé tranh hién twong céng huéng cé thé xdy ra lam cho cong
trinh bi pha hoai do noi lyc, chuyén Vi W... ¢6 thé tang lén rat lon.

Trong khuon khé mét cuodn sdch phuc vu hoc tap cho sinh vién truong Pai hoc Thuy loi
Véi thoi lwong hai tin chi, trong gido trinh nay chiing téi chi trinh bay cdc kién thire co ban
nhat ciia mén hoc “Péng liwe hoc cong trinh”. Cudn sdch ciing cé thé lam tai liéu tham khdo
cho sinh vién cac truwong Pai hoc ky thuat khac, cho cac hoc vién cao hoc, va cho nhitng
nguoi quan tam toi viéc tinh toan cong trinh dwdi tac dung cua tai trong dong.

Do thoi gian va trinh do c6 han, nén khé tranh khoi cdc thiéu sét trong cong viéc trinh
bay néi dung cudn sach; ching téi chan thanh cam on cdc y kién déng gop cua cic dong
nghiép va cdc ban doc gan xa.

Cac tac gia ciing gui loi cam on toi giang vién tré Ly Minh Dwong da nhiét tinh tham
gia ché ban va vé hinh cho cudn sach nay.

Ha N¢i, nam 2010
Tac gia



DONG LU'C HOC CONG TRINH

Chuwong 1
DAO PONG CUA HE CO MQT BAC TU DO

1.1 MOT SO KHAI NIEM CO BAN VE LY THUYET DAO PONG
1.1.1 Khai niém vé chu ky va tin sb

Xét hé trén hinh 1.1. Hé gém khdi luong M duoc gén vao mdt diém c¢b dinh nho 16 xo
c6 d6 ctimg K (1 phan lyc phat sinh trong 16 xo khi 10 xo bién dang mét lugng bang don vi).
Khéi lugng M chiu tic dong ciia mot luc P(t) c6 phuong theo phuong cta chuyén dong
(phuong y), con chiéu va tri s6 thay ddi theo thoi gian.

Khéi luong M chuyén dong, luc phat sinh trong 10 xo thay doi lam

cho vat thyc hién mot dao dong co hoc. K
Tuy thudc vao quan hé giita luc 10 xo va bién dang cua 10 xo 1a 0
£ . A \ YN o i, N
tuyén tinh, hay phi tuyén, ma ta c6 bai todan dao dong tuyeén tinh hay dao M ;JE
déng phi tuyén. 8

Dao dong cua vat thuan tay do luc 10 xo sinh ra khi M dich chuyén
khoi vi tri cAn bang ban dau (do mdt nguyén nhan bat ky nao d6 gay ra y P(t)

roi mét di) duogc 20i 1a dao dong tu do hay la dao dong riéng. Hinh 1.1

Dang chuyén vi cua vat M duoc goi 13 dang dao dong riéng. Néu
trong qua trinh dao dong ludn ludn ton tai luc dong P(t), ta c6 bai toan dao dong cudng birc.
Luc dong P(t) con dugc goi la luc kich thich.

S6 céac dao dong toan phén cta khdi luong thyc hi¢n trong mdt don vi thoi gian, chi phu
thudc vao cac dic trung co hoc ctia hé, goi 1a tan so dao dong riéng hay tan sé dao dong tw
do, va duoc ky hiéu 1a f. Thoi gian dé thuc hién mot dao dong toan phan dwoc goi 1a chu ky
dao dong, va dugc ky hiéu 1a T. Néu T do bang gidy (s) (trong Pong luc hoc cong trinh thoi
gian thuong duoc do bang gidy), thi thir nguyén cua f1a 1/s. Vé tri s6 £ va T 1a nghich dao cta
nhau.

1.1.2 Dao dong diéu hoa va véc to quay

Sau ddy ta xét mot dang dao dong quan trong duoc goi 1a dao déng dieu hoa. Pay 1a
dang dao dong co ban thuong gip trong co hoc, mat khac, cac dao dong c6 chu ky luén ludn
¢6 thé phan tich thanh cac dang dao dong diéu hoa don gian nay.

Xét dao dong diéu hoa,

S(t) = Asin ot (1-1)
C6 van tbe
v(t) = Awcoswt Acgeant 1-2)
. , () e%: ( v
va gia toc P >
a(t) = —Aw’ sin ot Asiney (1-3)
Ta thdy rang, c6 thé miéu ta chuyén dong S VYool . , A
nay nhu chuyén dich cua diém mut véc to OA
(c6 d6 16n bang A) 1én mot truc S nao do khi véc o
v
Hinh 12



Chucong 1. Dao dong cia hé c6 mot bac tu do

to nay quay quanh diém c6 dinh O véi van téc goc w.(xem hinh 1.2).
Lac nay, tri s6 A (’iuqc goi la bién d‘é dao dong, con van tde géc o dugc goi la tan so
vong cua dao dong - 1a s06 dao dong toan phan cia hé thuc hién trong 27 giay.
That vay, theo dinh nghia,
2r 1

ol =27, nen T=—=—,dodd w=2rxf
1)

Tom lai, trong dao dong dic€u hoa ta c6 cac quan hé sau,

0= = onf (1-4)
T
1 o

f:—:— 1'5
T 2x (1-5)

7_1_27 (1-6)
f o

Sau nay trong tinh toan thyc té, nguoi ta hay dung o hon f.

Khéoqsét ba dao dong diéu hoa cung bién do A va ghu }(}‘/ T, nhung bién do dat duoc ¢
cac thoi diém khac nhau; Cling c6 nghia 1a thoi diém bat dau cua ba dao dong nay la 1éch
nhau. Ta néi ba dao dong 1éch pha nhau - xem hinh 1.3;

T T T
N Ry S N
178 T A T S AN
T " =
t°7 \ & a) vs b) ,'S\t :£=£T
_ ju S _ Asi C) 0 o 2r
S(t)zAsm(wt-E) (t) = Asin(wt) S(t) = Asin(ot-p)
Hinh 1.3

Dao dong (c) bit dau sém hon dao dong (b) mot khoang thdi gian to; Nghia 13, sau khi
véc to quay OA biéu dién dao dong (c) quay duoc mot goc ¢ = oto thi dao dong (b) méi bat
dau. Ta noi to la dé léch pha, con ¢ 1a géc léch pha (hay goc pha). Tuong tu, dao dong (a)
c6 goc pha la n/2.

Céch biéu dién dao dong diéu hoa dudi dang véc to quay nhu trén hinh 1.2, gitp ta thuc
hién thuan tién viéc hop cac dao dong diéu hoa. Vi du, xét hop cua hai dao dong diéu hoa
cung tan sb (c6 thé khac bién do va léch pha).

S,(t)=Asinawt @
S,(t) = A,sin(ot+¢) (b)

Céc véc to quay biéu dién cac dao dong S; va S, tai thoi diém t nao d6 1a OA; va OA;
nhu trén hinh 1.4. Hop ctia hai dao dong S; va S, chinh la hgp cuia hai véc to OA; va OA;
cho ta véc to OA c6 do 16n, theo qui tac hinh binh hanh, 1a
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OA= A:\/(A1+A2003¢)2+(Azsingo)2 (1-7)
A, sing 1.8
(A + Acosp) (1-8)

Nhu vay, hop ciia hai dao déng diéu hoa cing tin sé la mét dao ddng diéu hoa cung
tan sé, ¢6 bién d6 A duoc tinh theo (1-7) va goc 1éch pha B duoc tinh theo (1-8)

S(t) = S,(t) + S, (t) = Asin(wt+S) (©)

va goéc léch pha B, ma: tgp =

Chu ¥ ring, néu hai dao dong thanh phan khéc tan sb, thi hop cua chung khong con 1a
dao dong diéu hoa nira, ma chi 13 dao dong c6 chu ky (chi tiét c6 thé xem & cac tai lidu tham
khao).

v

Hinh 1.4

1.1.3 Lyuc cdn va cac m6 hinh lyc cidn
Dao dong tu do ctia hé do mot nguyén nhan tac dung tirc thoi ndo d6 gy ra rdi mat di s&
khong ton tai mai, ma s& mét di sau mot khoang thoi gian. S& di nhu véy 13 do trong qué trinh
dao dong, hé ludn ludn phai chiu tac dung ciia mot sb lyc gy can trd dao dong ma ta goi 1a
lire can. Lyc can do nhidu nguyén nhan gy ra nhu : ma st giita cac mit tiép xtic ma ta goi la
lic can ma sat; stc can ciia moi truong nhu khong khi, chét 1ong. .. hay lyc ndi ma sat ma ta
goi chung 1a lyc can nhot.
Trong chuyén dong co hoc, ngudi ta thuong chia luc can thanh ba nhdm chinh:
1- Lyc can ma sat dugc xac dinh theo dinh luat Culong
R.=C.N (1-9)
Trong d6: C1 13 hé sb ma sat,
N 1a thanh phan phap tuyén ciia lyc sinh ra giira hai mit tiép xuc khi chuyén
dong (n6 phu thudc vao van tdc chuyén dong)

2- Luc can nhot tuyén tinh Newton ty 1€ bac nhét vé&i vén toc chuyén dong

R, =C,v (1-10)



Chucong 1. Dao dong cia hé c6 mot bac tu do

Trong do6: C, 1a hé s can nhot

v 1a van téc chuyén dong, v = §(t)

Pay 13 m6 hinh lyc can dugce dung nhiéu trong thuc té xay dung; va dugc mo ta bang
mat pit tong chuyén dong trong chat 1ong nhét nhu trén hinh 1.6d.

3- Lyc can ty 18 bac cao v6i van tdc (thuong 1a bac hai). Luc can nay thuong xdy ra khi
vét chuyén dong trong moi truong chét 1ong hay chat khi voi van tdc twong ddi 16n.

R, =C,V* (1-11)

Su thay ddi ctia ba nhom luc can nay trong dao dong diéu hoa dugc thé hién trén hinh 1.5;

?Rc

Puong chuyén dong

1. Lyc can Culong

2. Lyc can nhét tuyén tinh

3. Luc can nhét phi tuyén

Hinh 1.5: Luc cdn trong dao dong diéu hoa

1.2 PHUONG TRINH VI PHAN DAO PONG NGANG TONG QUAT CUA
HE MOQT BAC TU DO

Xét hé mot bac tw do gdm dam dan hoi gia thiét khong co khdi luong, trén d6 co dat
khéi lugng tap trung M, chiu tac dung cua tai trong dong P(t) dat tai khdi lugng va c6 phuong
theo phuong chuyén dong cua khdi lugng (xem hinh 1.6a). Truong hop tai trong khong dit tai
khéi luong thi phai chuyén twong dwong vé dat tai khdi lugng. Mot trong cac cach chuyén
tuong duong nhu vy s& dugc trinh bay chi tiét & muc 2-4. Két cu duoc dit trong hé toa do
yz nhu trén hinh vé.

Khi trén h¢ chua chiu tac dong cua luc dong P(t), nhung do trong lugng cia khdi luong
M,(G = Mg), h¢ cb bién dang va chuyén dich t61 vi tri ‘1’ nhu trén hinh 1.6a; Trang thai
tuong tng véi vi tri ndy cua hé ta goi 1a trang thdi can bang tinh ban dau ctia hé. Khi hé chiu
tac dunqg cua tai trong dong P(t),qhé s€ dao dong xung quanh vi tri cAn bang nay. Gia sir, dén
thoi diém t nao do, hé dang chuyén dong hudng xudng va tdi vi tri ‘2° nhu trén hinh 1.6a;

P(t)
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Hinh 1.6

Do & day ta chi xét anh hudng cua luc dong P(t), dong thoi do gia thiét bién dang bé,
nén trang thai can bang tinh ban dau c6 thé coi gan ding nhu trudng hop chua ¢ bién dang
(Hinh 1.6b). T4t nhién, khi xac dinh mot dai luong nghién ctru nao do, ta phai ké t6i gia tri do
M gay ra theo nguyén ly cOng tac dung.

Xét hé dao dong chiu lyc can nhét tuyén tinh Newton, thi dao dong cua h¢ trén hinh
1.6b ¢6 thé duge mé hinh héa nhu trén hinh 1.6d; gém khéi luong M dugc treo vao 10 xo co
d6 cimg K, va gin vao pit tong chuyén dong trong chét long nhét co hé sé can C.

Xét hé ¢ thoi diém t ndo d6 dang chuyén dong hudng xubng cing chiéu véi luc P(t).
Khi d6 h¢ chiu tac dung cua céac luc sau: luc dong P(t); luc dan hoi sinh ra trong 10 xo phu
thudc do dich chuyén y cua khéi luong, Ran(y) = K.y(t), co chiéu hudng 1én; lyc quan tinh
Z(t) = -M ¥(t) c6 chiéu hudéng xudng cung chidu voi chuyén dong; va luc can nhét tuyén tinh
Rc = C¥t) c6 chiéu hudng 1én nguoc vai chiéu chuyén dong (xem hinh 1.6f). Hé & trang thai
can bang dong, nén:

Ran + Re(t) - Z(t) - P(t) =0

Hay Mg&t) + C¥(t) + Ky(t) = P(t) (1-12)

Phuong trinh (1-12) 1a phwong trinh vi phdn (PTVP) dao dong ngang tong quat cuia hé
dan hoi tuyén tinh mot bac tu do chiu luc can nhot tuyén tinh. Trong d6, C 1a hé s6 can c6 thir
nguyén la [ lyc x thoi gian / chiéu dai]; K 1a do cing cua h¢, 1a gia tri luc dat tinh tai khdi
luong lam cho khéi luong dich chuyén mot luong b?mg don vi, va c6 thir nguyén 1a [luc /
chiéu dai ].

Phuong trinh (1-12) cling c6 thé dugc thiét 1ap dya vao biéu thuc chuyén vi. That vay,
néu ky hiéu & 1 chuyén vi don vi theo phuong chuyén dong tai noi dat khdi lwong (hinh 1.6¢)
- con goi 1a dé mém cua hé mot bac tu do - thi dich chuyén y(t) caa khéi luong tai thoi diém t
do tét ca cac luc tac dung trén hé gdy ra, theo nguyén 1y cong tac dung sé 1a:

y(t) = 6P(t) — o Mt) — SCK(t)
Hay Mt) + C¥(t) + Ky(t) = P(t) chinh la (1-12)
Trongdo K :% (1-13)
duoc goi la do cirng cua hé.

10



Chucong 1. Dao dong cia hé c6 mot bac tu do

Giai PTVP (1-12) s& xac dinh dugc phuong trinh chuyén dong, van tbc, va gia toc
chuyén dong cua khéi lugng; Tu do6 co thé xac dinh duoc cac dai luong nghién ctru trong hé.
Sau day ta s& giai bai toan trong mot sé trudng hop.

1.3 DAO PONG TU DO-TAN SO DAO PONG TU DO (HAY TAN SO
DAO PONG RIENG)

1.3.1 Dao dong tu do khong co6 lwe can
Pay 1a truong hop 1y tudng hoa, vi trong thuc té luc can ludn ton tai. PTVP dao dong
lac nay c6 dang don gian (cho C va P(t) trong (1-12) bang khong).

Mggt) + Ky(t) =0
Hay la &)+ 0’y(t)=0 (1-14)

, K _ 1 9 _ 9
S - 9 _ 1-15
M Ms Gs y™ (1-15)

Trong d6 10

O day, ta ky hiéu G& = yt(M), vé mat ¥ nghia, nd 1a chuyén vi tinh ctia khéi luong M do
trong lugng cua khdi luong, G, dat tinh theo phuong chuyén dong gay ra (xem hinh 1.6a); con
g 1a gia toc trong truong. Phuong trinh vi phan (1-14) c¢6 nghiém tong quat 1a:

y(t) = Acoswt+A, sin wt @

Céc hang sd tich phan A1va A, duoc xac dinh tir cac diéu kién dau: Tai thoi diém bat dau dao
dong (t=0), gia str hé c6 chuyén vi ban dau Y, va van toc ban dau vo

y|t:0 = Yo V|t:0 =Vo (1-16)

Thay (1-16) vao (a) voi chu y; v(t) = ¥t) = —@A sin ot + wA,coswt , ta dugc:

Al = Yo, va oA =V (b)
Thay (b) vao (a) ta dugc phuong trinh dao dong tu do khong co6 luc can ctiia hé mot bac tu do:
y(t) = y,coswt+ ﬁsin wt (1-17)
w
Hay y(t) = yosin[a)t+%j+ﬁsin wt (1-17y
0]

Diéu nay co6 nghia 13, dao dong t do khong can cua khéi lwong 13 hop cua hai dao dong
diéu hoa cing tan s6 o va léch pha /2. Str dung khai niém véc to quay, theo (1-7) va (1-8),
phuong trinh (1-17) ¢6 dang don gian:

y(t) = Asin(wt+f3) (1-18)
vV 2
Trongdé A=,|yZ+ (—0]
®

va p =arctg [ﬁ a)j (1-19)

Vo

11
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Nhu vay, dao dong tu do ctia hé mot bdc tr do (BTD), khi khong co6 luc can, 1a mot dao
dong diéu hoa, c6 tan s ® dugc tinh theo (1-15), c6 bién do va goc léch pha dugc tinh theo
(1-19), con chu ky dao dong dugc tinh theo (1-6).

Nhin vao (1-15) ta thdy o chi phu thudc y{™ ciing tirc 1a phu thudc  hay K, nghia 1a
chi phu thudc vao do dan hdi cta hé. Nén tan s6 dao dong tu do o con dugce goi la tan sé dao
dong riéng cua h¢; N6 1a mét dac trung cua hé dao dong.

