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Loi tua

On dinh cang trinh fa mot phén kién thirc co so déi vdi ky suf thudc
cac nganh xay dung co ban. Mén hoc nay trang bi cho sinh vién va ky
su nhimg kién thic can thiét d& danh gia kha nang dn dinh cho cac
cong trinh xay duny, dudi tac dong cda cac nguyén nhan bén ngoai;
bao dam cho céng trinh khdng bi pha hoai do su gia tang bién dang
khi cong trinh khéng con kha nang bao toan dang can bang ban dau
8 trang thai bi€n dang.

Trong chuong trinh dao tao hién hanh tai cac trudng dai hoc thudc
linh vuc xay dung co ban, &n dinh ¢dng trinh vai ddi tuang hé thanh 13
mon hoc chuyén dé tiép ndi sau mén Co hoc két cdu, duge xem 13
mén tu chon & bac dai hoc va & mon bat bude & bac cao hoc. D& dap
ng yé&u cau hoc tap va nghién clru, trong sach nay chd yéu gidi thiéu
cac khai niém co ban vé su 8n dinh va cac phuong phap nghién cou
(chinh x&c va gan dung), d0 d8 van dung giai quyét cac bai toan dn
dinh cla cac hé thanh thudng gap trong thuc té tinh toan cong trinh.
Trén cd s do, hy vong 12 ban doc sé linh hoat van dung dé giai cac
bai toan ky thuat khac co thé gap trong thuc t& va trong cong tac
nghién clu.

Noi dung cudn sach bao gém chuong Mé dau va 7 chuong:

 Chuong Md déu gidi thiéu cac khai niém vé én dinh, cac dang mét én
dinh thudng gap va cac tiéu chi vé dn dinh cla hé dan héi.

» Chuong 1 gidi thiéu tuong d&i day dl cac phuong phéap tinh toan én
dinh thudc thé loai phuong phap tinh, phuong phap nang lugng va
phuong phap déng luc hoc,

e Céc chuong 2, 3, 4, 5 gidi thiéu cach kiém tra kha nang &n dinh dang
nén dung tam, dang chiu uén cho cac thé loai két cdu cu thé nhu:
thanh thang ¢d lién két bat ky (cimg hozc dan héi); hé thanh thang;
thanh cong; thanh thanh mdng tiét dién hd; dam.

 Chuong 6 gidi thiéu cac quan diém tinh toan va cach kiém tra én dinh
khi hé lam viéc & ngoai gidi han dan hoi. D6 1a mdt ndi dung con mdi
va dang dugc quan tam nghién clu.



« Chirang 7 gidi thiéu khai niém vé n dinh dong khi hé chiu iyc thay
ddi theo thai gian. D6 [ bai toan dao dong co thong s0, kha phdc tap,
gap trong linh vuc cong trinh va dac biét [a trong linh vuc ché tao
may. Chung ti khéng c6 tham vong trinh bay day du cac thé loai bai
toan dao déng co thong s6 ma chi cling ban doc tam quen véi cach
giai bai toan thong qua hai trudng hgp thudc linh vuce ¢cong trinh: thanh
thang chiu luc nén thay ddi diéu hoa theo thai gian va vanh tron chiu
ap luc thay ddi diéu hoa theo thdi gian.

D& dé dang ti€p thu cac ndi dung trinh bay trong séach, ban doc can
nam ving cac kién thirc vé: phuang trinh dai s&, phuang trinh vi phan,
phuong phap tinh trong gido trinh Toan cao cap; giao trinh Sic bén
vat liéu; gido trinh Ca hoc két cau theo chuong trinh higén hanh trong
cac truong dai hoc ky thuat.

Tuy da co nhiéu ¢d géng trong bién soan song clng kho tranh khoi
nhing thiéu s6t, chung tdi chan thanh cam on su quan tam va nhimg
y kién déng gdp cla ban doc cung dong nghiép.
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1. Y nghia cla viéc nghién ctu on dinh ¢cdng trinh

Khi thid k& k&t ¢iu ¢ong trinh, néu chi kiém (ra didu ki¢n bén va ditu kién cimg
khong thoi thi chua @i dé phan doan khi ning lam viée cha cong trinh. Trong
nhidu trusmg hop, dic bigt ta cie k€t cdu chiv nén hodic nén ¢ung véi udn. y ti
trong chra dat dén gia (ri pha hoai va ¢o khi con nhd hon gid tri cho phep ve dicu
ki¢n hén va did¢u ki¢n cing nhung k&t c¢iiu van ¢6 thé mat khit ning bio toan hinh
dang ban ddu & trang thai bicn dang ma chuyén sang dang ¢in bilng khac, Noi e
trong dang can bang mai do s¢ phit wién rat nhanh va lam cho ¢ong trfinh b pha
hogi. DO L hign twong k&8 ¢du bi mit 6o dinh.

Viaoe cudi the ky XIX viddo thé k¥ XX, da xay ra nhicdu tai nan do k&t ¢du cong

trinh bi mdt én dinh va ddn dén pha hity. Vi dy, theo cac i ligu [23), [17]:

o Clu duong sit Kevda & Nga 1a ¢iiu dan hd da by phi hay nam 1875 do h¢ thanh
bién trén bi i dn dinh.

« Chu Menkhienxicin & Thuy ST bi pha hity nam 1891 do mdt 8n dinh.

e Ciin dan Quchece qua song St, Laurent & Canada bi phd hdy ndam 1907 do thanh
ghép chiu nén bi mét ¢n dinh.

e BE chira khi & Hamburg bi pha hity nam 1907 do thanh ghép chiu nén bi mit &n
dinh.

o Cdu dan Mojur v Nga bi pha hity nim 1925 do thanh ghép chiu nén bi mdt dn
dinh.

Riéng & Phip, theo s0 ligu cua ky su Girard, rong khodng thoi gian 1955-1965 da

¢O 24 ¢lu bi pha hiy, phin Iom 1a do nguyén nhian mét on dinh,

Theo 5], ¢ Lién X0 ca, trong khodng (hod gian 1951-1967 da ¢6 39 cong rinh

kGt cau thép bi phi hiy, trong s8 do ¢o 17 truomg hop (44 %) la do nguyén nhin

mdt On dinh.

Hién nay. yéu clu phat trién kinh & doi hoi phii xay dung ¢ic cong trinh 1ém vaa

nhe, trong do thuome ding ¢ic thanh chiu nén ¢o ¢hidu dat 1ém dé bi mét 6n dinh.

Do do, vige nghién ciu dn dinh ¢cong trinh Ta ¢dn thidt va ¢6 y nghia thue (&)

‘Theo [23], bai toan én dinh da duge quan tam tir ddu (thd ky X VI, khéd ddu tir
cong trinh nghién ciu bing thye nghigm do Piter van Musschenbroek cong bo
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nam 1729, da di d8n k& adn dang: “lue 1of han 3 1@ nghich v binh phuong
chidu dai thanh”™. Neaoi dilt nén mong cho vige nghién ciu 1y thuyél bii oan &n
dinb i L Taler gua ¢ong tiinh ¢ong bd diu tién vao ndm 1744, Tuy nhién, cho
i dén cudi thé ky XX vin dé dn dinh ¢ong trinh indi duge phat rién manh me
qua nhimg cong hién caa ¢ac nha khoa hoe nhu: Gido su .S, laxinski, Vién s§
A. N. binnik, Vicén sy V. G, Galerkin... Cho dén nay, d2 ¢o rit nhidu cong trinh
neghicn cou vé 1inh vue nay viud gidi quy@l 10t nhing yéu clu co ban ciia thye (&
Tuy viy, cang tOn a1 nhidu vin & chua duge gidi quyét dén cung va con tiép tue
10i cudn sir quan tam cia cac nhi nghién aii. Chiing han nhar ¢cic bai todn: 6n
dinh cia nhang h¢ 1am vige ngousi gidgi han dan hdi: én dinh cda h¢ khi xét dén
hign trong tir bidn: &n dinh ¢tia h¢ khi x¢t dén cac y&u 18 phi wuyén; én dinh cia
e duot e dung cua i rong dong {On dinh dong ).

Trong giao trinh Ste bén vt licu da d& ¢ip dén bai toin On dinh cla nhimg thanh
don giin chiu nen dang tam. Trong pham vi gido trinh nay ta st nghién cou c¢ic
phuone phap tinh On dinh ciia nhimg h¢ thanh lam vi¢e trong gidi han dan héi
cang nhu ngoai givi han dan hoi chiu tdi (rong tac dung tinh [a chi yéu: ngon ru
cang givt thi¢u qua v& khii ni¢m on dinh dong.,

2. Khai niém vé 6n dinh va méat én dinh

A. Dinh nghia
On dinh 1 mot khid ni¢m ¢o lién quan dén nhicu 1inh vue nhue trong cude song,
trong ky thudt néi chung, trong ¢ong winh vil trong 10dn hoc. ‘Trong mdi linh
vue ¢o mot dinh nghta tuong dng phu hop v doi teong nghicén cou, Theo [ 11,
dinh nghta toan hoc cia A, M. Liapunov v¢ On dinh ¢huyén dong duge xem o
l()’ng qual va bao chinn cho moi linh v,
Trong gido trinh nay chi d¢ ¢ip dén dinh nghia thude linh vye ¢ong trinh theo
quan di¢m ¢ta Buler-Lagrange, von c¢o (ir lau dod trude dinh nghia clia
Liapunov, r phit trién doe 1dp vaoi dinh nghia v& én dinh chuyén dong cia
Liapunov viyvcaing di d& eidi quyd phiin 16m ¢dc bai todn én dinh trong linh vire
cong (rinh, Chi ¢dn quan tan dén dinh nghia vé dn dinh chuyén dong cua
Liapunov khi giip ¢ic bai wian dn dinh cda h¢ khong bio toan, én dinh dong va
On dinh khong din hoi.
Trong linh vic c6ng trinh, én dinh la tinh chét cla cong trinh ¢6 khd ndng gitf dugc
vi tri ban ddu hodc gilr dudc dang can bang ban déu trong trang thdi bién dang
tong img vér cdc 1éi trong tde dung.
Tinh ¢chill én dinh cta cong trinh thuomg khong phii Fa vo han khi ting pia tri
clia ¢ie G rong Lae dung trén eong trinh. Khi tinh chdt do mdt di thi cong trinh
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khong con khdl ning chiu @i trone, kic nay cOng trinh dwoe goi 1a Kidng dn
dindi. Nhu vy, vi tri chia cong trinh hode dang ¢in biing ban ddu trong trang thai
bidn dang ctia ¢cong trinh ¢G khi néing dn dinh hode khong én dinh.
Vi tri ¢ia ¢Ong trinh hay dang cin bing ban diu trong trang thai bién dang cla
cong trinh duye goi 1a Gk dinh dudn tie doung e thi trong néu nhur sau khi gay
cho ¢cong trinh mot 4o [6ch rdt nhd khoi vi el ban diu hodc dang can bing ban
diiu bing mot nguyén nhiin bit ky nio do ngodi (il trong da ¢d (con duge goi li
mhidu) rdi bO nguyen nhin do di thi ¢ong trinh st ¢ khuynh hudng quay trr vé
trang thai ban diu. Tuy theo cac neuyén nhin edy ra (rong cong trinh cic bicn
dang dan hoi hay dan déo, cong wrinh s€ phuc hdi trang thai ban diu hoan toan
hay khong hoan toan.
Vi tri i eong trinh hay dang ¢an biang ban ddu trong tryng thii bicn dang ¢
cong sl Jupe goi L Midng on dish dudi tac dung cia tai rong néu nhu saun
khi gay cho cong trinh mot d¢ Iéch rdt nho khoi vi tri ban ddu hode dang ¢an
biing ban diu bliing MmOt nguyén nhan bit ky nao do ngoai tii (rong da ¢ rdi bo
nguycn nhan dé di thi cong trinh s¢ khong quay trd v¢ trang thii ban diu. e
niy, do Lgch cua ¢ong trinh khong ¢ khuynh huvmg giiin din ma ¢o (hé tudp e
phat trién cho dé&n khi cong trinh ¢6 vi tri méi hodce dang cin bing mdi.
Bude quit 40 cha cong trinh tr trang hii én dinh sang rang thai khong Sn dinh
eoi [a mdt dn dinh. Gidi han ddu cda bude qui 40 do goi 1a trang thai 101 han
clia cong trinh. ‘TA1 trong tuong ang vl trang thdt woi han goi 1o @i rong tod
fian.
Tir khai ni¢m v& 6n dinh ta cang ¢dn phan bigt hai truomg hop: mil 6n dinh vé
vi tri vt mdl on dinh vé dang ¢in hilng & trang thai bicn dang.

%2 MAt 6n dinh vé vi tri
Hién tteemig mdt dn dindi vé vi tri xav ra khi toan bé cong trinh duge xenr 1a tuvét
doi cimg, khong i neuyén duge vi i ban ddu ma bude phai chuvén sang vi tri
khac. DO La trudomg hop mdt dn dinh 1 hodce wruot clia cac ¢ong tinh tuome
chiin, ma cdu, tru clu, thip nuoc... Trong nhimg truomg hop ndy, cde ngoai lie
tic dung trén cong trinh klidng thé can bang & vi (ri ban ddu cita cong trinh ma
chi co thé cdn i)c?ffg & vi tri mien khde vi orf ban ddu. Vit cha cac vat (hé tuyct
doi cimg cd thé 1a én dinh, khong &n dinh hojic phiém dinh.
MM vi du dom gidin vé hién tuomg 3o dinh v mat dn dinh v& vi i 13 trudomg hop
hon bi & ciac vi i khiac nhau nhue trén hinh 1.
Miic dit hon bi dCu cin bing & ¢a ba vi tri, song ¢ su khac nhau ¢o bin git ba
troomg hop nay khi ¢¢ mot nguyén nhin nio do dua hon bi 1¢ch khdi vi tri cin
bing ban ddu voi mdt lugng vo cung bé rdi thi ra, ta thiy:



¢ Truomg hop tur nhit, hon bi dit 4 b ¢
rren mat ¢du lom (hinh 1.a): hon bi C\’W‘ =)
d:uu’_ dong quanh vi wi Fﬁ;m ddu r(‘)i’ W érp NQ;QT
cudi cung wy vé vi i ¢d. Vi
nay la vi i edn béng dn dinh. Hinh |
Khi I¢ch khoi vi tri ¢dn biing 8n dinh, thg ning cta hon bi ting Ién. Do do, vi
i1 cha hon bi & dudi diy indt cAu 1om hay vi tri ¢in bling 6n dinh tyong (mg
voi khi 11 ndng caa hon bi [a cue (éu.