Dao dong tu do khong can c6 dang nhu trén hinh 1-3; Phu thude diéu kién ban dau ma
¢6 dang (hinh 1.3a, b, hay c). Vi du, khi khong c6 chuyén vi ban dau (yo = 0), thi B = 0, nén
dang dao dong nhu trén hinh 1.3b; Khi khong c6 van tdc ban dau (vo = 0), thi g6c pha bing
n/2, dang dao dong nhu trén hinh 1.3a; Con dang dao dong trén hinh 1.3c twong tng vai khi
ca yo Va Vo déu khac khong.

Chu y: Khi khdi luong dugce lién két bang nhiéu 16 xo méic song song hay ndi tiép nhu
trén hinh 1.7, khi d6 d¢ cimg téng cong duoc tinh nhu sau:

Kl KZ K1
K1 K, o —2 o

P() %P“)

1 1
_ in2 e
k = IZ ki k= Z ki SIn” " ki (1_20)
i Hinh 1.7
Vi DU 1.1: C
Trén dim don gian hai dAu khép, dit tai Cmot @) o 2 3
khéi Iuong tap trung M co trong luong G = 0,75 kKN 5 IG=Mg
nhu trén hinh 1.8a; Biét E = 2,1.10* kN/cm?; | 3l
y — y — v
10° 4. U 4 1
J :Ecm y I—lm lP:l
. L b)
Yéu cdu: Xac dinh tan s vong va chu ky £ o
dao dong riéng cua hé. Bo qua khdi luong dam, R
\ 1A _ 2 8
va lay g = 981 cm/s”. lp:l

Giai: Chuyén vi don vi tai C, theo phuong 0 q M
chuyén dong, do luc P =1 giy ra, theo cong thic W
Maxwell - Mohr la (xem hinh 1.8b): Em

1(3 1 3 1 2 3 3m’ Hinh 1.8
=—| —4+= [Mx—Mx=x—=Xx—mMm= (@)
EJ\4 4 16 2 3 16 256EJ

Chuyén vi tinh tai noi dat khéi lugng do trong lugng cia khéi luong gay ra la:
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Chucong 1. Dao dong cia hé c6 mot bac tu do

3 3
Yy Z G5 =M 0, 75KN = 2 25KNm
256E] 256E]

(b)

Tan s6 dao dong riéng cua hé, theo (1-15) la:

4 4
0= |08, 220X 2 A0 x4 444 ©)
2,25%x12x100

Chu ky dao dong riéng tinh theo (1-6) la:

722 2310 4 ogos (d)
© 1706

ViDU 1.2:

Trén khung ba khdp co dat vat nang trong lugng G (hinh 1.9a). Bé qua anh huong cua
khdi luong khung, luc cat, va luc doc t6i bién dang. Hay xac dinh tan sb dao dong riéng theo
phuong dirg va phuong ngang cua hé.

Giai: Chuyén vi don vi theo phuong ding d4g, Va phuong ngang dng tai noi dat khi

luong duge tinh theo cong thirc Maxwell - Mohr. Tir cic biéu d6 mé men don vi trén hinh
1.9b, va ¢, ta duoc:

3
Sdg:(l—xlxixgxI—XZJLZ ! (@)’
4 2 2 3 4 EJ 48EJ
3 2
S1ng :(mxgmﬂxglji:h il (b)’
2 3 2 3 JEJ] 3EJ
Thay (a)’ va (b)’ vao (1-15) ta dugc tan s6 dao dong riéng theo phuong dimg va phuong
ngang la:
| g \/48EJg 1 | g 3E)g 1
WOgg = = 3 ®ng = = 3, 12[) o
Gs, \ GI° s Gs,, \G(h*+h?)s
P=1 h P=1
e 'e)
> ?G k
C |
h (EJ=hang s0) A
A Vi Vi e I Vi
a) I I b) c)
Hinh 1.9

1.3.2 Dao dong tw do co luc can
Khi coi lyc can ty 18 voi van tée, PTVP dao dong tu do tong quat ¢ dang:

13



DONG LU'C HOC CONG TRINH

Mgt) + C¥(t) + Ky(t) =0 (1-21)
Hay &t) + 2o Rt) + 0*y(t) =0 (1-21)
O day ta da dit 2a = ﬁ ciing duoc goi 1 hé 56 cdn (1-22)
Phuong trinh dac trung cua PTVP (1-21)’ ¢6 nghiém la:

,=—atVa’ -’ (a)
nén nghiém tong quat cia (1-21)": y(t) = Ae™ + Ae™ s€ co dang:
a’-o? - W

y(t) = {Ale( Fiael )t} (1-23)

Chuyén dong cua khéi luong, theo (1-23), phu thudc vao hé sé a. Phan tich timg truong
hop ta thay:

1- Khi & > a#; hay C >2/KM 3 Y0

Khi o > o ta goi la luc cdn I6n; con khi oo = o ta goi

la luc can trung binh (hay luc can gidi han). Luc nay A la

mot s6 thuc; Hon nita, vi o > ® nén+a’ —o’ < a, (bang

khong khi o = ®). Do d6 ca hai nghiém A tinh theo (a) déu
am. Nhu vay, chuyén dong cua khdi luong khi lyc can 16n
va trung binh, theo (1-23), 13 tong cta hai ham s6 mil am.
H¢ khong dao dong ma chuyén dong tiém can dan t6i vi tri can bﬁng nhu trén hinh 1.10;

2- Khi ¢? < o

Hinh 1.10

Truong hop nay dugc goi 1a luc can bé. Lic nay nghiém A la phtec.

bat

o} = (coz -~ az) (1-24)
Khi d6 nghiém cta phuong trinh dac trung (xem (a) s€ la:

A, =—atio (b)
Va phuong trinh chuyén dong (1-23) trd thanh:

y(t)=e [Ale““l‘ +Ag ] (1-23)’
Str dung cong thic Euller

e =cosw+isinm (1-25)

e =cosw—isinw

thay vao (1-23)’ ta co:
yt)=e“[(A+A)cosat+i(A-A)sinat |

14
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Chucong 1. Dao dong cia hé c6 mot bac tu do

hay 13, y(t) =e*[B,cosmt + B, sin ] (1-23)”

Trong d6: B1 = A1 + A2 ;B2 =i (A1-Ay) (c)

Céc hing sé By, By xac dinh dugc tir cac diéu kién dau (1-16)
B1=Yo;B2= (Vo +ayo)/ o1 (d)

Thay (d) vao (1-23)’", va lai ap dung khai niém véc to quay dé hop hai dao dong diéu
hoa trong diu méc vudng, ta dugc phuong trinh dao dong tu do cia hé mot bac tu do khi luc

can bé la:
y(t) = Ae " sin(ayt + B) (1-26)
2
Trong do, A= \/ y2+ (%} (1-27)
1

5
va B = arctg w;
Vot 0yo B

Dang dao dong trong truong hop nay duoc thé hién trén hinh 1.11;

A YO
74 \\\ Ae—at
A \\‘~/~~ Yn+1
T 7} “ g
o N K N
Yy --- \
A -7 Yn
JPtae —Ae™
/// Tl 1
Y42

Hinh 1.11 : Dao dong tu do khi lyc can bé

Tu (1-26), hay tir hinh 1-11 ta théy, dao dong tu do cua hé mot bac tu do khi lyc can
bé, ciing 1a mot dao dong diéu hoa c6 tan sd vong o, tinh theo (1-24), va chu ky T tinh
theo (1-28)

Ti=— = —— (1-28)
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DONG LU'C HOC CONG TRINH

song bién d dao dong giam dan theo luat ham sé mii am : Ae ™
Dé nghién ciru do tit dan cua dao dong, ta xét ty sb giita hai bién d6 dao dong lién ké
nhau (cach nhau mot chu ky T;). Ky hi¢u bién d¢ dat dugc tai thoi diém t ndo do 1a A, con
tai thoi diém (t + T1) 12 A 141, thi tir (1-26) ta co:
A Ae“sin(wt+p) e ol _
A A sin[w (t+T,)+ 5] e T

= hang sd

Suy ra, aTi=1In (:‘“ ) =1 (1-29)

n+1

Nhu vay, ty s6 giita hai bién d6 lién ké nhau 1a mot hang s; con logarit ty nhién cua ty
sd nay, ky hiéu 1 y, 1a mot dai luong phu thudc vao hé sb can o va dwong nhién 13 ca o, cia
hé, dung dé danh gia do tit dan cua dao dong, ngudi ta goi 13 hé s6 can logarit, hay la
Dekremen logatit ciia dao dong tu do c6 can bé.

Heé s6 can logarit y dong vai trd quan trong trong thuc té. N6 gitup xac dinh hé sb can o
nh¢ thi nghiém do bién do dao dong A, va Ansr. Sau day 1a mot s6 két qua thi nghiém tim
duoc cho mét s loai két cau xay dung.

1, Dbi voi cac két cau thép

aT; =(0,016 ~0,08)2n ~ 0,1 ~ 0,15

2, Dbi vai két cau gb ... = (0,005 ~ 0,022)2% ~ 0,03 ~ 0,15

3, Ddi v6i cac két ciu bé tong cdt thép

aT; = (0,016 ~ 0,032)2n ~ 0,08 ~ 0,2

4, Pbi voi cau thép --=(0,01 ~ 0,15); trung binh 0,28
5, V&i cau bé tong ¢t thép: ... =0,31

6, V&i dam bé tong ¢t thép: ... = (0,17 ~ 0,39); trung binh 0,28
7, V6i khung bé tong cbt thép: ... = (0,08 ~ 0,16); trung binh 0,12

So sanh hai phuong trinh dao dong tu do khong can (1-18) va co can bé (1-26) ta thay,
tan s6 riéng khi co can bé m1< o khi khoéng c6 can, con chu ky T; > T; C6 nghia 13, khi co
can bé, dao dong cham hon so véi khong cé lyc can. Tuy nhién, sy sai khac nay cling rat nho.
Do d6 trong xdy dung, do chi yéu 14 can bé, ngudi ta thudng coi gan dung w1 ~ o, Va Ty ~ T
trong tinh toan.

That vay, ta xét mot truong hop dao dong tt kha nhanh.

Vi du, An /A n+l — 0,5

Khi do x = In(A v/A ns1) =1In0,5 = 0,693. suy ra,

o =0,693/T1=0,693m; / 2 = 0,11w, hay

01 = Vo’ —d’ \/0) (0,11w,)" =0,9%0 ~ ®.

Trd lai trudng hop luc can trung binh (can gidi han) o = w’. Lac nay,
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Chucong 1. Dao dong cia hé c6 mot bac tu do

X=aT=m.2—“=2n;Dodé: Av _geT=g2r =529,

Y n+1

Nghia 12 bién d6 dao dong sau mot chu ky da giam di 529 1an, hay néi cach khac, khi hé
chiu lyc can trung binh, hé¢ gén nhu khong dao dong ma chi chuyén dong ti€ém can dan toi vi
tri cAn bang ban dau. Diéu nay nhat quan véi két luan di duoc dé cap téi 6 muc a.

1.4 DAO PONG CUONG BU'C CHIU LUC KiCH THICH PIEU HOA P(t)
= Pgsinrt - HE SO PONG
Phuong trinh vi phan dao dong tong quét trong trudng hop nay, theo (1-12) s& la:

Mgt) + C¥(t) + Ky(t) = P, sinrt (1-30)

Hay la &) + 2a ®t) + o’ y(t) :(%jsinrt (1-30)

Trong do, Po var lan luot 14 bién do va tin sb cua luc kich thich; Con o va  nhu da ky
hiéu trudc day. Pay 1a PTVP béc hai tuyén tinh chudn c6 vé phai 1a mot ham diéu hoa.
Nghiém téng quat cua (1-30)° bang nghiém tong quat cia PTVP thuan nhat ky hiéu 13 yo(t),
cong voi mot nghiém riéng ky hiéu 1a y; (t).

y(t) = yo(t) +ya(t) (a)
1.4.1 Xét trwomg hop lwe can bé

Nghiém yo(t) tinh theo (1-26), con nghiém riéng y1(t) c6 thé xac dinh bang nhiéu céach,
vi du phuong phap bién thién hing sb Lagrange. Song thudn tién hon, & day ta giai bang
phuong phéap nira ngugc nhu sau:

Gia thiét nghiém riéng duéi dang téng quat sau

y1(t) = Agsinrt + Ajcosrt

Hay la y1(t) = Ap sin(rt - @) (1-31)

Trong d6 r 1a tan s luc kich thich da biét, con Ao va o 1a bién d6 va goc 1éch pha chua
biét. R3 rang 1a néu ta tim dwoc mot Ao, va mot @ dé (1-31) thoéa man phwong trinh (1-30), thi
(1-31) 1a mdt nghiém ri€ng cua (1-30). That vay, thay yi(t) va cac dao ham ctia no6

W(t) = rAcos(rt-g) va &(t) =-r’A sin(rt - o) (b)

vao phuong trinh (1-30) ta duogc,
—r? A, sin(rt — ) + 2arA,cos(rt-p)+ o’ A, sin(rt — ) = (%js inrt (c)
Khai trién sin(rt-g) va cos(rt-¢), réi nhom céc sé hang co chira sinrt va cosrt ta duogc:
. . P . .
sinrt| -r*Acosp+2arA, sin g+ a)zAOcos(p-MO} + cosrt[rzAD sin @+ 2arACosp-w’ A, sin (o] =0 (d)

Biéu thirc (d) phai bang khong véi moi t tiiy ¥; Mubn vay, cac biéu thirc hé sb cua sinrt
va cosrt phai bang khong. Tir d6 suy ra:
17



DONG LU'C HOC CONG TRINH

P
Ap = g 1-32
" Ml(® —r?kosp+2ra sing)] (1-32)
2ra, )
tgp =——— (1-32)
o’ —r

Thay (1-32) va (1-32)’ vao (1-31) ta c6 nghiém riéng ya(t); Rdi lai thay (1-26) va (1-31)
vao (a) ta dugc nghiém tong quat ciia PTVP dao dong (1-30) la:

y(t) = Ae~“sin(at + B) + A, sin(rt — ) (1-33)
Trong d6: A, B tinh theo (1-27) chira cac diéu kién dau yo va vo.
Ay, ¢ tinh theo (1-32) chira bién do Pg va tan sb r caa luc kich thich diéu hoa. Phan tich
(1-33) ta thay:

S6 hang thu nhét lién quan to1 dao dong tu do cua h¢. Trong thuc té ludn ludn ton tai
luc can. Nhung cho du lyc can la bé, thi phén dao dong tu do nay, som hay muon, cling s¢€
mét di sau mot khoang thoi gian nao d6. Dao dong cua hé lic nay duoc coi 13 dd on dinh, va
dugc biéu dién bang s6 hang thir hai trong (1-33).

y(t) =y, (t) = Aysin(rt — ) (1-34)

Nhu vay, dao dong cuong buc - lyc can bé - cua hé mot bdc tw do chiu lyc kich thich
diéu hoa Pysinrt, khi dd on dinh, la mot dao dong diéu hoa cé cung tan sé va chu ky voi tan
6 va chu ky ciia lwc kich thich, con bién dé Ao va géc pha ¢ dwoc tinh theo (1-32).

Bién d6 dao dong Ay cling thuong dugc biéu dién & dang khac tién lgi hon nhu sau:

Tu (1-32)’ ta c6, 2ar = [(032 - rz)sin(p]/ cosg, roi thay vao (1-32) dugc:

Ao = Pg cosg / M(w*-r?) )
Thay ¢ tinh theo (1-32)’ vao (f) voi chu y: M = 5%
w
va Cos(artge) = (@)
1+ (02
Ta duoc,
Ag = FZ)O > 1 = Po 2
M(oa —r ) oro . (032 —r2) +(2I’(x)2
1 2 _ g2 M(w —r ) 2 2\
o —=r ((o —r )
hay
AO = PO > = 61)20
M\/(O)Z - r2) +4r?o? \/( r2 j Ar’q?
1-—5 | +—
® ®

Ky hiéu: 5.P, = y? 1a chuyén vi tinh tai noi dat khéi lugng do luc c6 tri s6 bang bién
do luc dong Py dat tinh tai d6 gay ra, va
18



Chucong 1. Dao dong cia hé c6 mot bac tu do

Kq = L (1-35)
1_i N Ar’q®
o’ o
Thi ta duoc A =y K 4 (1-32)”
t

Diéu nay c6 nghia 1a, khi h¢ chiu tac dung cua tai trong dong diéu hoa Posinrt, thi bién
dd chuyén vi dong A 1on gap Ky 1an so véi chuyén vi khi Py dat tinh gay ra. K4 duoc goi la
hé 5o dong.

H¢ s6 dong cling c6 thé dugc biéu dién qua hé s6 can c. Pdc gid co thé tu viét cong
thuc nay.

1.4.2 Xét truong hgp khi khong cé luc can
Heé s6 dong trong truong hop nay c¢6 dang don gian hon (cho o = 0 trong cong thirc 1-35)
1

Két qua nay ciing ¢6 thé tim dwoc nho gidi truc tiép PTVP dao dong cudng birc khong
co luc can. DBoc gia co6 thé tu thuc hién diéu nay.

Ky = (1-36)

1.4.3 Phan tich hé sé dong - Hién twong céng huéng
Nhin vao cong thirc (1-35) va (1-36) ta thay, hé s6 dong phu thudc vao ty sb r/m.

a) Xét truong hop khong co luc can:

Db thi quan hé gitra hé s6 dong va ty sé r/m v& dugc nhu trén hinh (1.12a) voi cha y 1a
hé s6 dong chi 1dy gia tri dwong. Ta thiy rang,

Khi ty 56 — — 0 thi Kg — 1
Q)]

r
— —>oothiKy — 0
0]

r — 1thiK4 —
®
Nghia Ia, khi tan sb luc kich thich 1én hon nhiéu tan s6 riéng cua h¢, h¢ sb dong co gia
tri nho, tham chi bién do dao dong con nhoé hon ca chuyén vi tinh do P, gy ra. C6 thé 1y giai
didu nay 1a do khi r>0, Kq ¢6 tri s6 am, vé mit y nghia, didu nay c6 nghia 1a dao dong cia
khéi lwong nguge pha vai lyc kich thich (chidu chuyén dong nguoc véi chidu cia lyc kich
thich), nén luc kich thich chéng lai chuyén dong.
Khi r<o, K4 duong, nghia 1a dao dong ctia khdi lugng va luc kich thich cung pha.
Khi r = 0, K4 tang 1én rat 16n, bién do dao dong tang rat nhanh. Hién tuong nay dugc
goi 14 hién twong cong huong. Trong thuc té, khi ty sé r/o nam trong khoang tir 0,75 dén 1,25,
K4 di rat 16n. Ving nhu vy duoc goi 13 viing cdng hwéng (ving gach chéo trén hinh 1.12).