« Truomg hop (hir hai, hon bi diit trén miét chu 181 (hinh 1.b): hon bi khong ¢ v
vi tri ban diu ma tiép e ldn xudng phia dudi. Vi ui nay La vi trf cdn bdng
khong on dinh, Khi 1gch khoi vi i ¢an bang khong én dinh, thé niing cha hon
bi gidin. 1o do, vi tri ¢an biang khong 6n dinh wong tng voi khi thé ndng cla
hon bi Ya ee dai.

o Truong hop thir ba, hon bi diit trén miit phiang (hinh 1¢): hon bi khong quay vé
vi tri ban dau va cang khong chuyén dong GEp e, Vi tri ndy La vi 1 cdn bdng
phidm dinh. Vi tri ¢in bing phiém dinh wong tmg vdi khi thé ndng ¢lia hon bi
khdng ddi,

s Mat 6n dinh vé dang cin biing
Hien tuomg mdt 6n dinh vé dang cdn bdng & trang thai bién dang xdv ra khi
dang bién dang ban ddu ctia vae ihé bién dang teomg tmg voi 1Gi trong con nho,
buoc phii chuvén sang dang bidn dang moi khac tricoe vé tinh chdt nén
trong dat dén mat gia i nao do h(}_fk' Xav ra khi bién dang cia var thé phdat
trién nhanh ma khong xudt hién dang bidn dang meoi khac triege vé 1inh chd né
tai rong dat dén mdt gia tri nae do. ‘Trong nhimg (rudmg hop nay, sie cdn bar
it cae ngogl lie va ngi fpe khidng hé thue hidn dupe tuemg tmg voi dang bién
dang ben ddu ma chi co thé thye hign dwope twong tmg voi dang bidn dang moi
khac dang ban ddu vé tinh chdt hode chi ¢o the thie hién dupe ki gidnr tGi
trong. Hign tuomg niy khac voi hign tuomg mit 6n dinh v vi tri & cac didm sau:
dai weomg nghién cingla vae thé bién dang chiv khong phdi mvét d6i ctmg, s can

bang cdn duge xét voi oa ngoai e va ndi e

Biti 104n Gn dinh v& vi tri (thuomg don gidn, uén co s& vin dung cde dicu kign

¢an biing quen bidt trong Co hoe cor s cang da dé gidi bai 1oan. Trong gido

trinh nity chi x¢t bl toan én dinh v dang ¢in bing & trang thai bién dang.
B. Phidn loai

Co nhidu ¢ich phin loai b dn md dn dinh-vé dang ¢iin bing & trang thai bidn

dang. Trong gido trinh nay chi givi thidu cich phin logi don giin nhit wrong ddi

phu hop véi ¢ie biai (0an 6n dinh dan hdi. Xudt phat tie hai quan ni¢m khac nhau



v& trang théi toi han cha Euler va cta Poincarré, ¢o thé chia thanh hai loai mit
on dinh véi ¢ic diie trung nhursau | 17]:
%2 Mdt dn dinh loai mot

Cac dic trung ciia hign tuomg mét 6n dinh loai mot hay mét 8n dinh Euler:

* Dang cdn bang ¢o kha nang phdn nhanh.

* Phat sinh dang cdn bdng moi khae dang can béng ban ddu vé tink chat.

* Truoc rang thai (o han dang cdn bdng ban ddu la duy nhdi va én dinh:
saie [ree g hai 107 han dang cdn bdng ban ddu 1a khong dn dinh.

D¢ minh hoa 1a x¢t mot vi du don gidn [a trutmg hop thanh thing cliiu nén

dung tam nhu (rén hinh 2a:

e Khi tuc P c¢on nho, thanh vin
thing, trang thai chin nén cha
thanh la trang thdi ban diu va
duy nhidl. N&u dua bé ra Khoi
dung ban diu bing md nguytn
nhin nio do réi bod nguyln nhin
do di thi hé se dao dong rdi trdr v
dang ban didu nhu ct. Do do,
dang cin biing nay 14 &n dinh. Hinh 2

‘Irang thii ¢in bing 8n dinh nay duge mo 1 béi doan OA trén db thi licn h¢
eitta chuyén vi 4 v 1éi trong P (hinh 2¢).

e Khi ting luc P d&n m gid tri goi 1a lyc (61 han Py, thanh & trang thai té
han, Luc niy, ngoad ll‘ung'thﬁi ¢an biing chiu nén cdn ¢6 khad nidng phiat sinh
dong thoi (rang 1thdi can bing udn doc, nghia 1a thanh & trang thii ¢in bang
phidin dinl. Nhu viy, dang cin bing bi phan nhanh thanh hai dang bién
dang. ‘Trang thal nay twong {mg véi didm phin nhanh A rén dd thi (hinh 2¢).

e Khi # > Py, trang thai cin bing chiu nén vin ¢o khi ning i€p tuc 10n tai
song khong On dinh vi nfu dua h¢ ra khoi dang ban diu biing mdt nguyén
nhian nao do réi bd nguyen nhan do di thi h¢ st khong ¢d khd ning triy v
dang thiing ban diu. Dang c¢in biing khong 6n dinh naty tuong Gmg ve&i nhanh
AB wén dd thi (nhidnh ¢6 didm thém cac diu chdm (rén hinh 2¢). Trong hg
cang phat sinh ddng thoi trang thii ¢an bing udn doc khi bién dang clia
thanh 1i hiru han (hinh 2b). Dang c¢an bing nay la én dinh va duge md (4 boi
nhinh AC hogc AD irén dd thi (hinh 2¢).

NEu tiép tuc ting lue P thi vé mdt Iy thuyét trong thanh s¢ phat sinh nhimg
dang ¢in bing m& dudi dang udn doc timg tmg véi nhimg ke 161 han bic
cao. Tuy nhien, ngoai dang ¢an bing tha nhal (wong ing vai lue 16 han nho
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nhit, nhimg dang cin biang tuong ung véi lue t6i han bac cao déu la khong
on dinh, hi¢m khi x4y ra va khong ¢6 y nghia thye (€, B&i vay trong thyc (8
ta chi ¢in tim lue td1 han nhd nhit.

Hién tugng mit én dinh logi mot ¢6 thé xay ra tuong (mg véi cac dang sau:

1. Mt dn dinh dang nén ding tdm. Ngou vi du vim xet, trén hinh 3 giéi thicu
mot 88 vi du khac vé mil én dinh dang nén ding tdm nhu: vanh tron Kin
(hinh 3a) chiu ap lye phan bé déu hudng tam (ap lye (hiy tinh); vom parabol
chiu il trong phiin ba déu theo phuong ngang (hinh 3b). PO 1a nhimg h¢ chi
chiu nén ding tam néu bd qua anh hudmg cha bidn dang nén dan hdi khi h¢
con On dinh, Ndu thi trong g vuot qua gia tri g thi trong he s¢ phdt sinh
dang ¢an biing méi theo dudmg din nér. Trong truomg hop khung chiu tai
trong nhu wén hinh 3¢: khi £ < Py, khung ¢ dang cin bing chiu nén: khi
P > Py, dang can bing chiu nén khong 8n dinh va khung ¢O dang cin bing
ndi chiu nén cong voi udn theo dudmg dat nét réa hinh ve.

Hinh 3

2. Mdr én dinh dang bién dang d6i xtng. D& Tam vi dy, ta xét khung ddi ximg
chiu i trong tac dyng ddi ximg nhu trén hinh 4.

o
L.
e

Hinh 4 Hinh 5
Khi £ < Py, khung ¢6 dang can bing én dinh Ia dang d6i ximng (dudmg lidn
nét), khi > Py, dang ¢in biing ddi ximg khong On dinh vit khung ¢6 dang
¢in bing mai khong d6i ximg (dudng dirt nét).

_L_.S-b ]
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3. Mdt dn dinh dang uén phdng. BE lam vi dy, ta x¢t dam chir 1 chiu uén
phing do (i trong £ (hinh 5). Khi P < Py, dam ¢o dang ¢an bing Sn dinh 1a
dang udn phing: khi £ > Py, dang uon phing khong 6n dinh va ddm co dang
cin bdng mai 1a dang uén cung v xodn (duomg din net).

3 Mt on dinh loai hai
Cac dac irung cha hién tueng mat o dinh loa hai nhu sau:
*+ Dung odn banig khong phan nhanh,

& Bidu ang vu dang cdn bdng cria hé khong thay doi vé tinh chal.

4

Hinh 6

B¢ minh hoa ta xét mot vi du dom gidn Ja truomg hop din Mises ¢o ba khaop A,
B, C chiu lye P dat i khop € nhwr trén hinh 6a. D3 thi lién h¢ gita lyc P va
chuyén vi thiing dimg f1ai C nhar trén hinh 6b,

D& dung db thi naty ta ¢dn (im toa do cha cic diém trén dudmg cong P = P{f),
tmg voi ndi didm ta thue hién nhur sau: (wong tmg véi mdi gid (i chuyén vi f7
ta dé ding i duge bién dang doc true ¢lia cie thanh AC, BC: 1iép d6 tir bicn
dang da bidt tm duoe gid i lue doc N; trong cide thanh viy suy ra gid tri £y
tuong (mg theo (dng hinh hoe cua cic lue Ny, Ta nhan thdly & giai doan diu yc
P (ang 1én cung véi do vong fnhung khi £ = /1 tuie 1 khi ba khép A, B, C nim
(rén cung dudmg thing thi 2 = 0. Sie lién h¢ gitm lye P va chuyén vi f1a lién
tuc nén dudmg cong P = P(f) phiti ¢ dang nhu (rén hinh 6b.

Gid tri ¢t lue P tuong (mg voi khi do vong fing mi khong ¢dn ting (i trong
goi la lue i han. Khi £ = Py, surcin bing gita ndi Iye vi ngoai lue dat dén
trang thai 2i6i han. Khi £ > Py su ¢in biang chi ¢6 thé xiy ra khi giin (i
trong P Trang thai gid h;m_dux:fc xdac dinh tir dicu Ki¢n: dP/df = 0.

b6 1 hién wrong mit Sn dinh loai hai hay hién teong mit khi ndng chiu lye
theo trang thii gidd han thir nhdt. Trong trudomg hop niy ta thdy bién dang cla
h¢ phat trién nhung khong thay di vé tinh ¢hdt, khong phin nhanh. Sy mdt on
dinh loat hai ¢6 thé xdy ra khi viit ligu Fam vige trong gidi han dan hoi cang
nhu ngoii il han dan hoi.



Trong thyc 1, cac cdu ki¢n cGa ¢ong trinh thudmg khong don thuan chiu nén mi

- o N e - -~ - - < a - - 2 . + - .
chiu udn cing voi nén nén ¢ac cdu kién nay thudmg bi mat On dinh [oai hal vai
14 trong nhd hom tai trong (61 han loai mot. Tuy vy, khi xic dinh khi ndng chiu
fre chia cac ¢du kign chiu udn cing vai nén ta vin ¢in biét gid tri & hoan cta lue
doc trong ¢ac ¢ffu ki¢n do tuong tmg voi semdt 8n dinh logi mot (xem muyc 3.1,
chuong 3). Do do. sy nghién cau hién trong mét 6n dinh logi mot khong nhimg
chi co y nghia 1y thuyét ma con ¢o ¥ nghia thye (£

C. Pham vi va rhiém vu nghién ctiu

‘Trong pham vi gido trinh On dinh cong tinh ta chi nghién ciru bai toan On dinh loai
mot v& dang ¢in bing trong trang thai bién dang cha cic loai thanh v h¢ thanh fam
vi¢e trong idi han dan hdi cong nhir ngoai gioi han dan héi.

Nhi¢m vu chinh 12 nghién ¢iu cic-phuong phip xdc dinh ta trong (6 han d& danh
2id khd niing chiu lye cua cong trinh.

Trong truomg hop h¢ chiu lﬁ i Jﬁ & l € f £

nhidu Iy tic dung dong thoi 4
nhu (rén hinh 7, thay (hé cho

tii trong (i han ta thuomg

dung khii ni¢m v& thong s0

1¢i han dé danh gia kha ning

On dinh. Hinh 7

‘Thong s& i han la do an toan vé mdt dn dink cia cong trinh ddi voi mot nhom

3.

free nhdt dinh.

Ching han, cin xdc dinh d0 an toan cta khung trén hinh 7 ddi véi ba luc Py, P>
vi Py trong s6 bdn lye tac dyng trén h¢é, Mudn vay ta nhian ba luc nay vai thong
$O A virtim gid i (6i han By cba thong sd dé sao cho khi he chiu tac dung dong
thoi clecice lwe Gip Pr Gk P2, Ps va S Py (nghia la tdng cae hue Py, P> va Py
ten G Hin con lye P khong tdng) thi khung s¢ dat téi trang thdi t6i han.

Khai niém vé bac tu do

Bdc tiwdo ciw hé la sG thong s& hinh hoc doc ldp dia dé xde dinh vi i cfa 1dt ca
cae diént cia hé khi hé mde on dinh. '

Vi du, h¢ gdm hai thanh tuy@l ddi céng duoe lién két nhue trén hinh 8 ¢6 mot bic
tr do vi toin bd dang mdt dn dinh (duimg dut nét) cda h¢ duge xiac dinh theo mot
thong s3 (chuydén vi y; cla khap giira hay goc xoay ¢y ciia mot thanh nao do).

HE e6m bdn thanh tuy@t déi cimg duge lién két nhu trén hinh 9 ¢6 hai bic ty do.
That valy, sau khi xac dinh vi i m& 7 2 clia khdp 7 va 2 bling hai thong sG ¢y

12



vil ¢ ta ¢ ding tim duoe vi tri méi 3’ cta khdp 3 12 giao didm cla dudmg trdn co
tam 2" bian kinh / voi dudng tron ¢é tam b ban kinh 4.

Hinh 8 Hinh 9

Vi he ¢o bic tr do bling n ta ¢d n gid tri lye t¢i han, Ngoai lye t¢i han nhd nhit
luong dng v6i dang ¢in bing On dinh ¢on cac lue t6i han khic twong tmg véi
dang can bing khong &a dinh.

a) o
Cic h¢ bién dang dan hdi ¢6 bjc 1’3.#; Gun
do biing vo cung nén ¢ vO sd gia tri : —1—-
luce 31 han song chi ¢6 luc 161 han ] |
- P . - o . | 1oy
nhd nhdt 1a ¢o y nghia thye (& Vi du \ |
véi thanh ¢6 hai ddu khap (rén hinh : !
10q, tir St bén vit lidu ta da bidt lye : i
tdi han duge xdc dinh theo c¢ong ! : SIS
. |
thue: l
LT
Poy = (n m)? 5
JE.
vi¥i 1 — s0 neuyén. Hinh 10

Linlugtchon = /, 2, 3, ... ta s& duye vO s6 gid tri ¢la lyc toi han:
Ef Fi Ll
Prw=m—: Pun=4m —: Psm=97 — ...
/* t* I
Trén hinh 104, b, ¢ 12 cac dang bicn dang tuong tmg voi gid tri th nhat, tha hai
v thir ba cia lye t6i han, Chi ¢6 lye (31 han th nhdt teong Gng vai 2ia tri nho
nhdt maéi ¢o ¥ nehia thye (€. Cac lye (6 han (hir hai, thir ba... chi ¢6 ¥ nghia ly
lufin via cac dang bién dang tuong ing khong 6a dinh.



4. Cac tiéu chi vé su can bang én dinh

* Tiéu chi duti dang tinh hoec

14

Trong (inh hoc, s ¢an bing duge mo th dudi dang cic phwong trinh ¢an bing
tinh hoc song ¢ic didu Ki¢én ¢an biing nay chua néi 1én duye dang ¢in bing do la
dn dinh hay khong &n dinh, BE khing dinh vin d& nay ta ¢in khao sit he & trang
il 1¢ch khoi dang ¢in bing dung nghién ciu. Gid str o trang ihai lgeh nay su
cin bang ¢o thé thye hign duge vé nguyén tic thi ta ¢in tm gia wi P cda lue wr
<ac didu Kién ¢in biing tinh hoc clia h¢ ¢ trang thai léch dé ddi chidu v gia
£ cus fue di cho o trang thai ban diu. .

+ NGu PE> P lwe cdn thidt &8 gitr cho hie cdn bilng ¢ trang thai 18ch kim hon lye
da cho thi hye da cho khong thé giir hé & trang thii 1ech duge v h¢ phai (rd L
trang hai ban ddu, nghia Ia ¢in bing n dinh,

+ N Pr< P lue ¢iin thiét d@ gir cho h¢ ¢in biing & trang thii Igch nhd hon
ke da cho thi Tue da cho khong nhimg ¢o thé girr h¢ & trang thai 1¢ch ma con
lam tang do kech, h¢ khong ed lai trang thai ban diiu, nghTa 12 ¢iin biing khong
on dinh,

4+ NCu P¥= P: lye ¢in thidt dé girr cho h¢ ¢an biing & trang thai 1¢ch bing i da
cho thi sy ¢fin biing 1a phim dinh. '

Trong trudmg hop khi sy ¢dn bing & trang thai 1¢ch khong thé thye hign duge v
nguyén tie thi ta ¢n cin ci vao lue tic dung trén h¢ dé phan doan ciach (hixe
chuyén dong cta hg. NCu do 1¢ch ting thi sir¢iin biing 13 khong én dinh con ndu
d0 lgch gidm thi sy cdn blng I 6n dinh,

) . e P LA
Vi du 1. X¢éC thanh tuy@t d6i cimg @ H 1"

[ _ |
-~ - A — A
khomg trong luomg, mot diu tr do, _1‘ r '_‘F
i
|
i

mot diu ¢o licn k& ngam dan hdi
nhur 41én hinh 11 Goi & 1a do cung g

a ca N . . .. . n .
ctia licn k&t ngam dan hdi (pid N !

cua momen phit sinh trong lién két :

. . . - . . " - re I
ngam din hdi khi GE dign & lién k&t 0& z ;
xoay mot goc bling don vi). Khio st

sycanbing khi P< k/1; P=k/!1
vaP>k/1. ' Hinh 11.

A

Khio sdt hé & trang thai 1¢ch 1in ¢dn véi trang thii ¢in biing ban ddu (hinh 11b):
thanh bj nghiéng mdt goc O trong lien két ngam dan héi phat sinh phén luc
momen k.0 'Thid 1ap didu Kign ¢an biing d& tm lue £* ¢dn thidt dé gio h¢ &
trang thai 1¢ch;



2My =P -k =PHsin0-k0=0.
Vi ¢ ritnhd nén sinf =0 dodd: P¥L.O-kO0=0 Suyra P*=k/l
Tathidy: Khi P <k/1 thela P < P* he & trang thai can bing 6n dinh.
Khi P =k /1, tirc 1a P = P* h¢ & (rang thai ¢dn bing phiém dinh.
Khi £ >k /1 tac la P > P* h¢ & trang thai ¢in biing khong én dinh,
x Tiéu chi duoi dang ndng luong
Nguyén by cong khi di va nguyén by cuc tri cha thé ning toan phiin da quen bidt
chi noi 18n sy cin bing cta h¢ i chura néi 1én duoe trang thai ¢in bang Jo ta
on dinh hay khong 8n dinh. P& khing dinh vidn dé niy ta ¢in viin dung nguyén
ly L¢jeune - Dirichlet:
Néu hé & trang thdi can bing 6n dinh thi thé ndng toan phén dat gia tri cuc tiéu
SO VOr 1At ¢d céc vi tri cla hé & Ian can vi tri ban ddu vél nhing chuyén vi vo
cung be. Néu hé & trang théi can bing khéng 6n dinh thi thé ndng toan phan dat
gid tri cuc dai, Néu hé & trang thai cdn bang phidm dinh thi thé ndng toan phan
khong déi.
‘The ning tohn phin U* cla h¢ & trang thai bién dang bao gdm the niang bicn
dang (th€ ndng cha cac ndi lye) U va thE nang cha cic ngoai lue Up. Nhu da
bi&t, the ning cha ¢ac ngogi lue Up duge do bing cong T ¢ha cac ngoai lue
nhung trai diu, do do ta co:
Ut=U+Up=U-T,
B0 bidn thicn SU* cha (h& ning toan phin cda h¢ khi chuyén tir trang thai dang
XCt sang (rang thai lin cin sé L
SU* = 86U ~ 4T . (1}
lrong do: 8U - do bicn thién ctia th§ ning bién dang;
OT — do bién thi¢n cia cong cac ngoai lye.
Nhu viy, theo nguyén 1y Lejeunce - Dirichlet:
+ NCu SU > 8T h¢ ¢ trang thai ¢in bing &n dinh,
4+ N¢u 6U < 8T he & trang thai ¢in bing khong 8n dinh, (2)
+ N¢u 8U = 8T h¢ & trang thii cin biing phidm dinh.
Cung ¢o1hd idi thich ¢dc tiéu ¢hi trén nhur sau: ngoai lye ¢6 khuynh huong sinh
cong duong, do dé néu ¢ trang thai igch, the ning bién dang cha b duye tich
lay 1on hon cong chia ngoai lye thi phin ning lugng tich lay do ¢d khi ning
vt qua duge su chn trdy cda ngoai lue d€ dua h¢ v& trang thai ban ddu tie 12 hé
On dinh. Newee lai, khi phin ning luong tich liy do nhd hon cong cla ngogi luc
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thi ¢hing khang ¢o khi nang vugt qua duoc sy cin o cda ngoal lwe d¢ dua he
v trang thai ban ddu tie 1a he mit n dinh,

Ticu ¢hi duoi dang nang luomg cang ¢o thd dién dat theo didu kign cuc i i
th¢ ning t(oan phin. Mudn vily ta ¢in 13p bidu thoc ca thé nang wan phin &
trang thai l¢ch vai cac chuyén vi hia han theo 3 thong $3 tuong img vai bac Ly
do ciia h¢ rdi nghién cdu dicu kign cue tri chia the ning toan phin:

< Tremg hop hé ¢6 bdc tw do bdng mot: 1ap bidu thire th niing 10an phin &
trang thai 1gch (heo mot thong s8¢, 1a ¢o didu Kién cyc tri:

d'tE ) -
>} can bdng 6n dinh;
dg”
L L dtUE N P
=) néu <0 cdnbdngkhéng ondinh, i3j
(/(1 ([(]” )
(IH!(/ * .
—— =0 cdnbang phiéndinh.
deg

trong d6:  n - bjc dao ham chin thip nhdt va khic khong (thuomg 1a n=2);
m - bic dao ham bt k¥,
“ Truimg hop hé ¢ bdc e do béng hai: 1jp bidu thic the ning toan phin &
trang thdi lgch theo hai thdong s gy, g2 tacd: U™ = f{q1, q2).

bPiéu kién cuc tri:

ol * Gl *
-0 = oo, )
&q, &g,
o N¢u cic nghigm gy, g2 cta he phuong trinh (4) thda man bit ding thi:
¢, C _
D=1 "12=¢,C,-C},>0, (5)
CZJ CZZ
2 ~2 2
. ol * o"u* ALl *
vai C,= 7 Cpo=—"—1 (py= 7
aq 0q,Cq 5 s

thi khi Cy; > O hay C>2 > 0 thé ning cye tidu, cin bling 8n dinh;
khi C;; < @ hay Caz2 < 0 (hé ndng cye dai, can biing khong 8n dinh.

e NCu cic nghig¢m ¢y, ¢> cla h phuong trinh (4) khong thda man bit ding
thic (5) nghia 12 khi D < 0 thi thé ning (oan phin khong ¢6 cye tr.

» NCu c¢ic nghigm gy, g» cGa h¢ phuong trinh (4) thda man ddng thae D = 0
thi ta cdn nghicén ctu cic dao ham bic cao hon, bai toan s@ kha phac tap.



o Trueme hop hé co bde tie do bdang n: 1ap bidu thire thé ning tolia piaia o lrang
e gt theo n thong $6 gy, @2 ... gp tacodr U¥ = f(g1 g2 ... qul.

Prde kil cue ticu:

[ | CH Cl';’ """ C]n
c,, C
Crpwan (0D T2 500 Cop Can v Canls 0, (6)
I( lf ij ....................
Ful Cn.? """ Ciin
oo
Vil ‘ 0 (1“ - -

NEu mot trong ¢ic didu kién (6) khong thda man thi ta cin nghién ciu bd sung
vt cue didu kign phic p hon,
Vidu 2. Thuc bién lai vidu 1 theo cie ticu chi dudi dang niing luong.
4 [hue hién theo ticu chi (2):
B bicn thién clia cdng ngoai luc:
OT = P.A=Pl(l-cos0) = 2P sin(0/2)2 =PI102/2,
b( bién thién cha the nidng bién dang tich lay trong lién k&t ngam dan hoi:
SU=MO/2=k02/2.
Ta thdy:
o Khi P < k/1:8U > 8T h¢ & trang thii ¢an biing Sn dinh.
e Khi P =k /1. 80U =27 he §trang thai can bing phiém dinh.
e Khi > k/1:8U < 6T i & trang thii ¢in biing khong 6n dinh,
+ Thue hi¢én theo ticu chi (3):

BiZu (hie ctia the ndng toan phin:

T —

Ur=0,+ U - 8T=U,+ (k02/2) - (PIO2/2)
vai U, — thé ning toan phin & trang (hii ban diu.
[.4y dao ham theo thong 6 0, ta co:

dU* [ d2U*

S il\'Oz—il’iOz):(k—P!)(): .
df} dO\ 2 2 Jd0-

Ta thdly: khi @ = 0 thi dao hiun ¢dp mot cia U* bling khong, ¢o cyc tri.

=k~ Pl

o Khi P < k/1 . dao hiun ¢dp hai cGa U* duong, ¢in biing On dinh.
» Khi P = k /1 dao hiam ¢dp hai cia U* bing khong, ¢in bling phidm dinh.

o Khi P > k /1 : dao ham ¢dp hai ctia U* im, ¢iin bliing khong On dinh,
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k Tiéu chi duoi dang dong luc hoc

18

Tien chi cta sy ¢fin hing 6n dinh duéi dang ddng lve hoc duge xay dimg trén co

s¢ nghicén ¢iu khuynh hudmg chuyén dong clia Ii¢ sau khi bi I¢ch khoi dang ban

diu biing mdt nhidu toan ndo do rdi logi bd nhilu loan do di. NGu sau khi nhidu

loan mdt di, h¢ dao dong tdt din hay trd vé trang thai ban ddu ma khong dao

Jong thi sy ¢an bling 11 6n dinh.,

£¢ thue hien ta ¢dn kho sat chuyén dong bé cha he ¢ 1an ¢in vi Lri can bing:

+ N¢u chuyén dong tit dan hodic di¢u hoa (khi kndng k¢ dén luce cin) thi ¢an
hing 1a dn dinh.

+ NCu chuyén dong khong tudn hoan (xa dan trang (hai ban ddu), mang dac
rung din dén sy lang didn cta bicn do chuydn Jong thi can pine 1a khong on
Jdinh.

Vidu 3. Thue hién vi du 1 theo cac téu chn dudn dang dong lue hoe (hinh 1),

Gol @ la goc xoay cua thanh tuy¢t doi cimg quanh £8i O; 1, la momen quan tinh
cha khoi lugmg thanh quanh true quay tai O. T didu ki¢n cin bing momen doi
vii didin O vai chiti y k& dn lye quin tinh, ta duge phuong trinh vi phin cia
chuyén dong xoay cha thanh nhu sau:

lo O+ {k—-Pl)G=10. (a}

Phuong trinh diic trung; Lo r? + (k= Pl)=10.

) ; . 3 j Pi-k
Nghi¢m cua phuong trinh 3¢ trung: rpa= *t I (h)
(&3

e Khi P < &/ (b) cho nghi¢m o nén nghi¢m ¢aa (a) s¢ 1 hiun dicu hoa:

0 = asinrt + b cosrt, ¢in bing 6n dinh.
s Khi P > k /1 (b) cho nghi¢m thye nén nghi¢m cla (2) ¢ 1 ham:

ot il 7 2 A 3
0 = we't +be?—voi ryp > O nén 0 mang dic trung ting
bién dd, ¢in biing khong On dinh.



1 Cac phuong phap nghién ctiu

1.1. Khai niém vé cac phuong phap nghién cdu

& gidi bai todan dn dint cva hé thanh ¢o thé van dung nhidu phuong phap khac
nhau duoe xay dung trén cor s& cde ticu chi vé sy ¢in bang én dinh da trinh bay
trong chuong Md diu.
Cac phuong phip van dung ticu ¢hi ¢in biing 6n dinh duwdi dang tinh hoc duoe goi
la phiromg phap tinh hpe, Cac phuong phap van dung tidu chi can biing én dinh
dudi dang nidng lugng dure goi 1a phuomg phap ndng lwomg. Cac phugng phap
viin dung ticu chi ¢an biing 8n dinh dudi dang dong luc hoc duge goi ta phirong
phdp dong luc hoc.
A. Phuong phap tinh hoc
N&! dung phufang phap tinh hoc: Tao cho hé nghién citu mot dang cdn bang léch
khoi dang cén bdng ban dau; xdc dinh gid tri cua it (Iuc t&F han) cé kha nang giir
cho hé & trang thai can bang médt léch khdi dang can bang ban dau. L 167 han
dugre xac dinh 1f phuong trinh dac triing hay con goi la phuong trinh én dinh bidu
thi didu kién t6n tai dang can bang mdi.
C6 thé van dung ndi dung ndi (rén dudi nhicu hinh thire khice nhau, do d6 tdn tai
nhi¢u thé loai phuong phap tinh hee. Trong gido trinh nay chi dé cfp dén cdc
phuong phip sau:
1) Phuong phap thict 13p va gidi phuong trinh vi phan.
2) Phurong phap thong sd ban du.
3) Phuong phip luc.
4) Phuong phap chuyén vi.
S) Phuong phip hdn hop.
6) Phuong phap phin tr hinu han.
7) Phuong phap 1hiét 1ap va giai hé¢ phuong trinh dai s6.
8) Phuong phap sai phin hiru han.
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Y Phuong phap day xich.
1O} Phuomg phap nehi¢m dang i twmg didim.
11y Phuong phap Bubnov-Galerkin,
12y Phuong phip gidi ddng dan,
(e phuone phip e 1 dén 6 duye xem 1 "ehindt xae™ com cac phuong phip e 7
den 12 duge xem Fa gdn dane. ‘Trong thue hiinh, phuong phiap | cho phep gid J¢
ding cac bai wan thanh don gidn. ol vér hé thanh, khi gidi chinh xdc ta thuimg
ap dung cac phuong phap 20 3, 405, 6. Tuy nhién, wwong thye ¢ d8 eidi cac
phuong tinh cho nghi¢ime chinh xac thuong edp nhicu kho khan va dot K
khong thé thye hién duge. D3 voi cae thanh phae (ap. thanh ¢o ¢t di¢n thay
doi. cae phuong phip gdn dang (7 + 12) thuome duge ap dung ¢é higu quia ma
vin dam bao duge sai so trong pham vi cho phép.
B. Plurong phap ndng luong
NOI gung, phuong phap ndng iugng: Gia thiét cho truidc dang bién dang cua hé o
trang thai Iach khor dang can bang ban dau; cdn cif vao dang bién dang da gia
thiét, 1dp cac biéu thic thé ndng bidn dang va cong cua ngoal Ive dé viét didu
kiBn & han cua hé theo éu chi dud dang ndng lvong da néu trong muc 4
chuong Md déau: tir diéu kién 161 han sé xac dinh dudc gid tri cua e o1 han.
N&u dang bidn dane eid thidét chon dung thi k& qua im duoc la ¢hinh xac.
Trong thue hanh ndi chung fa chua bidt duoe chinh xiac dang bién dang cta hg
nén két qui tim duee theo phuong phip ning lueng thudmp 1a ghn dung va cho
gid tri lue 1l han 1om hon gia ol chinh xac (xem L) Nho vdy, mue do chinh
xide cua k&t qud tim duoe theo phuong phap nang luong phu thude khi niang
phiin dodn dang bicn dang cua h¢ & trang thai 1geh,
‘Trong eido rinh nay s¢ d¢ ¢ap dén cac phuong phap sau:
) Phuong phip dp dung trye tiép nguyén ly Lejeune - Pirichlet,
2y Phuong phap Rayleigh - Ritz.