A K A K YZO
3 T d L 4 i // \P

H
O

2 | o5| /1Y Loz |” 2dkm
ne IN XX\ (04




DONG LU'C HOC CONG TRINH

b) Xét truwong hop luc can bé:

Trong trudng hop nay, Kq khong nhitng phu thudc ty sé r/®, ma con phy thude vao hé
s6 can a. Trén hinh 1.12b cho ta cic dudng cong quan hé ndy ung véi cac hé sb can khac
nhau, va thiy rang:

bi- Hé s can cang 16n thi K4 cang nho; Tham chi khi
C>2+KM , ciing tirc 1a o > 1/% (1-37)

hé s6 K4 ludn ludn nhoé hon mot. Trudng hop riéng khi hé sb can 1dy déu bang trong cong
thirc (1-37) dwoc goi 14 hé s6 cdan 1y tuwong; va co ¥ nghia quan trong khi ché tao cac thiét b
do dao dong.

b,- Khac véi truong hop khong can, khi ¢6 luc can, hé ) dong co gia tri 16n nhat khong
phai khi r/o bang mot, ma khi ty sé nay nho hon mét. That vy, khao sat biéu thirc K4 theo ty
s6 /o, tir (1-35) hay (1-35)’ ta c6 K dat cuc tri khi :

2 2
dKq =0 suyra r :\/1—2(1—2:\/1 ¢ <1 (1-37)
w

T onn2.2
d(rj 0 2M o
®

Tuy nhién sy sai khac nay 1a nho, nén thyuc t& van coi gan ding K4 dat gia trj 16n nhat
khi r/o = 1.

(Bo qua bién doi chi tiét)

1.5 ~ HE MOT BAC TU DO CHIU TAI TRONG KiCH PONG - HAM
PONG LUC VA TiCH PHAN DUHAMEL

Nhu di trinh bay trong phan mo dau, tdi trong kich A Pw
dong 1a tai trong tac dung vao cong trinh mot cach dot ngdt Po
v6i cudong do 16m, rdi giam nhanh sau mot khoang thoi gian
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Chucong 1. Dao dong cia hé c6 mot bac tu do

tuong dbi ngan. Tuy thoi gian chét tai ngan, nhung ta cling khong thé bo qua yéu td thoi gian
nay trong tinh toan.

Ky hiéu Py 1a gia tri 16n nhat ma tai trong dat duoc, f(t) 1a ham biéu dién luat bién doi
clia tai trong theo thoi gian, con goi 13 ham chat tai. Khi d6 c6 thé biéu dién tai trong kich
dong dudi dang tong quat nhu sau (hinh 1.13).

P(t) = Pof(t) (1-38)

Do chiu tai kich dong, nén trang thai nguy hiém cta két ciu xay ra kha nhanh sau khi
chiu tai. Boi vay, trong truong hop nay nguoi ta thuong bo qua anh hudng cua luc can. PTVP
dao dong tong quat co dang:

M) + Ky(t) = P, f (t) (1-39)
hay &) + 0y (t) = [%j f(t) (1-39)’

C6 thé giai phuong trinh nay bang nhiéu cach. O day ta giai theo cach ha dan bac dao
ham bang cac phép bién doi twong dwong nhu sau.

Trude hét nhan hai vé cua (1-39)’ véi sinot, cong va trir vao vé trai ham [a)ﬁ(t)cos(a)t)]

ta duoc:
(®sin ot + woswt) +( yo' sin ot - oosot) = (%j f (t)sin wt
Hay i(35§ein a)t)+i(—ya)coswt):&f(t)sin ot (a)
dt dt M

Tich phan hai vé ciia (a) theo cén tir to t6i t ta duoc:

t

(fsinor), —(yocosar)| =| %f(r)sin(a)r)dr (b)

f

Trong d6 t 1a mot thoi diém nao dé trong khoang tir to t6i t (do cén tich phéan 1a t nén
bién tich phén phai 1a 1)

Str dung diéu kién dau: y(r)|  =Y,; W), =V, ()
thi phuong trinh (b) tré thanh:
t
Bsin wt — Vv, sin wt, — yocoswt+y,mwcoswt,, = J' % f(r)sin(w7)dr (1-40)

fo
Tiép theo, ta lai thuc hién cac phép tinh theo diing thir ty nhu trén nhung nhan hai vé
ctia (1-39)° v6i cosot; Sau cong va trir vao vé trai ham (w¥sin wt), roi tich phan hai vé
voi can tu ty toi t, va st dung diéu kién dau (c); Ta lai duoc mot biéu thirc co dang tuong
tu (1-40):
, : (P
¥osmt —v,coswt, + ywsin wt-y,wsin wt, = J' VO f (r)cos(wr)dr (1-40)’

)
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Céc phuong trinh (1-40) va (1-40)’ chi la dang khéc cua (1-39)’ nho cac bién ddi trong
duong. By gio ta lai nhan hai vé cua (1-40) véi cosot, va voi (1-40)’ 1a sinot; rdi trir hai
phuong trinh cho nhau, véi cht y cac quan hé lugng gidc sau:

sin(a-b) = sina cosb - cosa sinb

d
cos(a-b) = cosa cosb + sina sinb (@)
Ta duoc
t
—oy(t)+V,sino(t -t,) + wy,coso(t-t,) = —J.% f(r)sino(t—7)dr
to
Suyra
Vo ) . P :
y(t) =| =2 |sin o(t—t,) + y,cosm(t-t,) + j f(z)sinw(t—7)dr
) oM ¢
Hay

y(t) = y,cosa(t-t,) + (V—O]sin ot—t,)+y? {wi f(r)sinw(t - z')dzl (1-41)
10 5

Trong d6, y™ = SP, 1a chuyén vi finh ciia khéi lugng do luc ¢6 tri s6 bang Po dit finh gay
ra.

(1-41) 12 nghiém tong quat cia PTVP (1-39), trong d6 c6 chtra tich phan

t
K(t) = o f()sino(t-7)dr (1-42)
t

Puoc goi la tich phan Duhamel.

Nhu vay, phuong trinh chuyén dong cta hé mot bac tu do, chiu tdc dung cua luc kich
dong viét dudi dang (1-38), 1a hoan toan xac dinh néu biét cac diéu kién dau (yo,Vo) va ham
chat tai f(t). Khi khong co tai trong tac dung, phwong trinh (1-41) trd vé& phuong trinh (1-18)
la phuong trinh dao dong tu do cua hé khi khong c6 luc can.

Néu diéu kién dau yo =0, va vo =0; thi phuong trinh chuyén dong chi con lai s6 hang
thtr ba trong (1-41).

y(©) = yVK () (1-43)

Chu y: Loi giai (1-41), hay (1-43) 1a 1oi giai tong quat khong nhimg cho truong hop tai
trong kich dong nhu trinh bay & trén, ma cho tai trong dong bét ky c6 thé biéu dién dugc ¢
dang (1-38).

Ham K(t) dong vai trd anh huong cia tac dung dong, nd la ham cua thoi gian, dugce goi
|a ham nhan t6 dong hay 13 ham déng lwe. Gia tri 10n nhat cua K(t) chinh 14 hé s6 déng. Trong
thuc té tinh toén, ta can xac dinh gia tri 16n nhét nay.

Sau day ta xét mot s6 dang tai trong kich dong thuong gip, v6i gia thiét ban dau hé ¢
trang thai tinh, nghia 13 yo = 0, V& Vo = 0. Liic nay phuong trinh chuyén dong ctia hé 1a (1-43).
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Chucong 1. Dao dong cia hé c6 mot bac tu do

1) Lwc khong doi tac dong dot ngot vao khodi hrong

DO thi ham chét tai nhu trén hinh
1.14a; Lac nay co:

pP= Po

f) =1 (t>0) (a)

A K(t)

4 PO

t
Nén, K(t) = w_f sinw(t-1) dt
0

=1-cosot (b)

Do thi ham K(t) nay nhu trén hinh
1.14b, va ta c

Kg=max K(t) =2

2z 2T

Hinh 1.14: Luc tac dong dot ngot

2- Tai trong kich dong dang chir nhat (nhu trén hinh 1.15a)

¢ Khi 0 <t<t; c6 P =Py, vaf(t) =1; nén theo (b) ta co:

K(t) =1 - cosmt

¢ Khi t; <t, c6 P =0, va f(t) = 0; nén theo (1-42) ta co:

K(t) :25in(%tl) sinw(t-%)

Trong d6 t; 13 thoi gian chét tai.

(1)

(c2)

Trong truong hop nay, su bién ddi cua ham dong luc, cling nhu gia tri 16n nhét cta nd
(Kq) phu thudc t;. Su bién doi cua K(t) theo thdi gian, tng véi cac ti khac nhau, duoc thé

hién trén hinh 1-15b; Con quan hé giita maxK(t) = K4 v6i ty sb t?l duogc thé hién trén hinh

1.15c. R rang 13, khi t; cang 16n, trudng hop nay s& trd vé trudng hop (1). Va trong thuc té,

khi t; > % 1a dd c6 thé coi nhu trudng hop (1) - xem hinh 1.5¢; Lic nay Kq4 =~ 2. Con t; cang

16n thi tan s6 cang 16n. O day, T 1a chu ky dao dong tu do.

o 5
Py 4 2 /
P 1 T | I
0 L0 M\/ﬁj\y/

— |

v

t y | VU a4 sy

a) b)

Dang chét tai Bién ddi cua K(t) img v6i

cac t; khac nhau

Hinh 1.15

02 04 06 08

Quan hé gitta K4 véi %

3- Tai trong ting tuyén tinh rdi sau d6 khong doi (nhu trén hinh 1.16a.)
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¢KhiO<t<t; cOP= Po(tl); Con f(t) = ti  Thay vao (1-42) ta dwoc

1 1
ham ddng lyc trong truong hop nay la:
t sinet _ t T

(

K(t) = — -
t, o, t 27t

)sinwt (d1)

¢ Khi t; <t, c6 P =Py; Con f(t) = 1; Nén trong truong hop nay
T

KO =1+

)[sinw(t-t1) - sinwt] (d2)

Trong do, T= 2n la chu ky dao dong tu do.
®

Do thi bién d6i cua K(t) theo thoi gian, ing véi cac t; khac nhau, nhu trén hinh 1.16b;
Con quan hé giita maxK(t) = K4 voi ty sd t?l nhu trén hinh 1.16¢. Ta thay, khi t; cang nho

(t— 0), n6 tién dan t&i trudng hop (1): Kg — 2.

Akt) ¢ _ T _ 10T 4 max k(t)
b=y b=
P [--- SR . yé . L\ 1 b NN
t t T
0 , 0 L7 > 0 >
ty t 2t 3t 4% 1 2 3 4
a) b) c)
Hinh 1.16

4, Téi trong kich dong dang tam giidc (nhu trén hinh 1.17a.)

¢ Khi 0<t < %1 cOP= 2(%)P0; Con f(t) = %; Nén theo (1-42) ta cé:

1 1

K(t) = 2 - (lt)sinmt (f1)

t, 7Tl

¢ Khi % <t<t;,cOP= (2-%)%; Con f(t) = (2-%); Nén ta duroc:

1 1

K(t)=2- % " (lt)[zsinm(t-%) _ sinot (f2)

1 T

¢ Khi t; <t; c6 P =0; Con f(t) = 0; Nén lac nay ta dugc:

K(t) = (% )[- sinw(t-t1) + 2sinw(t-t51) - sinot] (f3)

Su bién ddi cua K(t) tng voi cac t; khac nhau nhu trén hinh 1.7b; Con quan hé giira

maxK(t) = K4 voi t?l nhu trén hinh 1.17¢. Va ta thay K lu6n ludn nhoé hon 2.

2 O :% t :% 4 max k(t)

|t



Chucong 1. Dao dong cia hé c6 mot bac tu do

Qua cac vi du 6 trén, ta c6 thé rat ra mot s6 nhan xét quan trong.

a, Khi chiu tac dung cua tai trong kich dong, hé sb dong co6 gia tri nhé hon, hodc
bang hai.

b, Khi thoi gian chit tai kich dong t; 13 nho so véi chu ky dao dong riéng, ta c6 thé giai
gan dung bai toan voi gia thiét: khdi lugng chi bt dau chuyén dong sau thoi gian t;. Nhu vay,
dua vao nguyén ly dong luong ta co:

t
J
J :!P(t)dt =My, ; Suyra v, = (9)

Nghia 13, c6 thé thay bai toan hé chiu tai kich dong c6 t; nho, bing bai toan hé chuyén

ddng c6 van toc ban dau v giai don gian hon nhiéu. Loi giai loai bai toan ndy c6 thé tim thiy
trong cac tai liéu.
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Chucong 2: Dao dong cua hé c6 nhiéu bac tu do

Chuwong 2
DAO PONG CUA HE CO NHIEU BAC TU DO

2.1 KHAI NIEM BAN PAU

Nhu da trinh bay ¢ chuong 1; h¢ mot BTD dugc déc trung bﬁng mot dang dao dong
riéng voi tan s . Tuong ty nhu vay, dao dong tu do cua h¢ nhiéu bac tu do cling dugc dac
trung bang cac tin sd dao dong riéng, va Gmg v4i mdi tan sb riéng hé c6 mot dang dao dong
riéng tuong tng. Hay noi cach khac nhu sau nay s€ chung minh, 4¢ co bao nhiéu bdc tw do
€ ¢6 bdy nhiéu tan sé dao déng riéng, va trong cac diéu kién nhat dinh, ta c6 thé 1am cho
tat ca cac khoi lugng - tai mot thoi diém nao d6- chi thuc hién dao dong tuong tng voi mot
tan sd nao d6 trong sd cac tan sb riéng. Nhitng dang dao dong nhu vay duoc goi 1a nhiing
dang dao déng riéng chinh, hay dang dao dong chuan. Tat nhién dao dong tu do cua hé 1a
tong hop cia tat ca cic dang dao dong riéng nay.

Viéc nghién ctru cac dang dao dong riéng chinh 13 rit quan trong vi né don gian (nhu hé
mot bac ty do); sau d6 hop cac dao dong nay s& cho dao dong téng cong. Trong thuc té ta
ciing gap nhidu bai toan co s BTD hiru han, boi vi nguoi ta thudng chuyén bai toan c6 vo
han BTD (giai phtic tap) vé bai toan c6 sé BTD hiru han dé giai don gian hon.

2.2 PHUONG TRINH VI PHAN DAO PONG NGANG TONG QUAT CUA
HE CO n BAC TU DO
Xét hé c6 n BTD, n khoi luong tap trung M1,My, ..., My, nhu trén hinh 2.1 (b6 qua
khéi lugng két cau). Hé dao dong dudi tac dung ctia hé luc dong Pi(t), Pa(t), ..., Pn(t), trong
truong hop tong quat, gia thiét dat tai tt ca cac khdi lugng, va c6 phuong theo phuong
chuyén dong. Truong hop c6 cac tai trong khong dit tai khdi luong, thi ta phai chuyén twong
duong vé dit tai khéi lwong (xem & muc 2.4).

P.(t) ) Palt) P(t)

Dl
v

>@ﬁw ....... *"’@;yn(t)

ya(t) Ya(t)

Hinh 2.1

Khi dao dong, tai moi khdi luong déu chiu tac dung cua céac ngoai lyc nhu sau,
+ Ngoai luc dong (néu co) Py (b):;
+ Luc quan tinh Zy(t) = - MY (t)

+ Luc can R(t)
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O day, k 1a khéi lugng thu k;(k =1, 2, ....n); Con lyc dan hdi Ray(t) khong phai 1a ngoai
luc. Hop cua cac ngoai luc nay, ky hiéu la Fy(t), thi:
RO =2,1+R ) +F () (a)
Gia sir tai thoi diém t dang xét, khdi lugng thir k chuyén dong huéng xudng cung chiéu
v6i luc P(t), thi nhu d3 phan tich & muc 1.2, biéu thiic (a) c6 dang:
F () =-M, &) - R (t) + B (t) (b)
Dud¢i tac dong cua hé luc nay, dam s& thuc hién dao dong. PTVP dao dong ngang téng
quat cia hé ciing co thé thiét 1ap duoc tir diéu kién can bang dong viét tai timg khdi luong.
Rank(t) - Fk(t) =0 (c)
(k=1,2,..,n)
Song trong truong hop nay, sir dung biéu thirc chuyén vi t6 ra thuan tién hon.
Chuyén vi cta cac khdi luong tai thoi diém nao dé, gia sir xét khoi luong thir k,
Yk (t) = 0k1 F1(t) + dkz Fa(t) +.....4 dkn Fn(t) (d)
Cho k bién thién tir (k =1, 2, ..., n); ta dugc hé n PTVP chuyén dong cua n khéi luong
tai thoi diém t 1a:

yl(t) = 511F1(t) + 512 Fz O +...+0,F ()

In" n
Y, () =0, F () +0,,F, ) +...+5,,F,(t) 0
Hay ¢ dang ma tran,
y, (t) 0y Op . O, ||R(@)
e ] o
y, () Oy Onp o O ||F, (1)

Trong do, 8, (k,j = 1,2, ..., n) 1a chuyén vi don vj tai khdi lugng thir k do luc bang don
vi dit tai khoi luong thir j gay ra.