3) Phuong phip Timoshenko,

C. Phuong phap dong luc hoc
NGi dung _phuong phap déng huc hoc: Lap va giai phuong trinh dao dong riéng
cua hé chiu luc, xac dinh gid tri e 161 han bang cach bién ludn tinh-chdt cla
nghiém cua chuyén déng.
Cang ¢o thé van dung noi dung noi wén dudn nhi¢u hinh e khace nhau twong
L nhu trong phiuong plap tnh hoc.
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Co thé dit vin d&: dudmg 101 gidi bii oan caa ba lowi phuong phip noi aén iy
khiace nhaw song ¢o din dén ciang mot k&t qui hay khong? Theo [10]0 doi vai
nhune i¢ bde todn Wae 1 nhimg ¢ cfifu fie beio todn [Tue bio toan ¢& cac tinh
chit suus 1Y do bidn (hign cua cone cia lue hing vi phan toan phidn el liun (he
wing: 2y eong sinh ra bivi cic e uén cac choyén vi hoo han khong phy thude diong di
cliovén cua lue anie < phu hade viao vi tee didm Jal du va didim J3E codn cua e, 5)
i theo ngayen 1y b win ning luong. Sweoxwit hién caa ma it oo do gquan he phi
dan b Bay do ma sal ngopt s¢ din dén hie b khong bio wan] thuomg gap trong cac
cong winh xay dung thi vé nguyan e, i ba lear phuong phiap nor ten déo dian
Jden cung mot kS qui. ’

Vige chon lua phuong phip khi giin mot bai twdn cu 1theé khang ¢hi phu thuoe
dang b odn mia con phu thude muce dich erin bl todn viv cong oy tinh todn,
Khi ¢hi ¢in xdac dinh so bd 2id el i han cia he bao wan thi pha hop hon ca la
vaii Jung phuong phip nang luong. DO vai nhamge he khdng bio toan th nh
thict phiti van dung phuong phap dong lye hoc.

Phin Lon cic phuong phdp nol ién @ duge winh bay & chuong nay, treng cae
o dudi diy. BE Ggn so sanh, trong moi phuong phiap s¢ khio sat mot vi du
chung 12 h¢ ¢o s0 bic wr do hing vo cang (thanh congxdn ¢ 1idt dign khong
ddiy. Neoai ra, iy theo timg the toai phuong phip thich hop ta st khiao sat thém
hai dang vi du: 1¢ €O sO bac tr do him han victhanh ¢é GE dicn thay doi. Frong
cac chuong sau, kKhi nghicén cou cae KE ciu ey thé, ¢ dd ¢dp dén cace phuony
phip com L dong thad cang d¢ ¢ap dén ciac phuwong phip edn dung thich hop
khac.

1.2. Phuang phap thiét 1ap va giai phuong trinh vi phan

Thit tu thuc hién;

1. Lap phuong trinh vi phdn cda dudng bién dang cua hé J trang 1har Iéch khoi trang
thai ban dau.

2. Tim nghiém cua phuong trinh vi phan.

3. Lap cdc phuong trinh xac dinh cac hang sé tich phan va cac dai luong chua biét
theo cac didu kién bién. S6 long cac didu kibn bién cdn thiét phdi bang t6ng sé
cdc hang sd tich phan va cdc dai luong chua biét
Céc phuong trinh tim dugc dan dén hé phuong trinh dai s6 thudn nhit nén ¢d thé
xay ra hai khd nang:

+ Cdc nghiém déu duy nhat bang khong: khong phat sinh trang thai léch khdi trang
thai ban dau. B6 1a nghiém tam thuong tuong tng val trang thai can bang én dinh.
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+ Cdc nghiém tdn tai: phat sinh trang thai 16ch khoi trang thai ban dau, hé d trang
thdi can béng khdng 6n dinh. Biéu kién ton tai nghiém 1a dinh thiic cac hé sb cua
né phuang trinh thudn nhat phat bang knong:

D) =0, (1.1
a 13 cdc hé s cua hé phuong trinh thuan nhdt, phu thude céc dac trung hinh hoc
cua hé va phu thudc tai trong dudi dang cac ham siéu viét.
Phuong trinh (1.1) duge goi 1a phuong trinh ddc trung hodc phuong trinh én dinh
cua hé theo phuang phép tinh hoc.
4. Gidi phuong trinh 8n dinh (1.1) dé tim iuc 16 han.
Cach gidi nay duoc xem 1 chinh xic, ap dung thich hop cho nhimg thanh don
£1in 1 hé ¢o bic e do hiing vo ciing,
Vé Ly thuydt, vai he ¢o bic ur do bilng o ta s i duoge a2 2id tri lue 161 han, do do
visi ¢ ¢o biic (e do biing vo cing ta st tim duoe vo 83 pid i Tue t3i han, song chi
co lue i han thir nhat (nhd nhdty man co y nghia thue (8,
Vidu 1.1. Xic dinh lue nén toi han nhd nhit cha thanh ¢o mot diu ngium mot diu
1w do (hintt L 1) Cho bidt EF = const.
I. Lap phuong trinh vi phan cda dudmg dan hdi cta h¢ & trang thdi 1¢ch khoi rang
thit thiing ban diu.

2 - 2 - . » 3 - Z
Tao mOt chuyén vi nhd & 1ai dau iy do caa thanh, khi |’D A

do momen udn (@i GEL dign cich goe wa do mol ¥ qu
kKhoing z (hinh LD se i M(z) = ~Prd - vi. | !
T Sae bén vatl lidu ta ¢6 phuong trinh vi phin cha ' 7 ;

dudmg dan hdi nhu sau: 4 | r
. " 3
EN"=-M=Po-v) Pl
o~ N |
hay Vit @y o= ol () | .
. Iz -
vii = |—. (b) G S N 2

5%
2. Nghi¢m cua phuong (rinh vi phin (a): Hinh 1.1
v=Acosa+ Bsinaz+ 6. ()

3 Lap cic phuong winh xac dinh cac hing $0 tich phian A, B va dai luong chua
bidt diheo cic didu kigén bicn?
e 1o npam, Khi 2 =0 et M) =1 osuyrn A+ S=0;
o Lai ngiun, khi 2= 0 lacd Vi) =0 suyra Ba=0;

o tui Qi twdo, khi z =7 tach: ) =4 suyra Acosal +Bsinal +6= 6.

A
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7 {} !
Phuong trinh On dinb: Na) = {0 / = —cosal =1

‘('().\'C(l‘ simaed )

4. Nehi¢m cia phuong trinh n dinh: af = (2k 1_)% von k=12 3.

r b4
e w3l han nhd nbhdt tuong dng voi khi & = £ Khido: af = J—L—Ii = E

,
_— .. “L1 i1

Suy ra gid tr1 cua lue (3 han: Py =L = 2467 —-. (1.2)
41- I~

. < . . . . . Tz .
Purong bién dang tong tnge cia thanh ¢d phuong trinh: v = o [1 —(-usT[ la

-

oL phan tu cda bude song hinh sin,
1.3. Phudng phap thiét 1ap va giai hé phuong trinh dai so

Thu tu thue hién:
1. Tao cho hé mdt trang thai bién dang léch knoi dang can bang ban déu. Trang thai
nay dudc xic dinh theo chuyén vi tai mét sé hitu han céc diém.
2. Cén cirvao cac dibu kién can bang, diéu kién bién dang, thidt 14p hé phuong trinh
dai s6 lién hé gita cac chuyén vi tai nhimg diém khéo sat. Néu xédc dinh cnuyén vi
tai n diém va bo qua céc v cing bé bac cao cua chuyén vi thi hé phuong trinh dai
s co thé dua vé dang 16ng quét nhu sau:
(At Ai)yti+an2yzi+. .. +a8myni=0;
agtyti+(@z2—A)) yai+... +azyni=0;
................................. (1.3
ant Yti+anay¥zi+. .. +{@m—Ai}yni=0,

trong do:

A — dai luong phu thudc théng sé cua iuve 161 han thif'i ;

yii — Chuyén vi tai diém thir k cla duong bién dang tong (ing vor Iue 187 han thir i ;

aim — cac hé sé phu thudc kich thude hinh hoc va dé cimg cla hé.

Hé phuang trinh thudn nhdt (1.3) dudc thoa man vdi hai kha ndng:

+ Céc nghiém yi; déu bang kndng: khdng phét sinh trang thai I6ch khéi trang thai
ban déu, hé chua mét én dinh.

+ Cdc nghiém yy t6n tai: phat sinh trang thai iéch khoi trang thdi ban déu, hé o
trang thai can bang khong én dinh. Bidu kién 18 tai nghiém 14 dinh thie cac hé sé
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cia hé phuong trinh thudn nhét (1.3) phai bang khéng:

_ |

(a,, l’.) a, o a,, }
D= 321 (a22 a A’f) a2f’ i =0 (I 4)

.............................. I

i an! an.? """ (anr* o n‘)}

Phifgng trinh (1.4} 13 phuong irinh dac trung hay phuong trinh én dinh cla phuong
phap nay _

3. Guai phifong trinh én dinh (1.4) 58 xdc dinh duoc n Gid tri A;vd ttr do suy ra n gua
tri luc toi han.

Muon tim dang bicn dang cGa hé tuomp dng vor Tue tod han P; ta thay eid 2,
viie (1.3) ¢ duge hé phuong trinh lién he gita cic chuyén vi vgi. HE phuong
trinh nay khong xdce dinh, nhunge néu cho trude gia i cda mot chuyén vi pao do
thi co the xac dinh duoe ¢ic chuyén vi con lad v tim duoe dang bidn dang cda
h¢ twong ung vei gia i cda chuyén vi cho trude.
Phuong phaip nay thuomg duoc Gp dung ¢ho he ¢o s0 bic tr do hiu han, Néu sa
thdng s0 dang d¢ tinh toin (s0 chuyC‘n vi tat cde didm chon 8 xac dinh oy
bidn dang) bilng s0 bic ty do thye (€ cia h thi k& qua 1a chinh xac, Trong
truomg hop s6 thong sa dimg d& tinh ahd hon 80 bac e do thye (€ cta be 1 kél
quat 11 gdn dang. Khi ¢hi ¢in xde dinh e (33 han nhd nhit thi phuong phip nay
cho kC qui didp tng duoce yeu clu thue &
Vidu 1.2, Xac dinh lye (i hanseta thanh ¢ mol ddu ngiam va mot diu tr do o -
lye nén P daxét rong vidy 11 (hinh 1.1
HE ¢o bie tr do bilng vo ciing nén phuong phip nay s¢ cho k&3 qui gan dang.
* Tuo trang thai ech theg mat thong 7 § (hinh [2a);
= Gidt sir bicu dd momen udn do lye £ eay ra ¢d dang hinh tam gige (hinh 1.2b)
thi ta ¢o (h&dim chuyén vi bing cach nhan bidu dd nity voi bidu dO momen
udn do lue Pyo= £ dit i didu wr do pdy ra (hinh 120):
5
Py 2 I
j'_;/ hay S\ L -———1=0.

1o =

‘Trong trudmg hop nay chi co mdt phuong irinh dai $0: suy ra Py = SET/12. 50
v KEC quat chimh xae (1.2) gt trong v du 1L sai sG L 209%

e NEu guan ni¢m bidu dd momen udn do lye £ edy ra ¢d dang hinli parabol
thinh 1.2d) thi:



2
3

5
o ==P5 1.;“;’1 hay 5(1?1—

7 ]
2 T e
y |
d |
l LF; -7 ; fe=? [
) 95 j]IDI]ImJ__—J
| , !
|
3 T : . ! 2 .
a4 x|
Py

Hinh .2 Hinh 1.3

* Tao trang thai 16eh theo hat thong s vy vieys (hinh 13a):
Gia thidt bidu dd momen udn do e P opay ra ¢o dang hai duomg gy nhty irén
hinh [.3b, B¢ xac dinh vy vie vo a1 o lugt nhin bicu dd do vai cae bicu dd don
vi ve tren binh L3¢ v d,

P2 A
Ely, =Py, = 5 Py, — v )= 2 b
/ 2432 - Ty 32
i {11 2
S — e o e | — — 4 .
1.1’).27!(_\2 '\’)2'2+['\34(_5"2+3J'

Sau khi bidn ddi ta duoe hg phuone tinh (hudn nhit:

(24E1+ PPy, — 3Py, =0,

¥

o2 XA
PEy, +(24E1=1IPEF ) yy =0

bidu kién dé cho ¢ae nghiém vy v va khile khong:
. 2 2
(24D P =3P

D , ;
Pr? 24111111

=(PR)P+ J0ET(PIR) = 72(E1)72 = (),

Sau khi gidi phuong trinh ta tn duoe Tee o han nho nhdt Py =2,23E1H/12,
So vadi K& qua chimh xde (1.2), sai so la 94775

Qua vi dy nay ta thdy: cang tng s thong s0O tinh (oan thi kGt quit cang chinh
xie hon, song, khidi luong tinh todn cang ting 1én.
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Vi du 1.3. Xac dinh lyc t6i han va dang mét 8n dinh wrong tmg ciia h¢ trén hinh
1.4a. Cho biét: d cung cda céc thanh bing vd cung, dd cing cha mdi lien k&t
dan hdi bling k.

H¢ ¢o hai bac ty do. Chon chuydn vi v; v v2 tai cac ¢6i dan hdi 13 hai thong s0

dé tinh todn (hinh 1.4b).

@ lP 5 lp

Hinh 1.4
Phin luc tai cac gdi dinhdic Ry =hv, 0 Ra=kyvs. {a)

Phin lye i cae 200 cang A va B duge xac dinh wr didu kign ¢in bang cla 1oan hi:
. 2y PR A 2y,
DM, =0 A=k——=: >SM =0-»B=k-t—=.
I 3 A 3
Tir phuong trinh ¢iin bing momen ddi voi khop 7 (x¢t phin (rén) v doi vai khop
I (xCL phan dudi) @ eo:

(b)

73 > ! . o > { .
M, :/_\lf/t‘?:u‘ ZM”:L\EJ%:U_ )
| 3Py, 3Py,
Suy ri; A=—L B= = {d)
/ /
Thay (d) vao (h) va sau khi bidn doi ta duwe h¢ phuong trinh dai $8 thudn rhit:
"2k Al ki 241
L__PJY + 5 =00 +(*-PJ\-, =0, ()
Y Lyl 9y =

24, ki

Phuong trinh On dinh: p=|" Y =0 (0
* o W T
9 9
. . LR . R . 2 I’ 77

Sau khr khai ricn ra duoe phuong trinh bae hais 907 - JRP + - L7000 e

~
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Hai nehicn cta phoeong tinh ndy cho hai gid (i cda lye 13 han, K& gqui Ya chinh
xac v1 he o bie tr do biing 2.
ki ki
Poo=— ryoos—. ()
1. 5! 2.h 3

b xic dinh dang mdt Sn dinh, ta hay (im sy lién h¢ gita v, va ya. T phuong
trinh ddw et (¢) , ta e

: . g ki .
uchoyy =/ tht: stucne g vl 2, = — chys=—/;
. [= b= J’.fh 9 .
™ y e v 2 =— achGvr=
twong ung vai lz.rh B lachva= 4.

Cac dang mat on dinh nhur teén hintr 14¢, d.

1.4. Phudng phap sai phan huu han

Pireomy phap sai phan I mdt phuong phip s& trong do phuong trinh vi phian duoc
thay th¢ biing h¢ phuong (rinh dai $3 tuomg duong. Co sd cla phuong phap sai
phan hou han B tdm piad i coa b ¢n Gin tai m9t s6 diém chia hin han, i mdi
Jdidm ¢hia ¢o thé thay phuong tinh vi phin xdp xi bing mot phuong (vinh dgj s0
chia cie gia ti cda ham tai didém 36 va mot 58 didm 1an cdn. Do da ¢ thé thay
the ¢ic dao hinn trong phuong trinh vi phiin theo ¢ae sai phin va dua phuong
trinh vi phin vé cic phuong trinh dii sO.

Gid st chia micn xidce dinh ¢cOa hiom fiz) thanh # khodng chia cdch déu nliau {2 h
nhu trén hinh 13, Tai didm chia i ¢o hoinh do z;, gid tri ¢lia ham la f{z;) = fi.
N&u gira cac didm chia ta quan ni¢m hiam /{2 bicn thién theo ludt duwdmg thing thi
dao ham ¢ip mot cla hivn (ai didm chia tha 7 ¢o thé (hay the edn dang biing:

Jz) diy Al: (1.5)
dz }, I o
Jiar b= — = — = =Ty :
7 / Afy duoe £oi 12 sai phin cip mol.

S, b4, N&u Af; duge bidu thi theo thir tr Ling din
cha ham £ k¢ tir didin 7 (hi goi 1a sai phan
tén:

Dt Afi = fie1 = fi. (1.6)
0 Z - . R - . . Y
z, l Ncu Af; duge bicu thi theo ity giam din
ctia hiun £ k& tir dicm i thi goi 1 sai phan lai:
Hinh 1.5 Afi=fi - fi-1. (1.7)
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Néu 4f; duge bidu thi theo cac gid i bam £ & hai bén diém { thi goi la sai phin
trung tam:

A’ B . A\

Afi = —(fixr1 = fi-1). (1.8)

2
Vo khoing chia i chon Biing nhau, sai phin trung e cho k&t qua ¢o do chinh
e cie hon,
Dao hinn cip had tai didm cing thee § duoe thay (hd bing:

i Af A A
R T Py
|

RN S
S duoe poi Fasai phan ¢ap ha:
Xt = WA =Afiwr = fi) = (i = fimi) = fis1 =2fi + -7 . (1)
Bicu thae (1.10) I sai phan trung tim cdp hat i diém 4,

Thye hicn twong ty, tai didim 7t cd thd thay digo hiun ¢dp ba, ¢ip bon... theo cae
sdi phin ¢ap ba, ¢ip bon ... nhu sau:

AR /
STV a2 W A= (2= 2ar b it - fi2)
I"x (“I._’_'l‘ ’)' /J“ A-)
g
‘!_J/ il

P VOT Vo= (fied = e + Ofi —Hfic] + fi- 2.
tz . !
i

Thir tu thue hign:
1. Lap phifong trinh vi phdn ciia dudng bién dang clia hé & trang thai Iéch khi trang
thdi ban déu.
2. Gid thidt chuyén vi tai mot 86 diém chia cua hé & irang théi cén béng léch. Thay
phufong krinh vi phan bang cac phuong trink sai phan tuong ing tai moi diém chia
S€ ducke hé phuang trinh dai $6 thudn nhét var an 1a cac chuyén Vi,
3. Thiét Iap phuong trinh én dinh bang cach cho dinh thic cta hé phuong trinh dai
$6 béng khong.
N4 Gai phuong trinh én dinh dé tim céc e t& han.
N&u chia thanh thanle # khodng (hi 80 dn v noi chung bing n+ £ bao ed £, f7,
e S s con 86 phuong wriinh sat phin chi ¢o {fa—17). Do do, d gidi bai tidn a ¢in
b0 sung thém hai dicu kién bién,
& tang mac JdO chinh xde cha phuong phip ta ¢o thd van dung ¢cong thue sai
phin bace cao hode Eng sa Tuong doan chia, nheng L nhice khGi luong tinh toan
cung ting I1¢n,
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Salvadovi Jda vin dung so A0 npoyl suy Richurdson, gioi thi¢u mdt cach don gian
v nheinh JC ndne cao mae do chinh xde ciia K& qud nlar sau:
Crrd thnet sak s0 e el K quil edn dunge tuong dng vai khodng chia B ty 18 wveid £
thea he thie: o = Coh2vai C Lomol hine s6.
Gions s vt — 80 Tuone dicm chia trong h¢ tuong une von hai Lo tinh, khi Jo
chidu Jdae cda khoang ehia twong ang Yofy={/upviclp =1/
v Py — Che gia g o han gan dung teong ang vai bai ldn tinh;

P phwcivd nzowi suy coa kE gua,

b

o - i~
Cacsal sofuong g, ;=P - P=C 5 v =P - FPr=C—
”; H;

Fir b eOme e tren vod chia v 1 C 8 Khong 3Ot suy ra kS gua ngoai suy:

113:” »fr'jl’
P Aol 22 (.11}

-~

Phucng phdp sai phin bau han ap dung ¢ hic¢u qua cho nhimg truong hop h¢ ¢o

HE dign iy dSi theo quy udt phire Gip.

Vi du 1.4, Xac dinh luc i han cho thanh ¢o G810 dign thay d6i vi ¢o lien k& khop
¢ hat diw nhu e¢n hinh 1.6

(¥ trang thai 1¢ch khoi dang ban diu, momen uon i G dicn bat kv co tung do s

biing M = Pyv. Do do, phuong (rinh vi phian duong bicn digng cta thanh ¢d dang:

2 . > P
+ ad'\' ={} VUYL r" = —— .
If

hl
d v

bl
dr=

(112

Chia thanh thanh # doan bing nhau bine i1 = ¢/ n, eoi chuyéa vi ta dicm chia tha
i1y L Sau khi thay dgo hiun ¢dp hai trong (1.12) theo (1.9) viv (1 10), tase duoe

phuong inh sai phan i dicm (i,
Yo, 2.+ N, 5 _ P
L il gty =0 v o = —,
h" et ! 111"

Lty Vit A BTSNk Ny =00 VO =L 2 =1 (113)

trong do;
Viog Vi vie g — chuyén vii cac didm bén i va bén phii cua diém chia thar i;
; SO A,
Br=a ™ =—h". (1.1
1 i l}'
i

Chie didu Kien hién: MOy = (1) =10



N

30

Tai didm 0

Tai diém f

Tai diédm 2 -

lo=1,:
I.’ = '“2" o

12:210.'

Hinh 1.6

lp LA o) P
1 % “SrCfT L‘f X
: o \ Yo RN
| ‘\ AR ""\\ _¥"
5/, — g
: Voo o b—
1 ~ \
1 I i e
71 Yot— e
| ] | i
! rj 4 —7'
: Yr = by ~he
i & ‘!_
| g / ~ng
. % bowli
T 7
|

theo (1 ta et

theo (1 T4) ta ¢o:

+ Kni thani dupe chia thénh

bén dogn (hinh 1.6b): 1 = 4
valr=1/4.

Do h¢ ¢6 tinh chit d6i ximg
nén ta damh 8§ cac diém chia
nhu trén hinh [.6h, Bai toan
¢ hai chuyén vi chua bidt la
Vi va va chi ¢dn vifl cac
phuong trinki sai phan v
i =1 2 kéem theo cic didu

“kicn bignyp = 0: vi = v,

B}

theo (1. 14) 1a el ,6’;}

Thanh médt dn dinh trong
mit phlng ¢6 d¢ cung nho
vOz nén ¢dn tim momen
uan tinh quanh truc x.

_r
1;‘1“'1(,'

PR 2,
:—ﬁ—r—-__-—‘:—ﬂ":
E3l 206 37
2
2 L A
= -———:—-ﬂ .

12F, 16 270

Theo (1.13), cic phuong trinh sai phin ti diém i =7 vivi =2 Wwong tng vii ¢
didu Kicn bién v, = 0; v3 = v; ¢ ¢o dung:

2
[7/35 - 2}\'] +y, =0
D -
Phuonyg (rinh 8n dinh: 1) =

Nghi¢m nhd nhit: /3’;7 = e

2 22
[fi‘% 2)

2

Lo
L1106

ol

/
o2
ST

= [ Suy ra lyc Wi hpn :Pm =16

L1

2 v =
=B, —2]_\25\1 =),

2¥ 2) o
:(H{}}—?(ﬂo +()—_(1.

Kl

(&

)

3

!-

So sinh vt k&L quit chinh xac £, = 16,48 =, sai s0 2.91%.
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* Khi thanh duoc chia thanh sau doan (hinh 1.6¢):n=6 vah=1/6.

2
; P
Taidiémo: IL=1,: theo (1.14) 1a ¢o: 2 . —_—
‘ o ( < El 36
1 didim /- 4. wes 2342
Vardidm /0 1y = r lo: theo(lIhHraes fr = ;,Bu ;
S e 3 ) 5 3 5
baididm 2 o= — for theo (LI aco: g7 =—p%
-" ’ i’
) : !
Taidim 0 =21, theo (Lbhacr g7 = Ep':.

Theo (1. 13), cac phuong trinh sai phan tai diém { =/, 2 v 3 tuong ung vii cic
didu Kign bign v, = 0; vy = v € od dung:

( /3" ] +y, =1{):

Phuong trinh 6n dinh:

B Ji 3 / ()
J 2 (‘)’()‘
n=| 1 “p7-2 = - l()([] +24
(202-2) b2l o)
! a2
I
,
Nehig¢m nhd nhit: 7 = = — = (,.45/4. Suy ra lyc (61 han: P, =16,

16 sl

, sai 80 1 4%,

So sanh vai k¢t qua chinh xic I’ =1648—
!u
+ 'Lim K& qui ngoai suy theo so dd Richardson: Ap dung cong thire (1.11) ¢ho
lrucme hop nay L ¢eo:
If
Khiwy =4 i’/ =l6-—>. Khino=0:0,=162
- - i
- 5 rf
b= {016 — 36162 L a5 e
160 - 36 I &

So vai két qui chinh xae, sai s0 chi 1a0,/8 %.

o

K&t qui ngoai suy:
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Vi du 1.5. Xac dinh lyc 161 han cho thanh ¢0 1iét dign khong d8i va co lien kéi
nhur irén hinh 1.7.

& van dung duge phuong trinh vi phin (1.12) va phuong trinh sai phan (1.13) 2

lap trong bai todn thanh ¢ hai ddu khap cho tuemg hop ndy, e can chon Bie toa

d0 nhr e banh 1.7,

Hinh t.7

Chaac thini thaetht ba doan déu nhau. ty con w = 30 0 = 14 80 phiwong irinh hang
s = 2osd chuvEn v bl sk = S bac oM v, vy va s v Do do Sl G
JQidu Kaca t
e |00 dautwdo: v, =1,
o Tun diu ngam: goe xoay o ngam bilng khong nén ta o the adng twong kéo dui
thanh them mot dogn nbu eén lunh L7 500 vich didu Kicn vy = v
Nl vay 1 ¢o thé 1ip ba phuong trinh sai phan theo (1.13) tai cac didm 7 =/, 2
vil 3 tuong tng vai cle dica Kign bién v, = 0 vy = v2 nhu sau;
O+ (12 = 2)vy +va=(k
viH (= 2hy w vy =0
Vo4 (12— 2)vi 4+ va =)
Phuong (rinh Gn dinh:

(37 -2 / ()
D=| (B -2) / :(/12~2)(/33—2)3—_a’]:().
0 2 (B =2)
-y N
. . . S A . .. I
Nehi¢m nho nhat: f7 = — — = {4,208 Suy ra lywe 1o han: P = 2,471 — .
7 19 i /2

Se sianh voi KCUqui chinh xac (1.2) 1 Py, = 2467 EL, 712, sat 6 2,39,

1.5. Phuong phap day xich
Phuong phap day xich F12] L mdt hinh thoe khie cua phuong phip sai philn hin
han do T Henki d¢ xuat.
Chia thanh thanh 7 doan hing nhau bing Az viicol e nha mot day xich ¢o u dot
Ji¢n k&t voi nhau biang khap dan hai (hich 1.8), Goi v, vy, o v T dO vong tai
cite mat xich.
Trong truimg hop nay, 13 mitl ¢ phuong trinh vi phin v = =M/ E7 ¢O thé vidt i
dung dudi dang s gia nhu sau:
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AV M, M
AR lay Avp=— - Az,

Az I0; I
rong JdG 0 M va f; — momen udn va modmen quan tinh tai mét thir J.

Hinh .8

4

Ta thily Av’ L sd gia coa goc xoay, sO gia nay chinh biing goc xvay tuong J0i ¢
eitra hai ddt xich 1an cin mdt i (hinh 1.8).

M"Jz 115
T p— T (1.15)
& Il

i
Trong trong trudmg hop v, = O true 2 rang véi dudmg e dung cda lue P 1w co
M; = P.vi . Ngoii ra, néu bicu thi mdmen quan tinh tai cic Gé dign theo mot £id

rifp el =k 1, tacod:

P v
(/) _ s _j‘:_r o . ( ] lﬁ}

f 1k

Hinh 1.9

Tir hinh 1.9 ta d€ diang tim dusye sy lién hé gl cde do vong v nhue sau:
va=2vi+ A2

Vi=3vy 4+ 247 + Az

Yy = vy 4340 + 245+ Ay (L1
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Tu hinh 1.8 virtheo (1.16) ta xac dinh duoc cac 4; :

Ai = ] Az = — ———Ar" = - i - )
e o) 17 K
i - 11 .'*/
. IJ*
Hay: A = =y}, (1.18)
ki-f
P.Az?
VATl P =— (1.19)
I:I”
Thay (1.18) vao (1,17} ta tim duge ¢ae phuong trinh lién he gita ciac dd vong:
i
¥, = 2_\-lr -pP* r_vl.
!
v, =3y, - P* i)' -!—i_\,
/c[ k2 =
3 2 !
ve=dy DT —y A —y, by
! ky = ky
.......................................... (1.20)
/ C(i=2 1
V=0 P* (i) /'Jr“ . },\'3 R VR
AI A? AF}'
_ (=1} (n—2) /
Yy T f r* k ' IS 2 : n~1{
/ 2 n—{

LAn luot thay va, vi, ..., ya=7 Xac dinh tir cic phuong trinh (rén vao phuong (rinh
cudi dodng thd sir dung didu kign bicn dé xac dinh vy , 12 st duye mot phuong
(rinh thudin nhdt ddi vai v, Gidi phuong tinh nay vod didu kigén vy = 0 4 $8 xic

dinh duoc P* victir do suy ra lye (0d han.

Cich viin dung cic didu ki¢n bién trong phuong phip nay cang gidng nhar trong

phuong phap sai phin.