Ky hi¢u c4dc ma trdn va cac véc to nhu sau:

511 512 5ln Ml
R T
S, 8, v O M,
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Chucong 2: Dao dong cua hé c6 nhiéu bac tu do

c, C, .. C,
]| G2 G (2-1)
c. C, .. cC.
Y, (0 #(0) &) 10
oy =120 =1 2Ol @y 1 BOL (py = B 22
0 %0 () P, ()

Trong d6, [N] 1a ma tran doi xung, va dugc goi l1a ma trdn do mém ctia h¢, gom co cac
phan tir 1a cadc chuyén vi don vi tai noi dat cac khoi lugng, theo phuong chuyén dong.

[M] 1& ma trdn khoi heong, 1a ma tran dudng chéo. Cac phan tir trén dudng chéo chinh
1an luot 1a cac khéi luong tap trung dat trén hé.

[C] 1& ma trdn cdn. Viéc xac dinh cac phan tr cua [C] kha phuc tap. Trong tinh toan
thue té, nguoi ta thudng coi gan ding [C] ty 1& v6i ma tran cimg [K].
{y(t)}; {ﬂt)}; {ﬂt)} , 1an luot 13 véc to chuyén vi, véc to vin téc, Va véc to gia toc

chuyén dong cua hé, ma céc phan tur cua nd, lan luot 1a chuyén vi, van toc, va gia toc chuyen
dong cua céac khoi lugng.

{P(V)} 1 véc to ngoai lirc ddng, cd cac phan tir 1a cac ngoai luc dong tic dung tai cac
khéi luong.

Con
(ROI={R@®) R, .. RO} =[C]{®D)} (2-3)

la véc to lire can nhét tuyén tinh (ty 18 bac mot v6i van tde). Thay (b) két hop voi (2-3) vao
(f)’ va chuyén vé, ta dugc:

[N][M]{gj+[N][C]{®0); +[E]{y®} =[N]P®) ("

O day, [E] 1a ma tran don vi cép n.

K, Ky, o Kk,

A A I 7 -1 k21 k22 k2n
Nhan bén trai (f)’” véi [K] = [N] = (2-4)

kn1 kn2 knn

ta dugc PTVP dao dong ngang tong quét ctia hé ¢6 n BTD, can nhdt tuyén tinh, duéi dang ma
tran nhu sau:

[M]{&0O} -+ [CI{ O} +[K{y®} ={P®)} (2-5)
Ma tran [K] dbi xung, va dugc goi 1a ma tran do cung cua hé.

So sanh hai phuong trinh (2-5) va (1-12) ta thiy ching hoan toan giéng nhau vé hinh
thirc, cho nén cach giai ciing c6 phan twong tu nhau. Tuy nhién, giai hé phwong trinh (2-5)
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phtc tap hon rit nhiéu, vi [M], [C], [K] 1a cdc ma trin chtr khong phai 13 cac con sé nhu
trong (1-12), con {y(t)}; {ﬂt)}; {ﬂt)} 1a cac véc to ham. Sau ddy ta s& giai mot sd trudng
hop riéng.

2.3 DAO PONG TU DO CUA HE CO n BAC TU DO - PHUONG TRINH
TAN SO
2.3.1 Tan s6 va phuong trinh tin s6

Khi nghién ctru dao dong hé¢ mot bac tu do ta théy réng, khi luc can bé, tan s6 riéng ®1 = ;
Béi vay, ddi v&i hé nhiéu bac tu do, khi nghién ctru dao dong tu do, ta quan tam chu yéu to1
truong hop gia thiét khong cé luc can.

Phuong trinh vi phan dao dong tu do lic nay c6 dang don gian:
[M]{#}+[K {y®)} = {0} (2-6)

Gia thiét dao dong tu do 1a diéu hoa, nén phuong trinh dao dong tu do khong luc can
ctia khéi lugng thu k, ciing nhu (1-18), c6 dang:

Y, (t) = A sin(at + 1) (2-7)
vagiatoc &(t) = —w’A sin(wt+ A) (2-8)
Trong d6, Ay 1a bién d6 dao dong cua khéi lwong tht k, o va A 1a tan sé va goc 1éch pha
cta dao dong.
Thay (2-8) va (2-7) vao (2-6), rdi khai trién voi (k = 1, 2, ..., n); va dit sin(ot+)) lam
thira sb chung, ta duogc:
([M]{-0*A}+[K]{A}}sin(et + 1) = {0}

Do phai ton tai dao dong, sin(wt+1) # 0;

nen, ([K]{A}~[M]o? {A}) = ([K]-[M]o?){A)} = (0} (29

Trong do, {A} = {A1, Ay, ...An}T 1a véc to cot chira cac bién do dao dong cua cac khoi
luong thu nhét, tht hai,..., thir n, va duoc goi la véc to bién do dao dong tw do ctia hé. Do phai
ton tai dao dong, nghia 1a {A} # {0}. Tir d6 suy ra dinh thic

D =|[K]-[M]e®|=0 (2-10)
Hay ¢ dang khai trién:
(ky—M,0) Ky, k.,
p=| K (ke = M00") | (2-10)’
K, K, (K —|v| @)
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(2-10), 1a phuong trinh bac n di v6i ?. Do [K] va [M] 1a cic ma tran ddi ximg, va xac
dinh duong, nén giai (2-10), ta s€ xac dinh dugc n nghi¢m thuc va duong: 0312, 0322,... ,wn2 X
cling c6 nghia 13 ta c6 n tin s6 dao dong riéng v6i qui woc ky hicu, w1 < wy < ... < o ; (C4c
gia tri 4m ctia phép khai cin khong co ¥ nghia vét Iy nén bo di). Didu nay tring voi két luan
da néu ra & myc 2.1 cua chuong: hé c6 bao nhiéu bac ty do s co béy nhiéu tin sd riéng.
Phuong trinh (2-10) duoc goi 13 phirong trinh tan sé (hay con goi la phuong trinh thé ky). Tan
s riéng bé nhit o1 dugc goi 1a tan s6 co ban, va 6 vai trd quan trong trong tinh toan két cdu
khi chiu tai trong dong. Pidu nay s& dugc sang t6 & cac phan sau.

Phuong trinh tan sb (2-10) cling co thé biéu dién qua ma tran do mém. Mubn vay, ta

nhan bén trai hai vé caa (2-9) voi [N](é) duoc:
{2 -2 Jiwiom1or a0
ey (-1 )

O day, [E] 1a ma tran don vi cdp n, va ky hiéu: u = % (2-11)”
Thi tir (2-9)’ ta suy ra phuong trinh tan s6 biéu dién qua ma tran d6 mém 13,

D =u[E]-[N][M]|=0
Hay D=[[N][M]-u[E]=0 (2-11)
hay ¢ dang khai trién:

(M6, —u) M, o, M, 9,
D= M,5,, (M6, —u) ... M, 5,, o (211
M.5,, M,3,, e (M6, —U)

Nhu vay, phuong trinh tan s c6 thé biéu dién qua ma tran cting hodc qua ma tran mém.
Tuy nhién trong thue té, nguoi ta hay dung ma tran mém hon, vi cac phan tir ctia nd dugc xac
dinh d& dang hon nho cong thirc tinh chuyén vi Maxwell- Mohr quen thudc.
VviDU 2.1

Xac dinh cac tan s6 dao dong riéng ctia dam cho trén hinh 2-2a. Biét dim c6 E J = hing
s6, M1 =M, =M, khi tinh bo qua khdi lugng dam.

Bai giai

Bai toan nay c6 hai BTD, nén phuong trinh tan s6 1a dinh thirc cp hai sau:

(811M1_U) 812M2

=0 (@)
821M1 (SzzMz —u

31



DONG LU'C HOC CONG TRINH

Dam di cho 1a siéu tinh, cong thic M, M,
Maxwell- Mohr dé tinh chuyén vi la (Xem gido a) 7y 7

trinh co hoc két céu) /77;577' ”737—’
sic= (M M2)=(M7[M,) ) R el

O day, biéu d6 m6 men don vi c6 thém

chi s6 ‘0’ 1a trén hé tinh dinh (ing v&i trang l Pi=1
thai gia tao). b) qecoo ¥ /N —
o | - a—
Cac biéu do m6 men don vi vé dugc nhu
trén hinh 2-2b,c,d,e; Thuc hién nhan cac biéu % 3%2
do ta co:
231° -31°
0y =0, = ;o Op =0, = o _
" 7% 1536E) 2% B12E) © Mo
Thay (c) vao (a) va giai phuong trinh bac
hai nay dbi véi u ta duoc:
" 48EJ ’
suy ra o, = 1 ‘/@ = 6,9282‘/E—J3
U, Ml Ml
8 —0
va u, = ™I M«
768EJ
suyra w, = |—= [0 128 _4g 4745 | B
u, Ml MI X

Dang dao dong ung voi o1 ¢6 dang phan
dbi xtng (px) nhu trén hinh 2-2f; con ung véi

o 13 dang dao dong ddi xtng (dx) nhu trén 9 S — dx
hinh 2-2g. M o
y

2.3.2 Dang dao ddng riéng va tinh chit Hinh 2.2
truc giao cia cac dao dong riéng

a) Dang dao dpng riéng

Néu ta thay 1an luot cac tan sd dao dong riéng 1, ®2,...., ®, vao phuong trinh (2-9), sé
x4c dinh dugc n véc to ty sd bién do dao dong ky hiéu 1a{ai}, {az},...{an} tmg véi ting tan
s6 riéng. Vi du, tng véi tan sb riéng thir i ta c6 véc to bién do dao dong {a;} c6 cac phan tir
ky hiéu 1a (asj, azi,..., aki,---, ani); 1a bién do dao dong cua cac khdi luong thu (1, 2,..., k,..., n)
g véi tan sb riéng o;:

{ai}:{ali Byi e B e ani}T (2-12)
Céc ay (k=1, 2, ..., n) la nghiém ctia phuong trinh (2-9)’ sau day,

([K]-[M]o®){a}={0} (2-9)”
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Chucong 2: Dao dong cua hé c6 nhiéu bac tu do

Can chu ¥ rang, & day ta chi xac dinh duoc dang cta cac dao dong riéng, hay noi cach
khéc, chi xac dinh duoc ty sb (quan hé) gitra cac bién do dao dong cua cac khdi lugng tng véi
mot tan s cu thé. S¢ di nhu vay la vi, (2-9)’’ 1a phuong trinh dai ) tuyén tinh thuan nhéat, s&
cd v sb nghiém. Muén xac dinh mot hé nghiém nao do, ta phai gia thiét trude mot bién ayi
nao d6 1am bién co sd; Sau d6 s& giai nét (n-1) bién con lai qua bién co s ay; nay. R3 rang,
khi cho bién co s& cac tri khac nhau ta s& duoc cac véc to {ai} khac nhau. Tuy vy, ty sb giira
cac phan tir trong véc to nay voi bién co so chon trude luén khong doi.

Néu chon 4n co so ban dau ay; = 1, thi cac ty s6 nay chinh 1a cic phan tir trong véc to
(2-12). Trong thyc té, nguoi ta thudng chon an co s¢ ban dau 1a a;; = 1, khi d6 véc to bién do
dao dong tmg voi tan sb riéng o; sé& la:

T 7
fat={(a,=1) ay .. a, .. a;} (2-12)
Trong do, cac axi (k =2, 3,..., n) 1a nghiém cta phuong trinh (2-9)’’ img voi1 ag; =1.

Céc phan tir ciia véc to bién do (2-12) cho ta dang dao dong ctia hé ing véi tan sb riéng
thir i dugc goi la dang dao dong riéng thir i (hay dang dao dong chinh thir i). Nhu vay, hé co
bao nhiéu bac tu do s€ c6 bay nhiéu dang dao dong riéng.

Néu ta dit tit ca cac véc to biéu dién cic dang dao dong riéng vao trong mot ma tran

vuong, ky hi¢u 1a [A], thi [A] dugc goi l1a ma tran cdac dang dao dong riéng cua hé.

(a11=1) (a12=1) (alnzl)

a,, Ay e Ay,

[Al=[a, &, ... a]= (2-13)

a, a, .. @

nn

Ciing can phai n6i thém rang, (2-9) hay (2-9)’1a bai toan tri riéng dién hinh, nén viéc
giai phuong trinh (2-9)’ dé xac dinh cac tan s6 dao dong riéng va cac dang dao dong rieng
twong ing nhu da trinh bay ¢ trén, thuc chat 1a xac dinh cac gia tri riéng va cac véc to riéng
tuong tng cla bai toan tri riéng nay nhu ta di quen thudc trong dai s6 hoc.

b) Tinh chit truc giao giita cic dang dao dong riéng

Céc dang dao dong riéng cua hé nhiéu bac tu do ¢6 tinh chat truc giao. That vay, xét hai
dang dao dong tht i va thir k. Thay o; va @y VAo (2-9) rdi chuyén vé, ta co:

Véiwi co: [K]{a}=[M]o’{a} (a)

Véi ok co: [K[{a}=[M]ef {a,} (b)

Chuyén tri ting vé trong (a) va cha y rang, [M]" = [M]; [K]" = [K] thi (a) tr¢ thanh,
fa) [K]=0f () [M] ©

Nhén bén phai véc to {ax} vao (c), nhan bén trai véc to {a;}' vao (b) ta dugc:

{ai}T[K]{ak}zwiz{ai}T[M]{ak} (c)’
faf [Klfa}=e{a} [M]{a} ()
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Trtr hai phuong trinh cho nhau: (c)'-(b)'= (a)i2 - a)kz){ai }T [M]{a,}=0

Vi o; # ok, ta suy ra: {ai}T[M]{ak}:O (2-14)

Vé mit toan hoc, (2-14) 1a diéu kién truc giao cia hai véc to {a;} va {ax!, ciing tic 1a
ctia hai dang dao dong riéng thir i va tht k. Pay 1a diéu phai chimg minh.

Thyc hién phép nhan ma tran, diéu kién (2-14) co thé viét & dang khai trién nhu sau:

M, By

{aii a2i """ ani} - aii laik +a2i 2a2k +""+ani na'nk -

M a,

n

:Zl:ajiMjajk =0 (2-14)’
j=

¢) Chudn héa cic dang dao dpng riéng
Néu ta thay véc to dang dao dong riéng thir i, {a;} bang véc to {b;} thoa man diéu kién
{bi}' M {b}=1 (2-15)

thi véc to {b;j} duoc goi la véc to biéu dién dang dao dong riéng thir i dd dugc chudn hoa, hay
goi ngdn gon 13 véc to chudn héa dang dao dong riéng thir i.

Néu dit cac véc to {bi} vao trong mot ma tran vuong, ky hié¢u la [B],

by b, .. by
b, b, .. b

[Bl=[o b b= T 213y
b, b, .. b,

thi [B] duoc goi 1a ma trdn chudn héa cac dang dao dong riéng cua hé. Lic nay theo (2-15) ta
co:

[B] [M][B]=[E] (2-15)
Trong do6 [E] 1a ma tran don vi cép n.

Str dung dang chuin hoa cua céc dang dao dong riéng két hop véi hé toa do chinh sé€
cho phép ta chuyén viéc giai bai toan c6 n BTD vé giai n bai toan c6 mot BTD don gian hon
nhiéu di duogc trinh bay chi tiét trong chuwong 1.

That vay, dé xac dinh {b;}, ta dat
fo}=—fa) (2-16)
Trong d6 d; 1a mot hé sb.

Thay (2-16) vao (2-15) ta rit ra: d; = {a; }T [M]{a} (2-16)
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Ky hi¢u ma tran
o
(2-17)

0)2
duoc goi 1a ma tran cac tan sé dao dong riéng, hay ma trdn tan so.
Thay (2-16) vao ma tran [A] (2-13), ri thay vao (2-9) ta duoc:
[K][B]=[M][B][2] (@)
Nhan bén trai ca hai vé cta (a) véi [B]" va chu ¥ téi (2-15)” ta c6:
(8] [x][B]=[€] (2-18)
Ky hi¢u véc to {q(t)} nhu sau - dugc goi 1a h¢é toa do chinh,
{y®}=[B]{a®)} (2-19)
Thay (2-19) vao PTVP dao dong tu do (2-6) ta duoc,
[M][BJ{&&);} +[K][B]{a()} = {0} (b)
Nhan bén trai (b) voi [B]", két hop vai (2-15)" va (2-18) ta dugc:
(#;+[Q{a®} =10] (2-20)
Phuong trinh (2-20) 1a PTVP dao dong tu do khong c6 luc can cua h¢ c6 n BTD dugc
viét trong hé toa do chinh dudi dang ma tran. (2-20) 12 mot hé phuong trinh gdm n phuong
trinh doc lap (vi Q 12 ma tran duong chéo) ma trong mdi phuong trinh chi chira mot ham én.
Hay néi cach khéc, (2-20) la mét hé gom n phwong trinh déc ldp c¢é dang sau day- la dang
PTVP dao dong cua hé mot BTD khong c6 luc can(1-14):
&(t) + g (1) =0 (2-21)
(i=1.2,...,n)
Giai (2-21) (Xem chuong 1- hé mot BTD) ta dugc cac nghiém qi(t), roi thay vao (2-19)
ta dugc 101 giai cua bai toan.
VI DU 2.2 Xac dinh cac tan sé dao dong riéng va cac dang dao dong tuwong tmg cia
dam conson trén d6 c6 dat hai khdi lwong tap trung nhu trén hinh 2-3a. Dam c6 EJ khong d6i

va bo qua khdi luong dam khi tinh. Cho M = mTI (m 1a cuong d6 khdi lwong phan bd)
Bai giai:

Hé c6 hai BTD. Cac chuyén vi don vi tinh dugc theo cong thirc Maxwell- Mohr va cho
két qua nhu sau:

a) M1:2M M2:M
P
~ @ @
e
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5—'3- 5—'3- 5—5—5'3 (a)
124E) 2 3]’ 272 48E)

1. X4c dinh cac tan so dao dong riéng

Ciing nhu ¢ vi du 2-1, thay (a) vao phuong trinh tan s6 (2-11) ta duoc mot phuong trinh
bac hai ddi voi u, giai phuong trinh nay ta dugc (bé qua tinh toan chi tiét):

ml* 3,156 |EJ
u, =0,1004—, suyra @ =— — b
1 EJ y 1 |2 m ( )
4
va u, = 0,0043ﬂ, suyra  , = 15, ?58 &
EJ | m

2. Xac dinh cac dang dao djng riéng

Thay 1an luot @1, @, (hay Uz, Uz) vao hé phuong trinh (2-9)° (1a hé hai phuong trinh hai
an), roi gia thiét trudc an thir nhat bang 1, ta s& giai ra an th hai 1a cac bién do chuyén dong cia
khéi luong thir nhit va tha hai, cac dich chuyén nay cho ta dang dao dong twong tng. Cu thé:

Dang dao dong thir nhdt: Thay u; vao phuong trinh thir nhét (hodc thtr hai) cua (2-9)’
va cho a;; = 1 ta dugc mét phuong trinh chira mot bién ay; nhu sau,

(M1511 _ul)x(an :1)+ M,d,a, =0
Thay M1, My, 811, 612, U Vao roi gidi ta dugc, a1 = 3,05472; Véc to bién dd dao dong

cho ta dang dao dong riéng thi nhét 1a:

{a}={a, a,} ={L0 305472}

Dang dao dong nay nhu trén hinh 2-3b.
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Dang dao dong riéng thir hai hoan toan twong tu, thay u, vao (2-9)’ r6i cho aj; = 1, ta
s€ giai dugc az; = -0,655. Do d6 véc to bién dJ cho ta dang dao dong riéng thir hai la:

T T

{a,}={a, a,} ={L0 -0,65472}

Dang dao dong riéng thur hai nhu trén hinh 2-3c.

Ma tran cac dang dao dong riéng ctia bai toan nay la:

a a 1,0 1,0
[A1=] " = ©
a, Ay 3,05472 -0,65472

3. Chuin héa cic dang dao dong riéng
Dé xac dinh ma tran chudn hoa cic dang dao dong riéng [B] ta phai tinh cac hé sb d;.

Theo (2-16)’ta co:

2 0 1,0
d,2={a;} [MJ{a;} = {1,0 3,05472 M ' =11,33133M
1" ={ar} [M{ai} ={ }[0 J {3’05472}

Suy ra d; = 3,3662 /M

2 0 1,0
d,? = {1,0 -0,65472 M{ 7L =2,42866M, suy rad, = 1,55842/M
=4 }{o J {-0,65472} yrat

Bay gio lai thay d1,d, vao (2-16) s& duoc ma tran chuan héa [B] nhu sau:
1 1 1,0 0,2971 | 1
b= —fg;,}= — = = _—
R I N {3,05472} {0,90747} NY,

P U 10 | (064168 1
2 YT 1 sssa2dM |-0,65472] ~ |-0,42012[ YM

Ghép hai véc to by va b, ta dugc ma tran chuin hoa céac dang dao dong riéng cia h¢:

0,29707 0,641677 | 1
[B] = —— (d)
0,90747 -0,42012 |{M

2.3.3 Phan tich tai trong theo cac dang dao dfng riéng
Xét hé ¢o6 n bac ty do, n khdi lugng M1, My,...., My; Trén do c6 hé tai trong dong tac
dung tai cac khdi lugng 1ap thanh véc to tai trong dong nhu trong (2-2):
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R()
R, (t)

(POI=14 @

R ()
Ta s& phan tich hé tai trong nay thanh cac thanh phan dat tai tit ca cac khdi luong tuong
ung voi cac dang dao dong riéng, nghia la:

R i)+ Py () +..c+ Py () +....+ B, (1)
P, (t) P, (t)+ P, () +...+ P, (t) +....+ P, (1)

P[P +P, @)+t By (O) 4ot P (D) )
PO)  [Pa)+ By) oot PO+t B ()
hay viét & dang véc to
PO} ={R O +{RO}+..+{P O} +..+{R )} (2-22)

Trong d6, P’ki(t) 1a thanh phan lyc tic dung tai khoi lugng tht k twong Gng véi tin sb o
(dang chinh thr i). Nhu vay theo (2-22), ta dd phan tich véc to tai trong {P(t)} thanh tong cia
n véc to tai trong tuong rng voi N dang dao dong riéng.

Véc to {Pl'(t)} = {Pl'l(t) P,(t) ... P,t) .. Pn'l('[)}T 1a hé tai trong tac dung tai n
khéi lwong twong timg v6i dang chinh thir nhat.

Vée to (PO} ={Po®) Pu® .. PL{) ... P,()} lahé tii trong tic dung tai n
khéi lwong tuong tng v6i dang chinh tht hai.

Twong tu, ta c6 cc véc to tai trong tac dung tai cac khdi lugng tuong tng voi cac dang
chinh thir ba, th tu, ..., tha k, ..., thir n:

POI={R.O PO . PO .. PO}

Dé xac dinh n véc to ndy, ta phai xac dinh (nxn) thanh phan P*\;(t) [k, i = 1,2,..., n]. Vi
P’ki(t) lién quan téi khdi luong tht k, va dang dao dong thir i, nén ta dat:
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Pkli (t) =M ki Hi (t) (2'23)
Trong do: My 1a khdi luong tha k

axi 1a bién do dao dong cua khdi lugng thir k twong tmg voi dang dao dong
thir i [xem 2-12)’]

Hi(t) 1a ham twong tmg véi dang chinh tht i, chua biét ma ta phai x4c dinh.

Ap dung (2-23) cho tat ca cac khoi lugng, ta dugc véc to ngoai lyc dong tac dung tai cac
khéi lugng twong tng voi dang dao dong thir i.

P (t) = My, H (1)
P2'i (t) = MzaZiHi(t)

Pnli (t) =M i H i (t)

hay ¢ dang ma tran

PO | M, &y
I:)2'i (t) M 2 a'2i
{PI (t)} ) Pkl (t) ) Mk aki H ! (t)
I:)n'i (t) L M n_| ani
Hay thu gon,
(PO} =[M]{a}H @ (2-24)

O day, [M] 1a ma tran khéi luong, con {a;} 13 véc to (2-12) cho ta dang dao dong thu i.
Thay (2-24) vao (2-22), v6i (i=1, 2, ..., n); ta co:

(P} =[M]{a H,@®) +[M]{a,} H,(®) +...+[M]{a } H,() ...+ [M]{a,} H,(t) (c)
Nhan bén trai hai vé cia (c) v6i véc to {a;}', ta dugc:
fal (P} ={a} [M]{a,} H,(t)+{a} [M]{a,} H,(®)+...+{a} [M]{a} H, 1) +
+.. {8} [M]{a,} H, (1) (d)
Do tinh chét tric giao (2-14), nén céac sb hang thi 1, 2,..., (i-1), (i+1), (i+2),...., n trong

(d) déu bang khong; chi c6 sé hang thir i 12 khéc khang.
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Tr d6 suy ra:
ta)' (PO} ={a} [M}{a}H )

) (PO}
{3 }T [M]{a}

Thay (2-25) vao (2-24) ta dugc véc to tai trong tuong trng vdi dang dao dong thir i

{R'(t)}—([M]{ai})X(M} (2-24y

hay H;(t) = (2-25)

=
{a} [M){a}

Chuy:

1- Khi str dung cong thire (2-24) can luu ¥: (2-24) ¢6 hai thira s6, (mdi thira sé duoc
dat trong dau ngodc don), va phai tinh riéng timg thira s6; Thira s6 thi nhat 13 mot véc to c6 n
phén ttr; thira s6 thir hai cho ta mot con sd; Tich hai thira sb nay la mot véc to cod n phén tir
chinh 1a véc to tai trong twong tmg véi dang dao dong thir i.

Lan luot cho (i= 1, 2...., n) vao (2-24)’; ta xac dinh duoc n véc to tai trong twong tng
voi n dang dao dong riéng cua hé, duogc tach ra tir hé tai trong da cho ban dau. C6 thé kiém tra
su dung din cua phép phan tich tir cong thic (b), hodc (2-22).

2- Bang cach tuwong tu, ta cling c6 thé phan tich chuyén vi theo cac dang dao dong riéng.

Nho phén tich hé tai trong da cho theo cac dang dao dong riéng, va nhiéu khi ca chuyén
vi, ma sau nay, khi nghién ctru dao dong cudng buc cua hé nhiéu bac tu do, ta cling c6 thé
chuyén viéc giai bai toan hé nhiéu bac tu do phtrc tap vé giai nhiéu bai toan nhu hé mot bac tu
do don gian da duoc nghién ctu ky ¢ chuong 1.

2.4 CACH CHUYEN TUONG PUONG CAC TAI TRONG PONG PAT
TAI CAC VI TRi BAT KY TREN KET CAU VE PAT TAI CAC KHOI LUQNG
Khi trén két cau c6 céac luc khong dat tai cac khdi lugng, ky hi€u 1a P*i(t) tac dung, gia

st ¢c6 m luc, 1ap thanh véc to:

* * * * T
POl={R®) P® .. P} (2-26)
Lic nay, dé co thé ap dung cac két qua d trinh bay ¢ phan trén, ta phai thay thé tuong
duong (chuyén trong dwong) hé luc ndy thanh hé luc dit tai cac khéi luong

C6 nhiéu cach chuyén twong dwong nhu vy, song chi 4 gan dung. Sau day 1a mot trong
cac cach chuyén tuong duong nhu vdy dua trén gia thiét gin dang cho rang: Hai hé hrc twong
dwong la hai hé lyc gdy ra chuyén vi tinh tai cdc khéi lwong bang nhau. Ky hiéu véc to hé luc
thay thé dat tai n khdi luong 13,

(PO} ={RO RM) .. PO} (2-27)
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P (t) P (t) Pa(t)
M, M, /o M,
P(t
(1) P, (t) P, (t)
M, My, e M,

Hinh 2.4

va 8*y 1a chuyén vi don vi tai khdi luong thtr i do luc bang don vi dit tai luc P*,(t) gay ra;

8ij 1a chuyén vi don vi tai khdi lugng thar i do luc bang don vi dit tai khdi lugng thir j

gay ra. Khi d6, chuyén vi tai cac khdi luong tha (1, 2, ...

, n) do hé luc {P*(t)} giy ra, bang

chuyén vi ndy, do hé luc thay thé {P(t)} giy ra, nghia la:

y, (t) 511P (t)+ 512 P ) +...+0 (t)
Y, (t) = 0,P (1) +5,P, (1) +...+ 6, P, (t)
Vo) 8P (1) +6,P; (£) +...+ 6, Py (1)
Ky hi¢u ma tran sau,
51*1 Sy i
[N ] 21 522 52m
5 5 5:m

O, P, (t) + 0,P, (1) +...+ 6, P, ()

Luc nay co6 thé biéu dién hé n dang thic (c) dudi dang ma trén:

[N“]{P 0} =[N]{P®)}
(PO} =[N [N]{P"®)]

Suy ra,

= é‘llpl(t)_i_é‘lZPZ(t)—'——‘r in n(t) (C)
G P (1) + 6P, () +..+ 6, R, (1)
(2-28)
(©)
(2-29)

Trong do, [N] 1a ma tran do mém cua hé dugc tinh theo (2-1).
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2.5 DAO PONG CUONG BUC CUA HE NHIEU BAC TU DO, KHONG
LUC CAN CHIU LUC KiCH THICH PIEU HOA: P(t)=Psinrt
2.5.1 Biéu thirc ndi lwe dong va chuyén vi dong
Xét hé nhidu béac tu do chiu tac dung cta cac lyc kich thich diéu hoa cung tan sé. Ciing
nhu hé mot bac tu do, trong thuc té ludn ton tai luc can; nén du luc can rat nho, thi sau mot
khoang thoi gian nao d6, dao dong tir do ciing s& mat di. Dao dong cua hé luc nay hoan toan
phu thuoc luc kich thich diéu hoa, nén ndi luc, ung suét, v.v. cling thay ddi diéu hoa cung chu
ky voi chu ky cta luc kich thich.
Khi hé ¢6 n BTD, sé& ¢6 n tan s dao dong riéng. Khi mot trong sb cac tan sb riéng xap
xi béng tan s6 luc kich thich s€ xuét hién hién tugng cong hudéng. Thuc té, tan s6 Iuc kich
thich thuong nhé hon nhiéu so vé6i tan s6 dao dong riéng (r << ®;), nén cong hudng thuong
xdy ra voi o1, hodc wy. Boi vy, dé nghién ciru cong huong, ta thuong quan tim toi hai tan sb
nho nhit ndy. Cac tan sb riéng 13 nghiém ctia phuong trinh tan s6 (2-10) hoic (2-11).
Dé phuc vu bai toan kiém tra va bai toan thiét ké, ta phai biét biéu do bién do noi luc
d6ng va chuyén vi dong.
Khi dao dong di 6n dinh (phan dao dong tw do dd mat), hé dao dong do tac dung cua
cac luc sau:
« Cac lyc kich thich diéu hoa P(t) = Posin rt dt tai cac khéi lugng;
* Cac luc quan tinh bién ddi diéu hoa cung tan sd véi tan sb cua luc kich thich, dat tai
cac khdi luong :
Z.(t)=2Z,sinrt (a)
i=12,..,n)
Khi d6, dai lwong nghién ctru S (c6 thé 1a néi luc, chuyén vi, phan luc, v.v.) tai tiét dién
K nao do trén h¢ dugce tinh theo nguyén 1y cong tac dung nhu sau:
Sk = Skp t)+ S_Klzl(t) + §Kzzz t)+...+ §|<nZn t) (b)
Vi dao dong da on dinh, nén céc dai luong nghién ciu déu bién dbi diéu hoa theo cung
mot tan s vé4i thn s6 caa luc kich thich. Béi vay, khi tai trong dat bién d9, thi cac dai lugng

nghién ctru ciling dat bién do, nghia la:
Sy =SR +S,,Z, +S,,Z,+..+S, . Z, (2-30)
Trong do,
S,EO 1a tri s6 cua Sk do bién do luc dong Py dat tinh gy ra, va dugc xac dinh béng
cac phuong phap duoc trinh bay trong gido trinh co hoc két cau.
Sk la gia tri Sk do lyc quan tinh Z; = 1 dat tinh gay ra. (i=1, 2,..., n)
Z; 1a bién do cua lyc quan tinh Z;(t)

Nhu vay, dé xéc dinh duoc Sk ta phai xac dinh dugc cac bién d¢ luc quén tinh Z;.
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2.5.2 Xac dinh bién d¢ cta cac luc quan tinh
Khi bo qua luc can, phuong trinh chuyén dong cua khdi lwong thir i, theo nguyén ly
cong tac dung, c6 dang:

V(1) = 5,2, () + 5,2, (0) +..+ 8,2, (1) + A () ©
Trong d6, Aip(t) 1a chuyén vi ciia khéi lwong thir i do cac luc dong P(t) gay ra. Sau khi

dao dong d3 6n dinh, ca yi(t), Zi(t), va Aip(t) déu bién dbi didu hoa véi tan sb r cua lyc kich
thich. Nghia la:

i) =A;sinrt va Ap(t) = A, sinrt (d)
dong thoi, @) =-r’A sinrt
Trong do, A, la bién do chuyén vi dong cua khdi luong thir i ta dang tinh.
Aipo la chuyén vi cta khoi luong thir i do bién do Py cua cac luc dong P(t) dat
tinh gay ra.
Mat khac, luc quan tinh Z,(t) = -M, &(t) ()]
Thay (d) vao (f) ta dugc: Z, (t) = M, r’A, sinrt = M.r?y. (t)

1
M r?

Hay ratra: vy, (t) = Z.(t) (2-31)

Thay (), (d), va (2-31) vao (c), rdi chuyén vé va dat sinrt lam thira sé chung, ta duoc:

{c?ilzl+5i222+...+[5“— 2jZi+...+§inZn+Aipﬂ}sin rt=0 9

M.r

Vi sinrt khac khong (do ton tai dao dong), nén tir (g) ta rut ra duoc hé phuong trinh
dung dé xac dinh bién d6 cua cac luc quan tinh, khi hé chiu tac dung cua céac luc kich thich
diéu hoa va khong c6 lyc can, nhu sau:

02y + 8,2y + A G2+ 6,2, + Ay =0 (2-32)
(i=1,2,..n)
. LAl ¥ 1

Trong d6 ta da ky hiéu, J; =[5ii Y rzj (2-33)
(i=12,..,n)

Giai hé phuong trinh (2-32) ta duoc bién d6 cua cac luc quan tinh. Néu két qua tinh ra
duong, thi chiéu gia thiét ban dau cta luc 1a ding; Néu két qua tinh ra Am, thi chiéu gia thiét
1a sai va phai doi nguoc lai. Pat cac lyc quan tinh va céc lyc kich thich theo ding chiéu, va co
tri sb br:ing bién do cua ching; ta s€ xac dinh dugc dai lugng can tim b?mg ly thuyét tinh hoc
da dugc trinh bay trong gido trinh co hoc két cau.
viDpyu 2.3
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Cho dam dai | = 6m, trén d6 dat hai mo to, trong lugng moi mo to 1a G = 10 kN. Khi m6 to
thir nhat quay voi van toc n = 450 v/phut tao ra lyc ly tdm Po = 5 KN. Xem hinh 2.5a.