Phuong phip diy xich ap dung (8t cho thanh ¢ (& dién thay ddi v ¢o uu didm

hon phusrng phip sai phan 12 khong phii khai trién dinh thue,

Vidu F.6. Xic dinh ue (67 han<cho thanh ¢dngxon chiu lye nén P ¢hinh 1.7).

Chia thanh thimh ba doan vai Az = 1 /75 nhu trén hinh 1.7, ‘Trong trudmg hop nay

El = constnén cic hé s0 k; = 1. Theo (1.20), ta cd:
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va=2v; —P%yy:

Vo= 3y —PH2vp 4 y2) = Avy Ay PR P

vy = Ay =PIV 4+ 2vo vy ) =0,
Thiiy bai phuong trinh irén vao phuong tinh thrba vishicn & 0 "

Vi (PHE - GP* 4 9P 2) =)
Tlrdidu kitn vy # 00, ta duge phuong trinh 8n dinh: P30 — 68 7 - -
Nghi¢m nhd nhit clha phuong trinh 8n dinh: - P* = 0,268,

I ! !

Theo (1.19), ta xac¢ dinh duve Lue 1 ban: Py = -—— ;e — R
Az I

So vai k& qui chinb xae (1.2), sai 86 2, .3%.
Vi dyu 1.7. Xic dinh lyc 161 han cho thanh ¢o 161 dica thay doi chiu hue sen 2 da
xC¢t trong vi du 1.4 (hinh 1.6).
Chia thanh thanh bon dd1 xich vaéi Az = 1/ 3 nhu (rén hinh 1.6b. MOmen guan tinh
tal cae mdl 0,4 va 2 da duge xdic dinh trong vi du 1.4, k& quil
l{)=[(): ]]:3]()/2_)1\'}:.?/2. 1222[() —%f\’_v:Z.
Ap dung cic phuong triinh (1.20), ta co:

ES

Thay (a) vao (b) ddng thoi chu y dén tinh chal doi ximg vy = vy, G duge phireng

trinh (hudn nhdl:
!
—y (P #2 _gp 4(;): (.
3
CFirdidu ki¢n vy =0, la dwye phuong 0inh 6n dinh: P72 = 7P% + 6 = ¢
i o o It .
Nehi¢gm nhd nhat: P* = /. Do ddo, theo (1Y), taco ‘P:h =T P

K&t qud gidng nhu da tim duge‘trong phuong phiap sai phan, sai s0 2,944,

1.6. Phuong phap Bubnov - Galerkin

Phuong phip Bubnov - Galerkin la phuong phip gin ding xdy dung uén co s
tm nghicim gdn dang cda phueng (rinh vi phin thong qua he phuong ininh dai so
wyén tinh. Trong myc nay trinh biay phuong phip theo ticu ¢hi tnb hoc song
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cang ¢ thé trinh bay phuong phdp theo ticu chi ndng hrong néu vin dung khai
nigm vé hicn phin.
Gid st phuong trinh vi phin ¢an biing cta hé  trang thai 1éch ¢o dang 8ng quar
nhu sau:

Lz v, ¥y ) =0 (1.2D)
Gid thidt nghi¢m cha phuong trinh vi phan (1.21) ¢6 dang chudi bao gém p $0
hang vai p 1a s nguyén bl ky:

I

N— ) ) - ) 79
ulkg](z)+¢.r2_s,2(zj+._.+u‘”‘gp(2) .z]uf g.(2). (1.22)
=

trong d. @ — cac hg $0 chua bidl.

gifz) — ¢ie him dde 1p thoa man cie didu kién bidn.
Trong ¢ic bili oan k&t cdu, cic ham gifz) phii thda man cic didu kién bién ve
hinh hoe (licn quan dén do vong, eoc xoay) va tinh hoe (lién quan dén ¢de Tye)
néu phuong rinh vi phian xudl phat tir phuong trinh vi phiin ¢iip bon vV= — 4 / £l
va chi ¢in thda man ¢ie dicu kign bicn vé hinh hoc néu phuvng trinh vi phan xudt
plil tir phuong trinh vi phin ¢dp hai v"= ~M /ElL

‘Thay (1.22) vio (1.21) ta ¢ diing thiic:

J P P P '

132 aigi(z), 9 aig'ilz). D aigi(z)p =100,
l 1=1 i= 1=/

Bing thie nay khong ddi khi nhin vai b bt ky gifz):

I i i
l.-{z. Zu,'g,(z), Zu,g’,' (z), Zu,g"; {(z)..... er{z)=0.
i=1 i=f i=f

Sau khi Ky tich phanh trén toan he, G duge:

: P I P
Jl. Z.Zt-’i\k’f(z).szix’i(z).ZU:'.!:”!(Z)----- griz)dz =4,  (1.23)
i=] =/ i=/
(8 ( _ k=12 ...p.

Thit tu thyc hién;

1. Lap phuong trinh vi phan cla dudng bién dang cla hé & trang thai léch khor trang
théi ban déu va biéu thi theo dang (1.21).

2. Gid thiét nghiém gan ding dudi dang chudi (1.22) va Jap cac phuong trinh (1.23)
$6 ducic hé p phufong Irinh dai 6 thudn nhat voi cac &n $6 13 ar, aa, ..., ap.

3. Thiét lap phugng trinh 6n dinh bé‘ng cach cho dinh thic cua hé phuong trinh dai
$6 thuan nhét bang khong.

4. Gidgi phuang trinh én dinh dé tim céc luc (& han.

30



Phuong phap niay ap dung ¢o higu quit ddi voi h¢ ¢o bc ty do bilng vO cling va
cho k&t qui cang chinh xac ndu chon nhicu ham doc lap gifz). Thudmg chi ¢in iy
p bing 2 hoae 3 1a do.

Vidu 1.8 Xac dinh lye 168 han cho thanh ofmgxdn 34 x¢ trong vi du 11,

Tirvida 1.1, ta ¢o phuong trinh vi phiin:

L=v"+@y—&d =0, vii a =P/EL ()
Chon nghicm din dang chudi gdm hai s8 hang: Y=a; P Fanzt. (b
T () ta thdy: S=uarP+ a4
eHz)= 270 suyra g'Hz)=2z: g =2

LAz = suyra gAz) =4 Az =1227

Theo (1.23), 1a Hp duve hai phuong trinh:
; ,
j[{?ul + /2{1222)4- a“)(a]z') +u_)z4)—a2(ull'7 +uzl4)]22 dz =1,
]
/ .
j[(?.a[ +.IZ(:222) + cz‘)(aizz Jr¢:224)—(,1f2(u]l2 +uzi4)]z4 dz=10),
0
Sau khi ldy tich phén v bin ddi ta duvce h¢ hai phuong rfinh dai 3 thudn nhi:
752 PR)ay+2(030P2=-5MHa=0
(03— 9212)ay + 2(135R =72 H)u>=10,
Phuong trinh On dinh:

s -a’i?) 20302 - sat?)

D=
63-9a’17) 2013517 - 7717

=(a? 2)2 =77 12 + 189 = (),

Nehicin nhd nhdt: @2 12 = 2,54, Suy i lue (6 han: Py, = o« Ef = 2,54E1/ 12
So sanh vai k&t qua chinh xac theo (1.2), sai 88 2,90 %.

Vi du 1.9. Xac dinh lye (6 han cho thanh ¢o 1€t dign (hay ddi da xét rong vi du
1.4 (hinh [.6),

Tirvidy 1.4, (acophuong trinh viphin: L=v"+ a?2v=10, vii o =P/EL

. - - s . ﬂ?
Chon nghi¢im theo mdt 0 hang: Y=y .\'mT.
]
ey . nz . T nz " - . om
I'a thdy: o) =sin—. L'Hz) =—cos— . g1z} == —5sin—
/ ! / & {
Momen quian tinh cta Gét diéa thay déi theo ludit bic nhil:
2z B he
iz) = /r,{m—] Vi f, =
! f2
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Theo (1.23), ta dap duoce phuong (rinh:

a, Ssi—4 —— y SiHT SJHT(IZ:():

NI I
H’ ! P [ 22
1 ? !

Ty dicu Kign tOn 1l nghié¢m a; #= 0. ta suy ra:

12
N J' ;+£’i singiz—dz
o { ! Er
P!/,Z 5 v _0 [T :]6,74———’0 .
i - 1M I~
_[ St — ddz
i
o
S eh vod KECqua chinh xac Py = 16,48 El, /12, sai s0 1,58 %.

1.7. Phuogng phap nghiém dang tai mét sé hiru han diém
Thea | 1210 phuong phdp nidy 1a hinh thire trung gian gitra phuong phép sai phan
S i vit phuone phiip Bubnov - Galerkin,
31 st chon nghiém phuong trinh vi phan dudi dang chui:
7

; = aigi(z), (1.24)
7

trone do gif z) 1 cae haun doc 1ap, chon phit hop véi cac didu kign bién.

Cac thdng 6 «; duoe xdc dinh dé sao cho sau khi thay (1.24) vao phuong trinh vi
phan co ban cia bai an thi phuong trinh vi phan phai dugc thod man vai p gid
tri cii bidn 86 doc 1ap e fa voi p diém trén hé. Nhang diém ma tai d6 ta ap dung
phueng trinh vi phin co thé chon bt ky, song thudmg nén chon cich déu nhau,
Sau khi ap dung phuong trinh vi phin tai # didm ta s8¢ duge n phuong trinh dai $6
thudan nhat voi » 4n ¢ Tur didu kign dinh thic cdc h¢ s§ cla h¢ phuong (rinh
thudn nhat biang khong, wre 1a didu ki¢n cac a; =0, suy ra gid tri cba luc 16i han.

Vi du 1.10. Xac dinh lue td1 han cho thanh ¢dngx0n da xét trong vi dy 1.1.
Phicong trinh vi phiin codang: v+ &2 v -2 =0, voi a? = P/EL (a)
Chon nghigcm duot dang chudi gdm hai sGhang:  v=a;22 +a» 4. (h)

Ap dung phuong trinh vi phin (a) cho céc didmcohoanh ddz=1/2vaz=1.Lin
luot thay (b vio (@) vdi z =7/2 vaz =1, ta duge hai phuong trinh thuin nhét:

i 2

Y
I° 12 1
(2:1/ + ]2(!2 j)+a2[u];+uzl—gJ—a2(ail;’ +nzi4):02

N

(20, + 12(,313)+ az(u‘,t'z + (.'2!4)— a3(u113 + f;zl"): 0.



3 s
hay: 2-20%1 Ju, + -2 2 <,
4 16 2

a, +612a_, ={),

2322 313 222 19
Phuong trinh 8n dinh: 4 T = 3(3-76:212]:(1.
>
! 61° '

Suyra: a2 1P =48/19 =253 v Ppw=253El/I,
So sanh véi kGt qua chinh xac Py = 2,47 EI/ 2, sai 86 2,4%.

1.8. Phuong phap ding dan
Theo phuong phap nay, trude tién ta gid thiét dang gin ding ctia phuong trinh
bién dang, cin o vao dudmg bién dang nay va cac phuong trinh vi phan cta h¢
x4dc dinh duomg bién dang mdi thit hai cha h¢ va ti irong 161 han (wong ing. Tidp
do lai ¢in cir vao duimg bién dang thir hai cta h¢ d¢ tim dudmg bién dang thi ba
cita h¢ va tai trong toi han tuong mg... Cir tiép tuc nhu viy cho téi khi tai trong
i han va dudmg bién dang cta 1dn sau x&p xi trung vai tai trong (G han va dudng
bicn dang cia 1dn trude thi ngimg. Gid tri tod han 1dn cudi 1a k&t qua cdn tim.
Bé tim dudmg bién dang mai theo dudmg bién dang trude ta ¢o thé dung phuong
phiap gidi tich hay phuong phép db toan.
Thir tu thuc hién khi tim duong bién dang theo phuang phap gigi tich:
1. Chon nghiém gan ding y(z) cua dudng bién dang bidu thi theo mdt do vong nao
do, ching han theo do véng 1on nhat. Ham y(z) can thod man cac diéu kién bién.
2. Xdc dinh mdmen uon trong hé & trang thai bidén dang theo ham y(z) va thay vao
vé phai clia phuong trinh vi phan y* = - M/ El
3. Tich phdn phuong trinh vi phdn dong théi s& dung cdc didu kién bién dé xéc dinh
duong bién dang mdi va tai trong 161 han tong ing.
Cir thé tidp tuc cho 161 khi gid tri Py, tim duge trong Ian sau xdp xi bang gid tri trong
1an trfée thi ngimg.

Thir tu thuc_hién khi tim duong bién dang theo phuong phap dé toan:

1. Chon dudng bién dang gén diang theo mét sé tung do ¥1. va ..., ¥n. tai cac diém
1, 2...., n. (hinh 1.10a).

2. Xdc dinh tdi troflg gid tao txem SBVL) tai didém thi? i theo cong thic: g; = — M;/ El;.
Cén bidu thi gid tri q; theo gia tri g« tai mot diém bat ky nao dé dude chon.béng dan
vi (hinh 1.10b), tac6: g, =~q, /(fk )

39



3. Xdc dinh mémen uén gia tao trong
hé gia tao do cac ai trong gid 1ao §i P2 ki
. _ . o —:EP ICT I I 114
gdy ra se duoc cac tung do moi Y ) “n

*

* * B . z
V¥ 50y, Cua duong bien dang

ma. Tidp do xdc dinh cae q: tfong

tng vl cac  tung  dé  mdi

YooV g y; va cing bidu thi céc

q; theo gia ri q, chon bang don vi,

taco g =—q, /(/; (hinh 1.10c).

Cuf thé hép tuc cho 161 khi 1di trong va
dé vong tim dude trong ian sau xap x!
bang idn ude thi nging. Hinh 1.10

Biét tai trong q'“'" va do vong y;."’" trong 14n cudi cong tai diém i ta ¢é dang xéc
A

dinh duoec mémen uén M:*"' vd trdo suy ra fuc 107 han Py, tuong ing.

Céch giai bang phuong phap do toan ap dung thich hap cho hé cé tiét dién thay déi.

Vidu 111 Van dung cich gili dang ddn theo phuong phip gifd tich, xac dinh lye
¥ han trong thanh dd xét trong vi du 1.

Phuong trinh vi phan: Elx" = P(d—v). (a)
1. Lén dung ddn thieihdr: Chon dusmg bién dang: v = — 27 .
Thay vio v& phi cha (a) v Idy tich phan hai 1An, ta duoc:
Ly = J*o‘{iz-’ - iz—i +Az+ B] .
2 12 (-

T cie didu kign bicn khi z= 0 hiv=0vay' =0, taxacdinh duoc A = B = 0.
Iuc nity phwrng trinh duomg bidn dang ¢o dang;

A
P = Pc’)‘{iz? - "J. (b)
2

Tudico kign khiz=/ thiv=05,tach:

i . .
fiv=ro 12 ,LL; =PI hay S\ EI-—pPP|=0.
2 {2 - {2 12

Tordido kien & =0, suyra Py, = 2,400 E1/717 ()
30



52 6 12

2. Ldn dung ddn thir hai: Chon duimg bién dang theo (d) va ciing thue hién tinh
todn trong te alnr Han the nhdl @ dwoc:

4
. 0O !
Thay () viio (b) ta duye phuong trinh:; v = —)i[zz - —L]. {d)

nl - R

-

! o b 24 2"
Fii=2459E1/12, y=—=5|752"-15-5+—|. ()

3. Ldn ding ddn thie ba: Chon dudmg bidn dang theo (e) va cing thue hién tinh
toan tuong wr nhu An thir nhit 1a duoc:
J ) 2 228
Puy= 2460 EI/ 127 v=———| 170827 - 3505 + 28— - =— N
1385 47 [ & AL J
bé thiy duge mue do tigm ¢iin ta xic dinh do vong tai cac hoanh do z = /3 va
2= 2l/3 trong mdi 1an gin ding va 1ap bing d&i chifu (bang 1.1).

Bang 1.1
o D6 vang tai I8 -
Lan gén ding — - P, — | Saisévé Py,
z=1/3 z=21/3 z=1] £l

1 0,1308 5 0,4938 & ) 2,400 2,71%

2 0,1336 & 04993 & ) 2,459 0,32%

3 013398 0,4999 & S 2,466 0,04%

Két qua chinh xdc 0,1340 0 0,5000 5 o 2467

1.9. Phuong phap ap dung truc tiép nguyén ly Lejeune-Dirichlet
Theo tidu chi ndng lugng da trfinh by trong chuong M diu, trang thii ¢cin bing
phidm dinh xiy ra khi;

oT = ol/ (1.25)
trong dd; ST — dO bicn thién ¢la ¢cong cic ngoai lug;
U — dd bién thién cta the nang bién dang dan hdi,
Ditu Ki¢n (1.25) s2 cho ta phuong tfinh xac dinh lue (31 ban.
Trong trudmg hop 1dng quat coir bai todn phiing, dd bién thicén cia th¢ ning bicn
dang dim hdi duge xae dinh theo bidu thie da thidt 1ip wong Cer hoe k@t edu:
? 2 2
. M™ds N7ds X s
=3 ==+ [ +Z_f"'(;i—- (1.20)
214 2FA 204
trong do M, N, Q — d{ bicn thitn cba ndi lye phit sinh khi hg & trang thii ¢in
biing t¢ch vai trang thai ban ddu. Cac dai lugmg khic da gidi thich trong CHKC.,
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Trong nhimg trudomg hop ¢ thé bo qua anh hudmg cia bién dang trugt va bicn

dang doc truc so vai bién dang u(Sn dong thoi cha y 1A Elv" = — M, tacd:
‘ds 1 2
N/ = ISRy s, 1.27
‘ ZI 261 .2ZI ( (27
Khi trong h¢ chi tdn tqi luc doc khong ddi trén timg doan thanh (dan khop). 1a o
2
INZ
=3 N1 (1.28)
21A

b bicn thitn 8T clia cong cic ngoai lye phy thude dang 1ai trong nén thudng phai
xdc¢ dinh ricng bi¢t cho timg bai toan,

Trong nhimg trudomg hop khi hg chi chiu cde lye tdp trung Py dit tai cac nat hodc
tai cde diu thanh ta co thd xdc dinh 8T nhu sau:

Ll
T =3P o P
A=/

trong do: m - sG lugng tai trong dit tai cac nit hofic tai cic dan thanh;
Spe — chuyén vi tai diém diu e Pr theo phuong Py, xéac dinh nhur sau:
!

k
Sp, = | 48, «
o ) -y ——
voi Adp 1a dd bién thién chiéu dii cha phin (5 ds <1
clia thanh chiu fue Py khi phin 18 bi xoay mndt goc ¢ E ' s
(hinh 1.11) con /& chidu dai ciia thanh chiu lye Pk g Sy
Aéiljk =ds — ds.cosp =ds(] — cosp) = ds. 2sin® %
2
~2 (/s[f] =L ierpds = i(y')-’ ds. Hinh 1.11
2 2

X

Do do: =— I( ¥y ) ds .
[ i

Suy ru: EZ P j(v ) ds. (1.29)

=1 o

Thi tu thue hién :
1. Tu cho trfc dudmg bién dang y(z) cla hé & trang thai 1éch phu hop v&i cac diu
kién bién theo mot thong so. ,
2. Tim do bién thién cua thé ndng bién dang theo céc cong thife (1.26) « (1.28).
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3. Tim dé bién thién cla céng ngoai Iuc theo céng thife (1.29).
4. L 4p phuong trinh én dinh theo {1.25) va tur dé suy ra luc tof han.

Phuong phiap ndng hwong 1a phuong phip gdn ding, thuomg cho k€ qua luc toi

han lom hon so v két qui chinh xdc (xem myc 1.11),

Khi chon ham chuyén vi ¢in cha y:

o Ham chuyén vi thoh man cang nhidu cac diéu kign bién cita h¢ cang t6t. Néu
khong thoi man ddng thdi ¢a didu kién bién hinh hoc va diéu kién bién tinh hoe
thi it nhit phii thod man céac didu kign bién hinh hoc.

o Ham chuy@n vi chon gin voi dudmg cong bién dang dan hdi cia thanh thi két
qud ¢iing chinh xéc.

Trong thue (€, ham chuyén vi thudmg chon 1a cac cic ham lugng giac hodc ham

da thie vi ¢de ham niy d& 18y tich phiin v thudin tign khi kiém tra khi nang thoa

man ¢ic didu kign bién.

Vide 112, Xac dinh lue tod han cho thanh da xét trong vidy 1.1 (hinh 1.1}

Chon hiaun chuyén vi 1a ham lugng gidc voi moL thong s8 8: v = 5(1 —cos —27)

. el
.. . , Om | mz ) ., or” z
Cie dao bam: v'= —sin— vil yiE —cos—.
2 2f 41- 21

D¢ diang nhin thily cdc didu ki¢n bién déu dugc thoa man.

7
.y 2 ‘ S
Theo (1.27):  SU = éth-jl(y")-’d.\v:% [‘5” -.;-E] ar=tem

— 0 =—
’ a? 64 1}
! ) 2 2.2
Theo (1.29): 6T = in(_v' Pas=Lp | (é’i.\-;nfz-} das=p2E
2 2 sl 16

,5271'2 B E{é’%r"
161 64 7

Phuong (finh 6n dinh theo (1.25); 7

v

. Tkl - RN : .

Suy ra: Py = ——=—. K& qua tim duoc 12 chinh xac vi ham chuyén vi chon phi
41

hep v duimg bién dang (hye (€ cta thanh.

1.10. Phuong phap Rayleigh - Ritz

Phuong phip Rayleigh - Ritz dwoe xay dung trén co s& nghién ciu thé niing toan
phin cia h¢ & trang thii can biing 1¢ch khoi dang ban ddu. Lyc 16 han duge xdc
dinh tir didu kig¢n (On a0 trang thai can bing 1¢ch, khi do thé ning toan phin s¢
cue iy SU*= S(U + Up) = 0.
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Thir tu thuc hién :

1. Tu cho trudc duong bidn dang y(z) cua hé & trang thai léch dudi dang chudi:
y= iaf 9i(z). (1.30)
i=1
trong dé:  p - 86 nguyén bat ky:
aj - CAC thong s6 chusa biét;
Gi(2) - cac ham ddc lap thda man céc didu kidn bién vé hinh hoc.
2. Cdn clivéo (1.30), tim cac dao ham y' va y* réi 1ap bidu thic thé ndng toan phén:

Ur=U%+5U-0T (1.31)
O U va OT duge xac dinh theo cac cong thire (1.26) = (1.28) va (1.29).
. . . , P oy
3. Lap diéu kién thé ndng toan phan cuc tri dé xac dinh cac a;: dU* = Z (5 da,. i
a

=1 %
Vi aj 1a cac dai lugng doc IGp va bat ky nén diéu kién trén chi thda man khi cac
thita s6 ciia da; bang khéng :
our au - au

=0; =0; ;=0 (1.32)
ar gz (‘dp

Nhus vdy ta sé duoc hé p phuong trinh dai s6 thudn nhét ddi vér céc théng s6 ai.

4. Lép diéu kién tdn tai cac thdng sé a; (t6n tai trang thai léch) bdng cach cho dink
thifc cac hé sé cua hé phuong trink thudn nhdt bing khdng ta sé dudc phuong
trinh én dinh va tr do suy ra e 167 han.

Cung nhu ¢ic phuong phip ning luemg khic, phuong phip ndy 1a gdn ding,
thutmg cho k& qui lye (6 han Lon hon so vdi k& qua chinh xéde (xem mue 1.11),

Né&u chon hiun chuyén vi (1.30) vdi nhidu thong 8 thi k& quéi chng chinh xac.
Trong thuc 1&, thudmg 1dy s& luong p bing 1, 2 hode 3 1a db.

Vi du 1.13. Xiac dinh Iye 161 han cho thanh da xét trong vi du 1.1 (hinh 1. 1).

Chon dudmg bidn dang theo hai thong s&; vEar?+ar ¥,
Cicdgohamclay: v =2a; 7+ da> 24, y'=2ar + 12a2 22

Theo (1.27) v (1.29):

E 2 ket 2.2 ) > 36 >
oU = j-J‘(\-”)‘ dz = é—j(,?ul + 1 2a,2% ) dz =211 l[u; —dajadt + '-;—u-;."‘" J :
I 0 )

o ) '
or :%I(_\" )Zdz = %I(Zulz + 4::223 )erz = 2!’!3[‘%(.'12

{)

4
+guiuzi‘2 +;u_§l4).
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Thé nang toin phin theo (1.31): = [ 4 SU - 'c?T. Do do:

L4 4
U= U, + 281 o < da ,l? +?( _app[ L2 Zaay it adrt |
! y 5 3975 7

7 * {7 *
al - o

(1(1‘, (‘3([2

=0,

bidu ki¢n cue tri ciia thé nang toan phin:

Sau khi thye hicn v bién déi, ta duge he hai phuong trinh thudn nhit:
S3-PHjap + 21(15--3P%)aa = 0;
HE=P*la; + 2103-5P*)a» = 0,
ri?
B
S(3- Py 20715 - 3P*)
7(5-pr*) 2I° (63151’*)

Vi Pt =

Phuong trinh én dinh: D = = &(P*2 ~ 45P* +{05) =0,
Nghi¢ nhd nhit P* = 2,5 do do lue 161 han: Py = 2,50 EF /12 . Sai s0 so voi k&t
qui chinh xiac 1a 1, 2%.
N&Eu chon duimg bién dang theo ba thong sOv=ay22+axz¥+azz® thi ki qud
Py, = 248 EI/1? (sai sG 1a 0,.4%).
Vi dy 1,14, Xic dinh hre tod han cho h¢ ¢6 hai biic tr do da xét wrong vi du 1.3.
(hinh 1.4,

Xét hg & rang thad 1¢ch theo hai thong O 13 hai poc
ey vil e nhu trén hinh 1,12,
b bicn thién cta nang lueng bién dang tich 14y trong
ciac lien k& din hii:

. / /

SU ="ty + —k\',z.

24 2v

fl-' n..,! . . ;[«' a.fl
]rl—g.\h'!alw—gal. '-~}—. ...~3 3

Nhung v

2 2
Do do: ol = éi[%a; 19 agz} ="Lk1"’(ar2 +af) .

B bicn thicn cha cda ¢cong ngoai luc: Hinh 1.12

)
o = PSS = P_; {[I—c.'().s'ml + [f—coscz] + [I—C()s(ag—a;)l} =

Nl’i(a2+a3—aa )
3 2 720

Bicu thic th ning ean phin;
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U=10U% +—1%k12(a13 +a_f) - P%(af +a23 —ajaz).

Pidu ki¢n cye 1ri cia the pang toan phin:

% ‘
a =£(ikl—2PJa +ﬂ.::z:2 =0;
oa, 3 I3
%
u =—P—1a +£(1H—2P)af) ={.
6a2 377 33 -
Phuong trinh 8n dinh: \
(ikl—.?[’] P p ]
D=t ) =3P - Zupy Lit? -0,
P (4\'!*2!’}
3
Sau khi gidi pt inh, tadwge: P, = p =
au khi gidi phuong trinb, ta duge: By, = Va By =~

K&l quit tim duge 12 chinh xdc vi s3 thong $3 dé xdc dinh bicn dang cta h¢ bing
s bic tr do cia he.

1.11. Phuong phap Timoshenko

Cac phuong phap nang luong ludn luon cho k& qué lye 1o han 1om hon k&t qui
chinh xdc. Co thd gii thich didu do nhu sau: Khi ap dung céc phuong phap ning
lugng (& phéi gid thit dudmg bidn dang ciia hé, noi chung dudmg bién dang gil
thi¢t thuimg khac vai dudmg bidn dang thue 18 sie khde bigt do xav ra wong e
nhu khi ta dat thén lién két vao hé va nhimg lién k&t nay lam tdng do cing cia hé
te fa fam 1dng gid iri caa 14 trong toi han.

Tir k&t lun (rn ta thly: mudn tdng do chinh xdc chia phieong phap ndng luomg ta
can chon duomg bicn dang gid thiél theo mpt s& thong s§ c6 kha ndng lam thav
dai duimg bién dang khi cae théng s6 dé thay ddi, ddng thin chon nhimg thong sd
nay sao cho lee (o1 han xée dinh theo diéu kién (1.25) co gid tri cuc tiéu. DO 1
n{i dung phuong phap Timoshenko.

Thir tu thue hién :

1. T cho tnfdc duong bién dang y(z) cla hé & trang thai léch dudi dang chudi nhu
(1.30), theo céc théng s6 ai.
2 Thidt 1ap diéu kién (1.25), 1 d6 suy ra hic 18 han 1a hdm cla céc thong sé ai.
P=Fay,az, ..., ap) {1.33)
3. Vidt cc didu kién dé cho iue 161 han ¢b gid iri nhd nhat:
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oP oP oP
—('——:0: —=0:..; ——=0. : (1.34)
Oay da, dap,
ta duoe hé p phuong trinh dai s dé xdc dinh cac théng sd a;.
4. Thay cdc aj vao phuong trinh (1.33) 5 duige Iuc 167 han nhé nhét cén tim.
Vi du 1.15. Tim lyc t6i han cho thanh ¢6 mdt dau ngam va mdt diu ty do chiu lue
nén P, da xét trong vidy 1.1 (hinh L.1),
Gif thiét phuong trinh dutmg bi€n dang: v=a; 2 +az ¥, {a)
Trong vi dy 1.13 ta da 13p céc bidu thic SU va 6T theo cac thong s8 a; , az . Thay
nhirng bidu thic ndy vao didu ki¢n SU = 7, ta tim duyc:

0
El u2+4u12+£14 a
b=\ T4 54 | ovoi w=—L. (b)
Flow? + 2w+ 27 sy
5 7
P
1'ir didu kign = = () ta duge phuong trinh xac dinh thong sG 1
ou
u’ + i = +2ﬁ =0 (c)
7 33
Nghi¢m clia phuong trinh: wy = -0120F; u>=-6,978 1. (d)

[.uc 161 han nho nhit (wong fmg voi nghiém o, sau khi thay e vao (b) , ta duyc:

Py = 2,494 EI /12, So v&i kK8t qui chinh xac Py, = 2,467 EI/ 12; sai $6 xdp xi

1, 1%,

Vi dy 1.16. Tim lye t6i han cho h ¢o hai bac tr do da xét trong vi dy 1.3 (hinh
1.12).