Yéu céu : Xac dinh cac tan s6 dao dong riéng, va v& biéu do bién do mod men dong, va biéu
dd m6 men tong cong cua dam. Biét dam co: J = 8880 cm*; E = 2,1. 10°kN/cm?; :Liy g=
981cm/s® va bo qua khdi lwong va trong lwong ciia ddm trong tinh toan.

P(t)=Posinrt

M, M,

1
] ] ) 58.41 54,855
+= Vo
P
et ", o[
t
=Pl 20 [kNm]
P e B 20

M e
7 ()

kNm
P2:1
o-doperier v, /841 74,855

dq JIM" #ih tan s, theo (2-11)’ ¢6 dang

D:{(Mﬁn_g' M2512 }zo (a)
.5, 2 (M)
T cac biéu d0 mo6 men don vi trén hinh 2.5¢ va d; ta tinh dugc theo Maxwell-Mohr:

0y, = 0. —4—|3' O, =0y = " (b)
HT® 243E) % 486E)
Thay (b) vao (a) va gidi, ta dugc:
MI® 5MI®

u, = ; u, =

486EJ 162EJ
N g LIO2EL L 1 gl

u, SMI u Ml
2 2

Thay M =9=10kNS = KNs ;| =6m va EJ vao (c), ta duoc

g 98lm ' m
=52,55" va m, =203s™"
2, Xac dinh bién d§ cac lwc quan tinh
Hé phuong trinh dé xac dinh bién d6 hai luc quan tinh Z; va Z,, theo (2-32), trong trudng hop
nay la,
8,2, +8,Z,+ Ap =0
SpZ +6,Z,+ Ay =0
Tén s6 luc kich thich r = 2n/60 = 50 s'l; déng thoi thay 1, E, J vao (b) ta tinh dugc:

(d)
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4 m 4 m )
811 =8, =1,908.10" W 810 =08, =1,67. 104m; (b)

m
Thay M, r, 811 Vao (2-25) dugc: 8* 13 = 6% = - 2,013.10'4m (f)

(Pon vi cua dik trong (b)’ va (f) duoc giai thich ¢ vi du 4- 1)
Con A, va A,y c6 the tinh dugc tir cdc bieu do md men don vi trén cdc hinh 2.5¢ va d, va

biéu d6 M, trén hinh 2.5b; Tuy nhién ¢ dy c6 thé tinh don gidn hon, boi vi:
Ay, = P8, =5KkN.1,908.10"* % =9,54.10*m

m
Ay =Fp0y = 5kN.1,67.10°* W =8,35.10"m 9)
Thay (1), (g) vao (d) va giai h¢ phuong trinh nay ta dugc:
Z, =2598kN; Z, =25,65kN (h)
3, V& cac bi¢u do ndi luc yéu cau
Co hai cach vé biéu d6 bién do m6 men dong
a, Cach vé€ truc ti€p: o
Theo Qéch nay, ta dat vao hé cac luc co tri so bang bién do cac ngoai luc dong va bién do cac lyc quan
tinh, r6i tinh toan nhu véi bai toan tinh dudi tac dung cua cac lyc nay.
b, Cach v& theo nguyén 1y cong tac dung:
Theo cach nay, biéu do bién d6 mé men dong dugc ve theo cong thire (2-30)
Mg=M,Z, +M,.Z,+M, (i)
Két qua cho trén hinh 2.5¢;
So sanh hai biéu d6: Mq va (Mt(PO) =M, ) ta thay rang, trong trudng hop tong quat, hé s6 Kq

tai cac tiét dién khac nhau I khac nhau. Nhu vay, khac v6i hé mot bac tu do, d6i v6i hé nhidu
béc tu do, ta khong c6 mot hé s6 K4 chung cho tit ca cac tiét dién ; cling nhu khong c6 mot he
s6 K4 chung cho tat ca cac dai luong nghién ciru. Tuy nhién nhu sau nay s& thiy, dé don gian
trong tinh toan, ddng thoi thién vé an toan, dbi voi mot dai lvong nghién ciru ta cling 6 thé
dung mdt hé s6 K4 chung, d6 1a K4 cua tiét dién ¢ tri s6 K4 16n nhét. Vi du ¢ truong hop
dang xét, hé ) dong co tri s6 16n nhat dbi v6i mé men 14 tai tiét dién dat khoi luong M:

Max K4 = M =16,4.
3,335

Tham chi, nhiéu khi nguoi ta con dung mot hé s6 Kgq chung cho tat ca cac dai lugng. Luc nay

hé sb dong dugc tinh theo cong thure (1-36) ddi voi hé mot bac tu do, ma ¢ do ta léy tan s6

rleng bé nhat @ de tinh toan.

¢, Biéu 6 md men tong cong:

Trudce khi dong co dat tai khdi lugng thir nhét hoat dong, trong dam d c6 ndi luc do trong

1u0’n ctia hai dong co giy ra. Biéu dd6 m6 men nay vé& dugc nhu trén hinh 2.6f. (ky hiéu la
) R rang, khi dong co lam viée, m6 men 16n nhit xuét hién trong dam s& 1a tong cua

hal biéu d6 nay, va ta goi nd 1a biéu dé mé men tong cong.

Mic = Mg + M ™ (K
Két qua nhu trén hinh 2.5g.
Chuy:

Ta ciing c6 thé giai bai toan bang cach phan tich tai trong diéu hoa da cho ra n hé tai trong
tuong ung véi cac dang dao dong riéng (vdi bai toan dang xét n=2) rdi gidi bai toan nhu hé¢
mot bac ty do. Cach lam nay s€ dugc trinh bay & muc tiép theo day.
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2.6 DAO PONG CUONG BUC CUA HE NHIEU BAC TU DO, KHONG
LUC CAN, CHIU LUC KiCH THICH BAT KY P(t)

Trong trudng hop nay, ta ¢ thé giai bai toan bang nhiéu cach.

Céch 1: Ta phén tich tai trong bat ky thanh cac ham diéu hoa dudi dang chudi luong
giac, r0i giai bai toan nhu da duogc trinh bay & muc 2.5. Khi tai trong dong P(t) ¢6 chu ky T,
thi c6 thé phan tich thanh chudi lwong gidc nhu sau:

P(t) = a, +a,sinrt+a, sin2rt+...+a, sinkrt +.... + b,cosrt+b,cos2rt+...+b, coskrt+... (2-34)

Trong do, r = % (duoc goi la tan s co ban cua luc kich thich)
1 T
ao= — | P(tht
0 Tl (tH

)
ay = ; ! P(t) sinkrt dt (2-34)’

k T
by = ?jP(t)coskrt dt

0

Céch 2: Str dung hé toa do chinh dé dwa hé n BTD vé n bai toan hé mot BTD. Xét
truong hop khong luc can, PTVP dao dong tong quat ¢ dang:

[M]{#0)] +[K]{y®)} ={PO) (2-35)
Nhan bén tréi (2-35) v6i [B]", va chu ¥ t&i (2-19) ta dugc:
[B]' [(M][B]{&)}+[B] [K][B]{ath} =[B] {P()}

Hay (@) +{QHaw)) =[B] {PO)} (2-35)"

Phuong trinh (2-35)’ 1a mot hé gdm n phuong trinh doc 14p c6 dang nhu dang PTVP
dao dong ctia h¢ mot BTD (1-39)’;

[Piéu nay ciing dd dugc noi t6i khi nghién ctru dao dong tu do ¢ diém (c) ciia muc 2.3.2]
&(t) + »’q, (t) = B, P (t) + B,,P,(t) +....+ B,,P, (t) (2-36)
i=1,2,...,n)
Trong d6, Bjj (i, j = 1,2,...., n) 1a c4c phén tir ciia ma tran chuén héa [B].

Nghiém ctia phuong trinh (2-36) dugc biéu dién qua tich phan Duhamel (1- 41) nhu da
biét & myc (1- 5). Thay cac nghiém q;(t) vao (2-19) ta duoc 1i giai cua bai toan.

Cach 3: Dya vao (2-24)’ ta phan tich véc to tai trong {P(t)} theo cac dang chinh, sau do
giai n bai toan nhu hé moét BTD di duoc trinh bay ¢ chuong mot. Cu thé 1a: (Bo qua cac bién
dbi chi tiét):

Phuong trinh chuyén dong cuia khdi luong thir k dudi tac dung cta hé luc dong {P(t)} 1a:

46



Chucong 2: Dao dong cua hé c6 nhiéu bac tu do

0= 8,50 (2:37)

Trong do6 Si(t) 1a nghiém ctia PTVP sau:
$(0)+ 7S, () =H,® (2-38)

O day H;(t) duoc tinh theo cong thirc (2- 25), ¢On ax; 1a thanh phan thir k ciia véc to bién
d6 dao dong cua dang chinh thir i. (xem 2-12)’; phuong trinh vi phan (2-38) c6 dang nhu cua
hé mot BTD, nghiém tong quat cua nd dugc biéu dién qua tich phan Duhamel (1-41) nhu da
dugc trinh bay trong muc 1-5.
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Chudng 3. Dao dong ngang cua thanh thang cé voé han bac tu do

Chwong 3
DAO PONG NGANG CUA THANH THANG
CO VO HAN BAC TU DO

3.1 PHUONG TRINH VI PHAN TONG QUAT DAO PONG NGANG CUA
THANH THANG

Mot hé két cau thuc té ludn ludn c6 vo han bac tu do. Xét doan thanh thrfmg duoc dat

trong hé toa do (yz). Xét truong hop
q(z.1)

tong quét thanh c6 tiét dién thay do6i

v6i khéi luong phan bd cuong d6 m(z),

chiu tac dung ctia hé luc ngang phan b )

cuong do q(z,t) nhu trén hinh 3.1a.. l_ =
y

Y

Dao dong ngang cua hé tai thoi
diém nao do6, chinh 1a vi tri duong dan

hdi ciia né tai thoi diém xét. Phuong
trinh duong dan hoéi khi hé chiu tac
dung cua tai trong dong, phu thudc hai
bién 13 z va t, nghia la:

y=y@Y (a)

Méi quan hé giita dudong dan hdi

Z(z,b)

Re(z,t)

cta truc thanh co tiét dién thay ddi véi 0
tai trong ngang phan bd trén thanh, %

truong hop tai trong tinh, da duoc
nghién ctru trong gido trinh Strc bén vt Hinh 3.1
liéu:

d—Z{EJ(Z)iy(Z)} =-q(z) (b)

dz dz?

Vi qui woc truc y hudéng xudng 1a duong, con tai trong hudng 1én 13 duong.
Truong hop tai trong dong thi:

0 0

—| BEI(2)—Yy(z,t) |[=—p(z,t 3-1

822[ ()6223/( )} p(z,t) 3-1)
O day, p(z.t) 1a tong tai trong ngang tac dung trén dam (chiéu hudng 1én 13 duong). Khi

dao dong, gia su tai thoi diém t hé dang chuyén dong hudng xudng cung chiéu vdi truc v,

ngoai luc kich thich q(z,t), thanh con chiu tdc dung cia h¢ lyc quan tinh phan b :

82
Z(Z,t)=—m(2)¥ y(z,t) (©)
Va lyc can phan bd: R(z,t) (nguoc chiéu chuyén dong) (d)
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Do d6 ta co: P(z,t)=q(z,t)-Z(z,t) +R(z,1t)
2

hay la P(z,t) =q(z, t)+m(z) =y(z,t)+R(z,1) (3-2)

Thay (3-2) vao (3-1) 10i chuyén vé, ta duoc PTVP dao dong ngang tong quat cua thanh
thang c6 tiét dién thay doi la:

62

oz’

2 2

[EJ(Z) > Y(zZ, t)}tm(z) y(z,t)+ R(z,t) =-q(z,1) (3-3)

Trudng hop riéng, khi tiét dién thanh 1a hang sb, thi phuong trinh (3-3) c6 dang don
gian hon:

0° 0° 0° B ,
po {EJ e y(z, t)}+m8—y(z t)+R(z,t) =—-q(z,1) (3-3)

Trudng hop dao dong tu do thi vé phai cua (3-3) hay (3-3)’ bang khong. Sau day ta giai
PTVP (3-3) trong mot sd truong hop riéng.

3.2 DAO PONG TU DO KHONG CO LUC CAN CUA THANH THANG
TIET DIEN HANG SO - TINH CHAT TRUC GIAO CUA CAC DANG DAO
PONG RIENG

3.2.1 Phwong trinh vi phian dao dfng tu do khong c6 luc cin
Phuong trinh vi phan dao dong trong truong hop nay, theo (3-3)’ la:

4

0 02
64y( t)+ azy( =0 (3-4)

EJ

Pay 1a PTVP dao ham riéng cap bén thun nhat, nghiém cta nd c6 thé dugc biéu dién
dudi dang tach bién nhu sau:
y(z,t) = y(z) xs(t) (3-5)
Thay (3-5) vao (3-4) ta co:
EJ d*y(z) d?s(t)
— S(t)+ z)=0
Hay chuyén vé duoc:
EJ 1 d'y(z) 1 d’S(t)
= == > )]
m y(z) dz S(t) dt
Hai vé ctia (f) phu thudc hai bién khac nhau nén chiing chi bang nhau khi ca hai vé cling
c6 gia tri bing mot hing sé nao do, gia sir ky hiéu 1a w®. Nhu vay, tir (f) ta c6 thé biéu dién
PTVP dao ham riéng cap bdn (3-4) bang hai PTVP thudng (chi phu thudc mot bién).
2
d<S 2(t) N

@?S(t) =0 (3-6)
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d'y(z)_m
dz* EJ
Nho @6, thay cho giai mot PTVP dao ham riéng (3-4) phtc tap, ta giai hai PTVP thuong
(3-6) va (3-7) don gidn hon nhiéu.
3.2.2 Giai PTVP (3-6)-Xac dinh quy luat dao dong tw do
Phuong trinh vi phan (3-6) chinh 1a PTVP dao dong tu do, khong luc can, cia hé¢ mot

va

o’y(z)=0 (3-7)

bac tu do (1-14) da dugc trinh bay trong chuong 1, nén nghiém tong quat cta nd theo (1-18)
sé la:
s(t) = Asin(wt+1)
Hay s(t) =sin(wt+1) (3-8)
O day ta dd cho A = 1; S¢ di lam dugc nhu vay, boi vi tir (3-5) ta thiy bién do dao dong
chinh 12 ham y(z). B6i vy sau ndy ta gdp A nam trong y(z) ludn [xem(3-5)’]. Theo (3-8), dao
dong tu do cua hé co vo han BTD ciing la dao dong diéu hoa.
3.2.3 Giai PTVP (3-7) - Xac dinh tin s6 dao dong riéng va dang dao dong riéng
Nghiém cua (3-7) 1a ham y(z) s€ cho ta bién d6 dao dong, ciing chinh la dang dao dong
riéng cua hé. Do thanh c6 tiét dién khong d6i, nén (3-7) 1a PTVP thuong cip bon c6 hé sb 1a
hang s6; Nghiém tong quat c6 dang:
y(z) = ae” +a,e” +a,e” +a,e™ (9)
Trong do6: a1, a», as, a4 la cac h?mg tich phan, con B1, B2, B3, B4 12 nghiém cua phuong trinh
dac trung cia PTVP (3-7) nhu sau:

B* - K* = 0, véi ky higu k* = EﬂJmZ (3-9)

Néntaco: Br1o==xk;vaPss =ik (h)
Thay (h) vao (g) ta c6 nghiém cua PTVP (3-7) la:

y(z)=ae“ +a,e ™ +ae" +a,e™ (i)
Str dung quan hé

Chx=2[e* +&™] va Shx ==[e* ™| ®)

2 2

Thi (i) tr¢ thanh:

y(z) = Achkz + Bshkz + Ccoskz+Dsinkz (3-10)
Trong d6, A, B, C, D, 1a cac héng tich phan, dugc xac dinh tir cac diéu kién bién nhu sau:
a, Tai goi twa khép ¢é: Do vong y(z) = 0; va

mod men M(z) =0 = d"-y(z) =0
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b, Tai ngam cing co: y(z) = 0 va géc xoay 8(z) = ddy(z) =0 (3-11)
z
2
¢, Tai dau tir do co: M6 men M(z2) =0= ddy(zz) =0; va
Z

3
LuccétQ(z)=0:sddL(f):o
Z

Dé thuan tién cho tinh toan sau nay, ta dat:

A:C1+C3;B:C2+C4;C:C1_C3;D:CZ_C4 (3-12)
2 2 2 2

Khi d6 nghiém (3-10) c6 dang:

y(z)=C,A,+C,B,, +C,C,, +C,D, (3-13)
Trong do6 ta da ky hiéu cac ham nhu sau:

A = ch,, +cos,, ‘B, = sh,, +sin,, ;

2 2
Cuy = ch,, —2coskZ Dy, = sh,, —25|nkZ ; (3-14)

con dugc goi la cac ham anh huwong c6 mot s6 tinh chat dic biét. Hon nira, gia tri cua bdn
ham nay tmg véi cic gia tri khac nhau cua (kz) bién thién tir [0,0] dén [6,5] (12 khoang bién
d6i thuc té) da duoc tinh sdn va 1ap thanh bang tra sin.

1, Tinh hoan vi vong quanh cta cac dao ham.

Akz
A’z = K Dy, / \
Bkz Dkz

B’kz = kAkz (m)
C’v; =k By, \ /
D, =k Cy; Ck

C6 thé minh hoa tinh chit nay trén hinh v& bén canh. Dau (*) 1 ky hiéu phép dao ham
theo bién z. Dua vao tinh chét ndy, cac dao ham cia y(z) c6 dang rat don gian.

y'(z) = 9(2) = k(chkz +CzAkz +C3Bkz +C4Ckz)

. M (z
y'(z) = _$ =k’ (Clckz +C,D,, +C,A, +C4Bkz) (3-15)

m YA
y"(2) = ——QE(J) —k*(C,B,, +C,C,, +C,D,, +C,A, )

2, Tai toa d6 z = 0, gia tri cac ham da biét:
A(0) =1, con B(0) = C(0) =D(0) =0; (n)
Nhu vay, nghiém tong quat cia PTVP dao ham riéng (3-4) nhu sau:
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y(z,t)=(C,A, +C,B,, +C,C,, +C,D,, )sin(wt + 1) (3-5)°
Pé x4c dinh cac hing tich phan trong (3-13), ta sir dung cac diéu kién bién (3-11) néu
da biét cac lién két twa; Con trong truong hop téng quat, ta c6 cac diéu kién tai toa do z = 0
dugc gia thiét nhu sau:
M Q

0)=yo;Y(0)=yo; ¥y’ (0) = -—2;y’(0) = - =2 3-16
¥(0) =yo; y’(0) = y"0; y’(0) EJ)/() EJ (3-16)

Céc gia tri (yo, Y0, Mo, Qo), duoc goi 14 cdc théng s6 ban dau. Thay (3-16) vao (3-13)
va (3-15), két hop v6i (n), rdi giai hé bon phuong trinh nay ta dugc:

e Yo e o My L Q 1
Ci=y0;Cr==—>;C3=— ;Cy= — 3-17
1=Yo, 02 K 3 E] 4 \CE] ( )

Thay céac hang tich phan tinh theo (3-17)’ vao (3-13) va (3-15), ta dugc cac biéu thirc
biéu dién dang dao dong (bién do dao dong) cua chuyén vi, goc xoay, mO men, va luc cit tai

tiét dién co toa do z bat ky trén két cau.

MO Q0

y.
y(z)=y0A(Z+?OBkZ_k2EJ kZ_k3EJ DkZ (a)
M Q
'(z) = y,kD, -—2B,——=-C b
y (Z) yo kz + yOAkz kEJ kz szJ kz ( ) (3_17)

M (2) = —EWK'C, ~EWD, +MoA, + 28, (o)
Q2) = ~EI kB, ~ENK'C, +MD, +QA, (@)

R rang, (3-17) cho phép ta xac dinh dwoc cac dai luong can thiét dé tinh dao dong tu
do cua thanh. Mat khac, dé ton tai dao dong, y(z) phai khac khong, ciing c6 nghia 13, bon
thong sb ban dau trong (3-16) khong thé dong thoi bang khong. Hay noi cach khac, hé bon
phuong trinh diéu kién bién dé xac dinh bdn hing s6 C1,C,Cs Ca, c6 dinh thirc cac hé sd
phai bang khong. Diéu kién nay din toi mot phuong trinh siéu viét dung dé xac dinh théng sd
k - cling tirc 1a phuong trinh dé xac dinh o -, ma ta goi 1a phwong trinh tan s6. Do tinh chat
chu ky ctia cac ham siéu viét, nén phuong trinh tAn s s& o vo sb nghiém (ki, Kz, ..., Ks);
Thay céc ki vao (3-9) [i=1, 2, ..., © ], ta s& xac dinh duoc vo sb cac tan sb dao dong riéng
i, (tuan theo ky hiéu: 1 < <... <w; <...). Nhu vay, hé co vo s0 bdc tw do sé co vo $0 tan
6 dao ddng riéng. Lai thay cac i, (Ki), vao phuong trinh (3-17) ta lai xac dinh duoc vo sb
dang dao dong riéng tuong tmg. TAt nhién, dao dong tu do cua hé 1a tong cua cac dao dong
riéng nay. Nghia 1a (3-13) c6 dang chi tiét nhu sau:

y(z) = z yi(2) ZZ[Cn A +CyB, +C;C, +C, Dkiz] (3-13)°
=) i1
Ldc nay,

V@)=Y y(@s () hay
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y(z,t) = ZI:Cli A +CyB, +CiC, +Cy Dkiz]Sin(a)t +4) (3-5)”
i=1

0] day cac [Cij, Cyj, Csi, C4j ] duogc tinh theo cac biéu thirc (3-17)’, trong d6 phai thay k
bang cac ki. Tuong tu, ta c6 cac biéu thie y’(z,t); M(z,1); Q(z,1).

Chuy:

Trong thyc té, chi c6 tan s riéng bé nhat, hay hon nita 13 tin sb riéng thir hai, thir ba 1a
¢6 ¥ nghia. Céc tan s6 cao hon khong c6 ¥ nghia thuc té, vi ¢6 thé n6 khong hinh thanh do ban
than chtng gay nhidu loan cho nhau; hodc ching c6 hinh thanh nhung gay ra bién do rat nho.
3.2.4 Xac dinh tan s6 dao dong riéng ciia cac dim mdt nhip

Trude hét, ta xét dao dong ciia dam don gian
c6 mot dau ngam cing va mot dau tu do, tiét dién a) m=hang so
hang s6, nhu trén hinh 3.2a (ddm conson) A T T VT T T T 1

1, Xéac dinh cac thong b ban dau:

Tai dau ngam (z = 0) ta c6: 7
Yo=0;y0=0;
con My # 0; Qq # 0; chua biét @)
2, Xac dinh céc tan s6 dao dong riéng. Tai dau
tu do (z=1) ta co:
M;=0; Q=0 (b)
Thay (b) vao (3-17c,d), dong thoi st dung céac
thong sb ban dau (a) ta c6 h¢ phuong trinh sau:

(m 13 ky hiéu cuong d6 khéi lwong phan bd)

MoAkl"'(%j Bkl =0
kMoDk1+Q0A\<1 =0

3

J—o51 —H—0.3681 4

Hinh 3.2

1
= M
hay dang ma trin Au K By { 0} ={0} (c)

_kal Akl QO

Do phai ton tai dao dong, nén Mo, va Qg phai khac khong. Do do tir (c) ta suy ra dinh
thie
BkI

Au "k |=0; Thay céc biéu thirc (3-14) vao ta dugc:
kal Akl

D=

D = (chk1+cosk1)’ —(shzkl—sin2 kl) =0;

hay D =chkl.cosk1+1=0 (d)
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(d) 1a phuong trinh tin s6 ctia bai toan dang xét, 1a phuong trinh siéu viét nén s& ¢ vo
s6 nghiém. Nhu d n6i ¢ chuong hai, d6i v6i hé nhiéu BTD, quan trong nhat 14 hai, hay ba tan
sd dau tién. O day ta giai gan dung phuong trinh (d) xac dinh dugc ba nghiém dau tién nhu
sau (khong trinh bay chi tiét cach giai phwong trinh nay):

kil =0,6m~1,88; suy ra o1 = 3'5215 =
I m
K2l =1,491 = 4,68; suy ra w2 = 2—22 =
I m
’ 61,7 [EJ
tuong tu ta co 03T Ty

3, Xac dinh cac biéu thirc bién do dao dong, bién dg noi luc dong

Thay 1an luot cac w; vao hé phuong trinh (c), két hop voi diéu kién dau, s& xac dinh
dugc My, va Qq. Lai thay Mg, Qo vao (3-17) sé xac dinh dugc cac biéu thac bién d6 dao
dong, bién do goc xoay dong, bién d) mé men dong, bién do luc cit dong. Ba dang dao dong
dAu tién cho trén hinh 3.2b, ¢, d.

Déi voi cac dam mot nhip khéc, cach lam hoan toan tuong ty, va ta théy cac tan sb dao
dong riéng co thé dugc biéu dién bang mot cong thirc chung cé tinh chit tong quat nhu sau:

B, [EJ

Wi = |_2 F (3'18)

Trong d6 B; 1a mot hé sd. Trong phan phu luc ¢ bang (3-1) cho céac gia tri B (i= 1, 2, 3, 4)
va cac dang dao dong tuong tng véi bén tan sd co ban dau tién cia mot s6 dam maot nhip
hay gap.

Bang 3.1 (xem ¢ phén phu luc).
3.2.5 Tinh chét truc giao ciia cic dang dao dong riéng

Ciling nhu h¢ c¢6 hitu han BTD, cac dang dao dong riéng cua hé¢ vo han BTD ciing c6
tinh chét truc giao.

That vay, tir PTVP dao dong tu do (3-4), xét trudng hop tong quat khi tiét dién thay doi,
c6 dang:

6_2[_5](2)6_2 y(z,t)}:m(z)a—2 y(z,t) (3-19)
oz* oz° ot?
Xét hai dao dong riéng thir i va thir k. Phuong trinh dao dong tuwong g, theo (3-5)"’ |3,
yi(2,0) = yi (@) sin(ot + 4) (a)
Yo (z.1) =y (D)sin(et+ 4,) (b)

Thay (a) vao (3-19), 1di chia hai vé cho sin(wit+Ai) ta duoc,
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d {EJ( 2) dd; yi(Z)}= m(z)eoy;(2) ©)

dz?

Nhan hai vé cta (c) voi dang dao dong thir k,[ y(z)], rdi tich phén trén toan b chiéu
dai thanh, ta duoc,

| 2
d d? ,
o o Syl [umabiver o
: z dz
Tinh tich phan bén trai bang phuong phap tich phan phéan doan ta duoc,

of [ e (ob k= [32) oy, () oy (o @

0
Lam hoan toan twong tu v6i dang dao dong thr k, nghia 1 thay (b) vao (3-19) rdi bién
déi tuong tu, ta dugc quan h¢ cling c6 dang nhu (d):

| dZ dZ
o2 }[m z)dz = J.EJ - 2yk(z)yyi(z)dz (f

Trir hai phuong trinh (d) va (f) cho nhau, va chu y o; # o, ta rat ra:

j.m(z)yi(z)yk(z)dz =0 (3-20)

Day la diéu phai chimg minh: quan h¢ (3-20) 1a diéu kién tryc giao cia hai dang dao
dong riéng thir i va thir k. Thay (3-20) vao (d) hodc (f) ta con rit ra,

jaﬁﬁgmmjzwuw 0 (3-21)

0
| d2 d2
[3.2) 5| Ee) v, ) -0 21y
Con truong hop dac biét khi, i =k, ta co:
| | d2 d2 .,
of [y o oz - gyk<z>d?{a<z)d?yk(z>}dz (3-21)

Dua vao tinh chét truc giao nay, ta c6 thé phan tich tai trong q(z.t), chuyén vi y(z,t) theo
cac dang dao dong riéng. Nho do, ¢ thé chuyén bai toan dao dong cudng birc ciia hé vo han
BTD vé giai cac bai toan dao dong cudng birc hé mot BTD nhur s& nghién ctru & cac phan sau.
3.2.6 Phan tich tdi trong theo cic dang dao djng riéng

Ciing nhu (2-15), ta phan tich tai trong q(z,t) thanh cac thanh phan tuong tmg voi cac
dang dao dong riéng nhu sau:

a2t =Y gz (3:22)
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Trong d0, qi(z.t) 1a thanh phan tai trong twong Gmg voi dang dao dong thir i, nén no lién
quan t6i yi(z). Do d6 ta c6 thé biéu dién qi(z.t) dudi dang sau,

G;(z,t) =m(2).y;(2).H; (1) (3-23)

O day H;(t) 1a ham chua biét can phai tim. Cach 1am hoan toan nhu & muc 2.3.3; Thay
(3-23) vao (3-22), r6i nhan hai vé véi yi(z). Tiép theo ta tich phan hai vé trén toan bd chiéu
dai thanh duoc:

1 1 0
j q(z,t)y,(z)dz = j y (z)[z m(z)y, (2)H, (t)}dz khai trién vé bén phai ta co,
0 0 i=1

[ [m(2)y,(2)y,(@)dz+ [m(2)y, (2)y, (2)dz +..+ [m(2)y, (2)y; (2)0z + w22y
+...+Im(z)yi(z)yn(z)dz+...oo} H, (t)
Do tinh chit truc giao (3-20), tit ca cac sé hang trong (3-22)’ déu bang khong, trir s6
hang thtr i; nén tur (3-22)’ ta dugc
|
[a@z vy, (2)dz
Hy(D) =12 (3-24)
[m@)]y,(2)] dz
0

Thay (3-24) vao (3-23), va cho i bién thién tir i = 1, 2, ..., o ta dugc cac thanh phén tai
trong tuong ung voi cac dang dao dong riéng.

[a@z vy (2)dz
of (Z’t) = m(z)yi (Z) 1 : (3'23)’
[m@[y )] dz

3.2.7 Dang chuin ciia cac dao dong riéng
Nhin vao (3-23)’ ta thdy ham tai trong q;(z,t) khdng thay dbi néu ta nhan vao ham y;(z)
mot s6 bat ky. Nhu vay, néu ta chon mot s thich hop nhan véi yi(z) duoc ham méi ky hiéu 1a

yi*(z), dé sao cho méu sb cua (3-23)’ bang mot, nghia la:
|
[m@)ly;@)f dz=1 (3-20)
0

thi dang dao dong duoc biéu dién biang ham yf(z) nay duoc goi 1a dang chudn cia dao dong

riéng. Twong tng v6i dang chudn, ham tai trong c6 dang don gian:

a(z.t) =m@)y; ()] y; (2)a(z,t)dz (3-23)”

Va ham H,(t) = j Y, (2)q(z,t)dz (3-24y
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Chuy:

a, Truong hop trén thanh c6 céc luc tip trung Pj(t) tac dung. Lic nay ta c6 thé lam gan
dung bang cach thay luc tap trung bang hé luc phan bd twong duong. Nho vy, (bo qua bién
dbi chi tiét) ta dwgc ham H;(t) nhu sau:

SR y,(z,)

Hi(t) = += (3-25)

[m(2)y, (2] dz

Con iing véi dang chuan,
Hi® = Y Pty (z,) (3-25)’
=1

O day, n 1a s6 luc tap trung, con z j la toa do cua diém dat lyc tap trung P i(®);

b, Khi trén hé c6 ca luc phan bd q(z,t), va cac luc tap trung Pj(t) tic dung, thi ham H;(t)
dugc xéac dinh theo nguyén ly cong tac dung.

3.3 DAO PONG CUONG BUC KHONG CO LUC CAN CUA THANH
THANG TIET DIEN KHONG POI

3.3.1 Trudong hop lue kich thich phan bd bat ky q(z,t)
Xét truong hop tai trong mot thong sb, nghia 1a c6 thé biéu dién tai trong theo (1-38)
nhu sau,

q(z,t)=a(2) () (3-26)
Trong do,

q(z) chi phu thudc toa do khong gian z, biéu dién quy luat bién ddi cua tai trong
theo chiéu dai thanh, dugc goi la ham tai trong co so.

f(t) chi phy thudc thoi gian t, nhu trong (1-38), dugc goi 1a ham chdt tai. Luc nay,
PTVP dao dong (3-3), khi bo qua lyc can, s¢€ la:

o’ 0 0°
?[ EJ (Z)g y(z, t)} +m(z) el y(z,t)=—q(2) f (t) (3-27)

Lai biéu dién nghiém cua PTVP (3-27) duéi dang tach bién y(z,t) = y(z)S(t) va ciing
nhu khi nghién ctu dao dong tu do, néu ta phan tich bién d¢ dao dong theo cac dang dao
dong riéng, thi:

y(z,t) = Z Yi(2)S;(t) (3-28)
i=1
O déy, ham chi phy thudc thoi gian Si(t) ma ta can tim, con duoc goi 13 foa dé khdi

quat. Bé xac dinh S;(t), ta thay (3-28) vao (3-27); sau d6 nhan hai vé véi yk(z), rdi tich phan
trén toan bo chiéu dai thanh:
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00

[0 BT oy B 0oz [y, )3 e) 50 e~

0 dz* i-1 i=1 dt

- [y 2Rz @

0

Chu ¥ t6i tinh chat tryc giao (3-20) va (3-21), cung véi cac quan hé (3-21)’, va (3-21)”,
phuong trinh (a) tré thanh (ddc gia tu bién ddi):

y Jalelyi2xe
——S,(t) + 0’ Si(t) =| -2 — [f(t) hay = K; f(t) (3-29)
dt '
[m()ly,(2)] dz
Trong do6 ky hi¢u hé sb
[a(2)yi(2)z
Kij= -2 > (3-30)
[m@)ly,(2)] dz
Khi dang dao dong la chudn thi:
K; = J'q(z)y;"(z)dz (3-30)’

Phuong trinh vi phan (3-29) c6 dang nhu PTVP dao dong (1-39)’ctiia hé¢ mot BTD,
khong c6 lyc can, chiu luc kich thich bét ky da nghién ctru & chuong 1. Xét trudng hop, trudc
khi chiu lyc kich thich, h¢ ¢ trang thai tinh (yo = Vo = 0), thi nghiém cua (3-29) dugc biéu
dién qua tich phan Duhamel tuong tu (1-41) nhu sau,

t

S.(t) :% [f@)sinet-7)dr (3-31)

(i=1,2,.. )

Két luin:

Dé giai bai toan dao dong cudng birc, trude hét phai giai bai toan dao dong tu do dé xac
dinh cac tan sb riéng o; va cac dang dao dong riéng yi(z). Sau do6 thay vao (3-30) dé xac dinh
cac K;, r0i lai thay vao (3-31) dé xac dinh cac Si(t). Cudi cung, thay cac Si(t) tinh theo (3-31)
vao (3-28), ta s€ nhan dugc 101 giai cua bai toan.

y(z,t) = i yi(z)%j f(z)sine (t—7)dr (3-28)’
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Co y(z,t) ta co thé x4c dinh dugc cac dai lugng nghién ctru khac nhu: gbc xoay, mé men
udn, luc cét, b?mg cach dao ham y(z,t) theo bién z.
3.3.2 Truong hop luc Kich thich phin b6 déu quy luat diéu hoa q(z,t) = qesinrt
Néu ¢ thoi diém ban dau hé dimg yén, nghia 13, yo = Vo = 0; thi ddy 1a truong hop riéng
ciia 101 giai (3-28)’, trong d6 ta chi viéc thay ham f(r) bang ham sinrt; Con K; =

|
Ao yi(2)dz
— . Tuy nhién, ddy 1a truong hop thuong gip trong thuc té, nén s& dugc trinh
[m@)ly;(2)f dz
0
bay chi tiét hon & day.

Nhu da néi ¢ chuwong mot va hai, do tdn tai cua luc can, nén khi dao dong da 6n dinh,
dao dong cua h¢ hoan toan phu thudc vao lyc kich thich. Truong hop luc kich thich diéu hoa,
thi dao dong cua hé khi di on dinh ciing thay ddi diéu hoa voi chu ky bang chu ky cua luc
kich thich. Nghia Ia,

y(z,t) = y(z)sinrt (3-32)

Ham bién d0 dao dong y(z) do tai trong dong gay ra, hoan toan xac dinh dugc tu
phuong trinh (3-13)’. Song & day ta s& giai truc tiép tir PTVP dao dong cta hé lai to ra don
gian hon.

That vdy, thay (3-32) va dao ham béc hai ctia n6 vao PTVP (3-3), rdi chia hai vé cho
EJsinrt, bo qua luc can, ta dugc PTVP sau,

d* 4 g
—v(z)=k*v(z)= -2> 3-33
7 Y@)-Kiy)=—2 (3-33)
4_ mr?
Trong d6 ky hi¢u K* = £ (3-34)
Nghiém riéng cta (3-33) la (k(j—IOEJ); Nén nghiém tong quat cia (3-33) 1
y(z) =C,A, +C,B, +C,C,, +C,D,, +k:% (b)

Con c&c dao ham cua y(z) van hoan toan nhu (3-15) [do s hang cudi trong (b) 1a hang
sé]. Lai str dung cac diéu kién bién (3-16), ta xac dinh duoc:
_ Qo .- Yo .o My o G
Ci=Yyo- ;Cy= 2% :C3=— ;Cy= - c
LY ey T T T TR T TR ©
Thay (c) vao (b) va (3-15) ta dugc biéu thirc bién d6 dao dong, va biéu thuc bién do noi
lwc dong khi thanh chiu luc kich thich phan bd déu theo luat didu hoa qsinrt Ia:
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yO M, Q, dy
z A, +2B, - C, — A, - d1
Y(@2) = Yoh kK’EJ “ K°EJ D.. - k* EJ( .~ (@D

M, Q q
z)=ky,D, + y,A, ——>B,——=2-C,,——2>-D d2
() yo kz yO 7 kEJ kz sz\] kz ksEJ kz ( ) (3_35)
M(z):—EJy“(z):—szJyOCkZ—kEJy(')Dkz+M0AZ ?(OB +k2CkZ (d3)

Q(z) =-BJy"(2) =—k’EJy,B, —k°EJy,C,, +kMD,, + QA + Bk (d4)

Z

Trong d6 hé sé k duoc tinh theo (3-34).

Do thi cia cac ham trong (3-35) cho ta céc biéu dd bién do chuyén vi va ndi lyc dong
cua thanh. Gia tri cua cac ham (Ayz,Byz,Ciz,Dkz) tng véi cac tri khac nhau cta kz da dugce cho
trong cac bang tra sin & phan phu luc, s& gitp ta v& cac biéu do nay.

Chay:
Truong hop tai trong phin b trén P,sinrt
nhiéu doan khac nhau, cac phuong trinh Qns1Sinrt
(3-35) chi ap dung cho doan dau tién. Cac gusinrt

phuong trinh cta cac doan tiép theo co thé \% % % % < % % % % % %
viét dugc dwa vao phuong phap truy hoi

kiéu “thong s6 ban dau” quen thudc trong

strc bén vat liéu. Xét hai doan thanh thi n
va (n+1) duoc phan chia tai toa d z = a.
Trén mdi doan c6 luc dong phan bd déu
gnsSinrt, va gqu+1) Sinrt tac dung. Tai ranh
gidi gitra hai doan c6 luc tap trung P,sinrt, va mo men tap trung Mgsinrt taic dung (xem

Poann —»¢—DPoan (n+l) —

Hinh 3.3

hinh 3.3), v6i quy udc: luc hudng 1én 1a duong, mé men duong khi quay thuin chiéu kim
ddng ho. Khi d6 cong thirc truy hdi co dang nhu (3-36) (bé qua chimg minh)

Ayal I\/Ia Pa Aqa
Yoa(2) = ¥,(2) +AY Ao +TBk(z—a) _mck(z—a) TWCE] M T AR |:Ak(z—a) _1] (f1)
' ' Ma Pa Aqa
yn+1(z) = yn(z) + kAyaDk (z- + AyaAk (z-a) E Bk(z—a) _mck(z—a) K°EJ D (f 2)
M n+1(z) = M n (Z) - sz‘] Ayack(z—a) - kE‘] Aya Dk(z—a) + MaA((z—a) + % Bk(z—a) Aqua C ( f 3)

Qn+1(z) = Qn (Z) - k3E‘] Aya Bk(z—a) - kZE‘] AylaCk(z—a) +kM aDk(z—a) + PaAk(z—a) + % Bk(z—a) ( f 4) (3-36)

Trong do, Aya, Ay’a, Aqa, 12 budc nhay cia bién do do vong, goc xoay, va cuong do luc
phan bd tai toa d6 z = a (nhu trong sirc bén vat liéu); Cac vi du minh hoa cach ap dung
phuong phép nay sé duoc trinh bay ¢ cudi chuong.

Qua ndi dung di duoc trinh bay ¢ day va ¢ chuong hai ta thdy rang, truong hop luc kich
thich bat ky, ta nén phan tich tai trong theo cic dang dao dong riéng dé tinh s& don gian hon;
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Con trudng hop lyc kich thich diéu hoa, ta khong nhit thiét phai phan tich tai trong, ma co6 thé
nhan duoc két qua nho cac biéu thire (3-35) va (3-36) (v6i hé vo han BTD), hay (2-22) két
hop véi (2-24) (v6i hé hitu han BTD).
3.3.3 Trwong hop luc tap trung P(t)

Gia su trén thanh c6 luc dong tap trung dat tai toa dg, z = a, dugc biéu dién & dang:

P(t) =P (t) (@)

nhu trén hinh 3.4a. Ta thay thé twong duong lyc tap trung bang doan tai trong phan bd déu
cuong do q(z) trén doan thanh dai Az nhu trén hinh 3.4b. Hop cua hai h¢ luc béng nhau, nén ta
co:

P = lim q(z)Az = q(2)dz (b) % P()=PH()
\ a) z
Thay (b) vao (3-30) ta duoc: o
o Pyi(a) ) :
K| ] (3 37) %a ﬁk
Im[yi(z)]zdz b) y :
0  a(z) '

Truwong hop riéng, khi P(t) 1a lc diéu hoa:
P(t) =Psin rt (b) q(2)
Lac nay PTVP dao dong (3-29) sé€ 1a,

v

2
d — S () + 7S (t) = K, sinrt (3-38) ﬂZ%
dt Az
Phuong trinh (3-38) c6 dang nhu PTVP Hinh 3.4

(1-30) khi bo qua luc can, trong d6 K; van duogc
tinh theo (3-37) dong vai tro cua (%), nén nghiém tong quat cua nd, khi dao dong di 6n
dinh, c6 dang hoan toan nhu (1-34); nghia Ia,

Si(t) = :: sinrt (3-39)

2
Trong dé ky hiéu, K@ = (1-) (3-40)
Lai thay (3-39) vao (3-28), ta dugc phuong trinh dao dong tong quat ctia hé v6 han BTD
chiu luc kich thich diéu hoa tap trung Psinrt Ia:

y(z,t) = Zy —i_sinrt (3-41)

I
Phan tich (3-40) va (3-41) ta lai rat ra dugc nhan xét nhu da noi téi ¢ chuong hai.
Hién tuong cong huong sé xay ra khi tan sb luc kich thich r tring v6i mot tan sé dao dong
riéng w; bat ky.
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Chuy:

a, Truong hop tiét dién thanh thay d6i thi, EJ vd m, trong cac cong thirc trén phai duoc
thay bang EJ(z) va m(z).

b, Trudng hop luc dong bién ddi didu hoa, c6 hai cach giai bai toan:

Cdch thir nhat: St dung cong thirc truy hoi (3-36) két hop véi (3-35) t6 ra rat c6 hiéu
qua nhd 6 cc bang tra sin cac ham anh huong.

Cdch thir hai: Phan tich tai trong theo cac dang dao dong riéng dé tinh. Luc nay sir dung
cong thirc (3-28)” néu tai trong 1a phan bd, con tai trong tap trung ta ding cong thic (3-41).

VIiDU 3-1:

Cho dam don gian hai dau khép dai 2m, c¢6 EJ = 16.10" kNcm? = hang sd; trong luong
ban than q = 1kN/m. Dam chiju luc dong P(kN)sinrt dit giira nhip nhu trén hinh 3.5a. (& day
m 1a don vi do chiéu dai- mét)

Yéu cau: V& biéu do bién d6 chuyén vi dong,va mé men dong. Khi tinh liy gan ding:

9=10". 2 =10var=400s"

SZ

Bai giai: Bon tan sb riéng dau tién cing voi bon dang dao dong twong tmg di cho trong
bang 3.1 ¢ phan phu luc. Loi giai tong quét cho két qua:

L @
yi(z) = fi sin iliz (b)

Do lyc dong bién doi diéu hoa, nén co thé giai bai toan bang hai cach nhu di chi y ¢
trén. Song & ddy chi trinh bay cach giai 4p dung cong thirc truy hoi (3-35) va (3-36).

Céch giai bai toan dua vao tai trong da dugc phén tich ra cac dang chinh, doc gia c6 thé
tu thuc hién.

1, Trudce hét thiét 1ap biéu thire cua y(z) va M(z).
o X¢ét doan thir nhat AC

Céc thong sb ban dau:
Yo=0;¥0=0,=2,My=0;Q0=?;0o=0 ()
Thay (c) vao (3-35) d;, d3 duoc,
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0 =Psi
yl(Z)Z—OBkz—?—ODkZ P(t) = Psinrt
k k*EJ 3
0 (d) ) A B
M. (z) =-kEJO.D, +-=2B O
1( ) 0 ~kz k kz m C mﬁﬂ
o Xét doan thir hai CB | Y I Y
e Oal’ll uw nai A A Y A A
cé(lmZE)SZS(l=2m) b) y! (dx)
. NN ,,»7737’ cm
Ap dung (3-36) f1, 5 duoc: 0_54\\ - (mj
86.10°P 124.10°P

P
Y2(Z) = yl(z)"‘ka(z I)

l“ld
O ¢ d
M. (2) = M (z)—P . (f) M \f),’ﬁ7§77' m (dx)
i 1 k k(z‘lz] 0,3063P _—6—5;98P

Thay (d) vao (f) va st dung cac

P
didu kién bién: d) : 3 y
Tai B (z=1) cd: y| = y2(z=I) = 0; ”M%’%_ JUCTags (ij
va M, = My(z=1) = 0; ) 72.10°P 104.10°P kN
rf?i gié.i h¢ hai phuong‘trinh dicu f) M)
kién bién nay, va ky hi¢u — t
--" - m
A=Kl (3-42) -7
0,25P 0,5P
ta duoc,
D.B, -B,D, Hinh 3.5
Oy =V = 2 2 h
PTY T e B oD’ ")
BxBx - DxDx
Q=P—=2—+*
B, -D;

Lai thay (h) vao (d) va (f) ta dugc biéu thirc bién d6 chuyén vi dong va mdé men dong
ctia doan mot va hai. Tuy nhién & trudng hop dang xét, do tinh d6i xtmg, ta chi can viét cho
doan mot 1a du.

Bsz AT Dszx

P : . .
Z) = |
= e 0
2 2
Bszk_Dszx
Mi(z) = 2 2
0 A
2 2

2, V& biéu dd bién do chuyén vi dong va mdé men dong. Thuc chét 1a v& d6 thi cua céc
ham trong (i).
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mr?

Tir cac s liéu d3 cho ta tinh duge, k* = =l =10 ), suy ra

1
cm?
K=lO'zcm'1,nénk=kl=2vé§:1.

Tra bang cac ham anh hudng duogc: Ay, = A; =1,04169; B,, = 1,00833;
Cy,» ==0,50139; D,» =0,16686;

Thay céac gia tri nay vao (i) ta duoc,
y1(2) = 0,00374823P[0,50139B 0,015 - 1,04169D 01,] (%J

M1(z) = 59,97174P[1,04169B g1, - 0,50139D g 1,] (cm) )
Pé v& d6 thi cua (j), ta tinh gid tri cia ham tai mot s6 mat cit - cang nhiéu cang chinh x4c.
O day ta tinh cho ba mat cit:
+ Tai z= 0 (khdp A) co: y(z=0) = 0; va M(z=0) = 0;

+Taiz= !I = 50cm, nghia la kz = 0,01z = 0,5; tra bang dugc:

A =1,00261; B = 0,50026; C = 0,12502; D = 0,02484; thay vao (i) co:

yi(z= !I) = 0,00086-P cm/kN; Ml(z:!:) = 30, 625576 P cm;

+Taiz= IE = 100cm, nghia la kz = 0,01z = 1; Tra bang dugc:

A =1,04169; B = 1,00833; C = 0,50139; D = 0,16686; Thay vao (i) co:

yl(z=|5) =0,001243476 P cm/kN; M1 (z= IE) =57,974992 P cm;

Dua vao cac gia tri cia y va M tinh dugc ¢ trén, ta vé dugc biéu dd bién do chuyén Vi
dong va m6 men dong nhu trén hinh 3.5 b, va c.

Pé tién so sanh do vong va ndi lyc moé men lon nhét phat sinh trong dam & hai truong
hop: chét tai tinh va chat tai dong, trén hinh 3.5d, va f, ta v€ thém dudng truc vong, va biéu dd
mod men do bién d¢ cua luc dong, P, dat tinh gay ra. Tur d6 doc gia co thé tu rat ra cac nhan
xét quan trong va can thiét.

3.3.4 Dao dong cudng birc khong can ciia dim mét nhip, tiét dién khong doi,
chiu tac dong ciia tii trong va dich chuyén gdi twa bién déi diéu hoa.

Sau day ta sé& tinh dao dong cua cic ddm mot nhip chiu tic dung cta cac nguyén nhan
khéac nhau bién d6i theo qui luat diéu hoa. Tén sb dao dong ty do cua dam mot nhip da duoc
nghién ctru & muc 3.2.4; O ddy chu yéu trinh bay cach v& biéu d6 bién do noi luc dong phuc
vu bai toan kiém tra va thiét ké cac dam; Pong thoi ching ciing 1a cac phan tir miu dé tinh
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dao dong ciia cac khung va ddm nhiéu nhip, chiu tai trong dong diéu hoa, bang phuong phép
chuyén vi s& dugc trinh bay & chuong 5.
1- Dam don gidn hai dau khép chiu tic dung ciia M(t) = M sinrt dit ¢ ddu trdi dam

Bai toan chi mot doan, nén chi can dung phuong trinh (3-35) 13 da. Cac thong s6 ban

dau goém:

Yo=0;¥0=00=? Mo=M,; Qo=7?;00=0; @)
Thay (a) vao (3-35) duoc:
“2 :%Bkz ) kzlvéj c. k?éJ D, o) g\ M (t)=Msinrt

- ~

M (z) = -kEJG,D,, + MA,, + % B, (R | .
Cac diéu kién bién dé xac dinh y’o, va Qq 1; Hinh 3.6
Taiz=1c¢o6:y, =0;va M, =0; (©)
Thay (c) vao (b) va (b)’ rdi giai hé hai Phuong trinh nay ta duoc,

Bo=y'0= M_BC,-AD, ; Qo = kM b&-AD, (3-43)

kEJ B?-D: B2 -D?
Lai thay (3-43) vao (b) va (b)’ ta dugc phuong trinh cta y(z) va M(z).

2- Ddm hai dau ngam, ngam bén trdi xoay géc p(t) = sin rt.

Céc thong sb ban dau: Tai z=0, o(t) = psinrt
yo:O;yo’=90=(P;Mo:?;Q0:? (a) D/ IS

Cac diéu kién bién & cuoi dam,

Taiz=1co: v |

T

y1=0;vay’, =0. (b) Hinh 3.7
Thay (b) vao (3-35) roi giai hé hai phuong trinh nay ta duoc:

_ B2 —A.D
Mo= Bl BiCimAD, Qo= —E_jw_g P
I C:-B,D,

3-44
| " ct_BD, (3-44)

Lai thay (3-44) vao (3-35) ta s& dugc cac ham bién do chuyén vi, goc xoay, mod men, lyc
cit clia bai toan.

Néu ngam bén phai xoay, lam twong ty ta c6:
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_EJ  AD, EJ A%,

Qg= =2 345
| Yc2_BD, Qo r?c2_BD, (3-45)

3- Dam ngam bén trdi, khép bén phdi; Ngam trdi dich chuyén thing dieng A(1) = Asin rt.

Céc thong sb ban dau:

Taiz=0 co,
Yo=A;¥0=00=0;Mg=?,Qo=? () _
Cac diéu kién bién & cudi dim dé x4c dinh Z T
Mo, va Qo &: AO }g ___________ 50 = Asin

Taiz=1co: | 8%
yi=0vaM, =0; (b)
Lai thay (b) vao (3-35) ta s€ giai ra duogc: Hinh 3.8

Mo = E—jmﬁ ABmCD g = E—jm _CoAL (3-46)

| B,C,-AD, | B,C,-AD,

Thay (3-46) vao (3-35) ta s& viét dugc cac biéu thirc can tim.
Tat ca cac truong hop ddm mot nhip chiu cac tic dung dong bién doi diéu hoa khéc
nhau ciing dugc tinh twong tw. Cac két qua duoc cho trong phan phu luc.
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