Trong vi du 1.14 da thidt 1ap bifu thae SU va ST theo cac thong s3 a; . a2, Thay

nhang bidu thic ndy viao didu kién U = 8T, ta tim duyc:

el

kI -+ a

p==| LT véi =L (a)
O\ —u+1

O
Tir diu ki¢n éﬁ ={ ta duge phuong trinh: 4 — f=0 suyra u=%/. (b)
Ju

LA luet thay & = —/ va = +/ vao (2) ta duge hai gid (1 cda lye 1di ban twong
tng véi hai dang bién dang nhu trén hinh 1.4¢ va d.
Pran = I\“] vil P = I\—I .
9 3
K¢ qua Ia chinh xéc vi s6 thong s3 dé xac dinh dang bidn dang cta h¢ bing s
bic tu do ciia hé.
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1.12. Phuong phap dong luc hoc

Phuong phip ddng lwc hoc duwge xiy dung trén co s& tiéu chi ddng lhye hoc da
trinh bay trong chirong M& diu, 1a phuong phap téng quat ap dung dugc cho h¢
bdo todn cing nhu khong bho toan.

Trong gi4o trinh n2y chi d& cip dén bai toan 8n dinh clia hé bio toan va thong
qua mot vi du dom gian & giGi thidu ndi dung phuong phap dong luc hoc. Cung
cAn nhan thdy 12 céch gidi theo phuong phép dong lyc hoc thuomg phirc tap hon
céc phuong phép khic nén phyong phap nay thudng it duge quan tdm khi chi cin
2idi bai toan 8n dinh ctia h¢ bio toan thudmg giip trong tinh todn cong trinh. Tuy
nhién, d6i v6i cAc bai todn 8n dinh clia he khdng bio toan thi ¢dc phuong phip
tinh c6 thé din dén k&t qui khOng ding nén khi d6 cin 4p dung phuong phap

dong lyc hoc.

Thir ty thyc hién (4p dung cho hé dan hdi cé béc tur do bing vé cing):
1. Thiét I&p phuong trinh vi phdn chuyén déng cla hé & trang thdi léch khoi trang

thai ban dau. Khi thiét Iap can xét dén céc Iue quan tinh tai cac khéi luong.
Déi vér hé dan héi co bic tv do bdng vo cing, chuyén dong clia hé duoc bigu thi
theo ham phu thudc toa dé va thdi gian nén phuong trinh vi phdn cua chuyén dong
dugc mé ta theo phuong trinh dao ham riéng.
Trudng hop dic bidt, khi hé dan héi Ia thanh c6 tiét dién khéng déi, ta co thé 1ap
phuong trinh vi phan coa chuyén déng nhu sau:
Tur Stfc bén vét liéu, phufang trinh vi phdn cla dudng dan héi cla thanh cd lién két
bat ky & hai déu khi chiu ubn ngang cung véi uén doc bdi luc nén P c6 dang:

a4 y a?

£ y
dz

+P —=+q(z}=0.
Ap dung cho truong hop ndy, ta cé: v = y(z,8); G(z) gilt vai trd Iuc quan tinh g(z, 1).
Goi m 14 khoi liong phén bé clia thanh, vi thanh cé tiét dién khéng déi nén:
Pey
qzt)=q(t)=m—- .
i

Phuong trinh chuyén déng cua thanh co tiét dién khong déi. sé ¢6 dang:

~4 a2 A2
i’ §+P‘ L om? : -0
(z iz at
-:4 —32 -]2
Is ¢ m . P
Hay: Vo L, MY o va k=1 (1.35)
oz* 0z2  El o El
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2. DAt nghiém cua phuong trinh chuyén ddng cla thanh dudi dang:
vzt = Yz) e ©!, (1.36)
trong dé:  Y{z) - ham chi phu thudc toa dé;
€2 - dailugng can tim, ducc xac dinh theo didu Kién ton tai ham Y(z).
3. Thay nghiém (1.36) vao phuong trinh (1.35) ta s€ ldp dugc phuong trinh xdc dinh
ham Y(z).
4. Lap didu kién tén tai chuyén dong cua hé tie 14 tdn tai ham Y(z). Tu didu kién nay
sé tim duoe dai Ivong £2.
5. Can ctrvdo gia tri tim duge. cua £2, phan tich cnuyén dong theo tiéu chi da néu
trong chufong MG déu: A
2 Néu (2 12 sé thuc hodc sé phic vai phdn do duong thi chuyén dong i3 didu hoa
vGi tAn sé 2 quanh vi ri can bdng: dang cén béng ban déu la 6n dinh.
3t Néu €2 14 s6 phuc vl phdn 4o &m thi chuyén dong sé 1ang theo thot gian: dang |
cén bang ban diu 14 khéng 6n dinh.
Thét vay, néu £21a sé phic thi ta ¢6 thé viét: £2=a +i f: do dé:
eifit_gila+ifit-gialag-pt,
Khi 3 > 0 thi e - B 14 ham 14t dén, chuyén dong didu hoa quanh vi tri can béng.
Khi } < O thi e =B 114 ham tang theo thdi gian, chuyén déng tang theo thdi gian.
Nhu vdy, trang thai t0i han xdy ra khi phan do cua nghiém 2 bdng khdng. D6 13
didu kidn xac dinh lue 167 han.
Vidyu 1.17. 1in luc (61 han cho thanh ¢6 mdt ddu ngam va mot ddu tw do chiu lue
nén P, da xét trong vidy 1.1 (hinh 1,13).

Phurong (rinkh vi phin mo l'z’i,chuyén P -
dong cita hé ¢o dang (1.35). Dl nghi¢m Y D
dudhi dang (1.36). z=ut
NEu goi: u=z/1,tact L : -
> vy
S A Hinh 1.13
ot :
%y A o0 1d%Y o, 'y A% o, 1d% o
T T ) D e R
&~ dz” i° du 194 dz ¥ du

Thay cic k€t qui trén vio phuong trinh (1.35), sau khi bidn ddi ta dure phuong
trinh vi phiin xéc dinh ham Y(z) nhu sau:
dy a4’y

3

a’u4 di~

—wY =0 (2)
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_rt

trong do: a= —. w= 021° i’— . (b)
) Ly El
Phuong trinh diic trung clia (a}: r+ar - =0

‘s , N N 2 a_ fal 2
Nghigm cta phuong trinh dic trung: ria = Y ¥ 3 +w

~ta
I
!
+

~2 2
. 2, (74 (¢4 2 2 a a 2
Néu dat: sy =i"r (%J tw” ;55 =r32:——~+ (—Z—J +w~  (C)

ta ¢6 thé vidt nghigm cha (a) dudi dang:
Yu)=Cisinspu+ Crcassyu+ Cishsou+ Cychsou. (d)
P& xic dinh cic hiing s tich phin, ta ¢6 4 didu ki¢n bién nhu sau:
4+ Tai z = 0tic 1a « = 0, taco dO vong v momen udn biing khong:
1) Y(0) = 0. Suyra: Cr+ Cy=0. (e)
D Y0 =0.Suyra:  57C, +53C,=0. (0
Gidli hai phuong trinh (e) vi (D taduge: Co=Cy =0

Nhir vy, nghigm (d) ¢0 dang Jdon gian hon nhu sau:

Y(u) = Crsinsiu+ Cishsau. (2)

+ Tai z=11Gc 12« = 1, taco gée xoay va lye cdt biing khong. Hay:
3 Yr(!l) =1 Suyra: C‘; srcos s+ Cisachsy =0 (h)
HY'()=0Suyra ) covs,~C,s3chs,=0. (i)

I cac phuong (rinh (h) va (i) ta thidt 13p didu kign tdn (ai nghiém ¥{r) tie 12 didu
ki¢n 1On (i cic hiing s8 tich phidn C; va Cs ;

5,005 % ¥ 2(‘]: 55

1 !
.3 SPITan .3 .] .
speoss, —sschy,

3 2
D= = .;'1‘5'2(_,\‘; + .\‘5 Jcos .\‘}Ch §,= g

Ta thiy: s; = 0 (theo ¢) & (.\-f +s§) #(); ham ¢l 52 20 v&i moi gidtri 52, Do do,

didu ki¢én (rén chi thda man khi:

e 5x=0."Tu(c)lasuyra: @= 0 hay £2= 0 (theob). Nghi¢m tim duge 14 nghigm
thue nén trang thai ¢in bling 14 6n dinh.

o coss;=0. Suyra:s;=(2i+1)x/2 v i 1asG nguydn bit k.

x’ da 2
Tir (¢) 12 €6 w=(2i+1)7 = - —— .
(2i+1)"m~
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Thay (b) vao k&t qué trén, ta duyc:
i
2

2 ~ 2 2
41\ m ElR2i+ 1) n

2{

+Kni P <(2i+ 127 E

]

, nghigm €212 thue, h¢ én dinh.

2

r El
2 )

4« Khi P>(2i+1)°

nghi¢m £2 12 phic va chi tdn tai phin d0. Do k& qua

khai can nén phdn 40 ndy ludn ¢6 mot gid (ri am. khi do hé khong 6n dinh.
2.
Trang thai t6i han x3y ra khi P =(2i + 1)° z [;l .
41

zrzEl

2

Luyc 161 han nhd nhit twong tng voi khii =0 Py =

K& qué tim duge phit hgp v6i két qué theo phuong phip tinh hoc.

Bai tap
I.1. Cho hé chiu lyc nén P nhu trén hinh 1. Goi ky , k213 43 cling cla lién két dan hoi C
va B (mdmen phat sinh khi lién két bi xoay bé‘mg don vi). Tim Iue t& han theo:
a) Phugng phap thiét 1ap va giai phuang trinh dai sé.
b} Phuang phap ap dung truc liép nguyén Iy Lejeune - Dirichlet.

1.2. Cho hé chiu lyc nén P nhu trén hinh 1.2, Goi k la dd cing cla lién két dan hdi Bva C
{phan Iuc phat sinh khi lién két chuyén Vi béng don vi). Tim uc tdi han theo:
a) Phuong phap thiét 1ap va giai phuong trinh dai sé.
b) Phuong phap Rayleigh - Ritz.

Za/p
Y
W
]

Hinh 1.2
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1.3. Cho hé chiu Iuc nén P nhu trén hinh 1.3. Tim Iuc té han.

.4. Cho thanh ¢6 lién két khép & hai dAu, tiét dién khdng ddi va chiu Iuc nén P nhu trén
hinh 1.4, Tim Iuc t6i han theo:
a) Phuang phap ap dung truc tiép nguyén Iy Lejeune - Dirichlet. Chon ham theo hai
phuong an sau:

Wy=~fsinfmz/l); 2)y=fz{-z)
3

. F4
b) Phugng phap Rayleigh - Ritz. Chonhamy=a:z {1 -z} + a2 — (l-z).
)

/ P
o
P
/
T4 dii
= \Z
zr Y
t—rg}” v
Wi
Hinh 1.4 Hinh .5 Hinh L.6

1.5. Cho hé ¢ tiét dién thay dbi va chiu Iuc nén Pnhu trén hinh LS. Tim Iye té han theo:
a) Phugng phap sai phan hifu han (chia hé thanh 4 doan).
b} Phugng phap ¢ay xich (chia hé thanh 4 doan).
¢) Phugng phap Bubnov - Galerkin. Chon ham y = f[1—cos(;zz/4l)],
d) Phugng phap nghiém dung tai mét sé hilu han diém. Chonhamy=a;z2+a,z4.
e) Phuong phap Rayleigh - Ritz. Chonham y =a; z2 +a-z4%.
fy Phuong phap Timoshenko. Chonham y =a; 22+ a» 24 .

1.6. Cho thanh cé lién két khép & hai dau, tiét dién thay dbi va chiu luc nén P nhu trén

. 4 o - LT L. . 4 I-z
hinh 1.6. Cho biét mémen quan tinh cua tiét dién thay ddi theo luat: | = Io i(z—)
i

Tim luc 1§ han theo:

a) Phugng phap Bubnov - Galerkin. Chon ham y=az (I - z).
b) Phuong phap Rayleigh - Ritz. Chon ham y=az (1 - z).

c¢) Phuong phap sai phan hisu han (chia hé thanh 4 doan).
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‘On dinh cta thanh thiang

' 2.1. Cac phuadng trinh chuyén vi va ndi luc trong thanh chju uén
cung voéi nén hoac keo

bé 1ap cic phuong trinh chuyén vi va ndi luc (rong thanh chju udn ciing véi nén
hoiic kéo, ta xét thanh chiu lyc nén P & trang thai cin bing bién dang trong h¢ toa
dd nhur trén hinh 2.1a. Gia sir & trang (hai bién dang, ddu trai cda thanh ¢6 chuyén
vi thing theo phuong tryc y 12 w0) va chuyén vi goc 1a y'(0), ddng thdi tai diu
tréi cing xudt hign momen udn M(0) va luc O(0) vudng goc véi vi tri ban diu clia
thanh (hinh 2.1a).

Hinh 2.1

Momen udn tai tiét dign bat ky cé hoanh dd z cha thanh & trang théi bién dang:
M(z) = M(0) + Q(0) z + P[ v — W(0)).

Tir phuong trinh vi phin clia dudng dan hdi: v = - M /EJl, tacé:
. 1
y =—E{M(0)+Q(0)2+P[)’—)’(0)]}-

1 P
Hay: vt aly=——[MO}+ HO)z - Py(0)], v&i o= —. (2.1
Y ; y EI[() o(0) v(0)] o’ = )
Nghi¢m cia phuong trinh vi phan (2.1) ¢6 dang:
. 1
W) =Asinagz+ Beosaz - 3 M) + Q(0) z — Pyf0)] . (2.2)
a“El

Cac hiing sd tich phan A va B duge xdc dinh theo céc didu kién bien & diu tréi tai
z = 0. D€ thuc hién, ta ldy dao ham phuong trinh (2.2) theo z:

viz)= aAcosaz— aBsinaz - + Q(0). (2.3)
a“El
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Tir (2.2) va (2.3) ta ¢o thd vidt didu kién bicn & ddu 1rdi tai z = 0 nhu sau:

WO) = B =——[M(0) = PXO):  ¥'(0) = @A ——— Q(0)

a’El a’Fl
0 X0 M0
Suy ra: A=M+ %_l; B= 2(}.
- a a Il a“FEl

Thay cic gia tri vira tim duge cia A va 8 vio (2.2) vichi y 1a & = P/ Elta duge
phuong trinh duomg dan hdi ¢ (rang thii bién dang:
M
Wz) = v} +- Y'(9) singez — 2( )(I—C()sa z)— L( ) =——(mz-sinaz) (2.4)
o a“ i a’El

Cac dai luong v(0), v'(0), M(0) va Q(0) dugre goi Ta cdc théng s6 ban ddu.

Tuy theo dicu kign lién két & diu thanh, cac thong s3 ban ddu c6 thé 1a da bidt
hodc chua bidt. Cic thong s ban ddu chua bidt dwye xac dinh theo cdc didu kign
bicn & ddu phii ctia thanh.

Tr phuong trinh (2.4), ta tim duge phuong trinh goc xoay va tir do suy ra phuong
trinh momen udn trong thanh:
M) X0

(ﬂ[) sima - ('( ) (I —cosaz): (2.5)

a“ LI
Q0)

Y(zi=v'(0)cosaz—

Miz) =—EIv''(z) = @ EN'(0) sina 7 + M{O)cosa = +

sina z. (2.6)

Tir didu ki¢n ¢in bdng fue nhu (rén hinh 2.1b ta xac dinh duge lyc cdt theo so db
thanh khong bién dang:
dMiz) Pd_v(z)

o) = oz oz

Ciéc phuong trinh tir (2.4) dén (2.7) thidt 13p cho trurdmg hop chuy@n vi va ndi lye
trong thanh. 121 lién tyc. N&u doc theo chidu dai thanh, chuyén vi va ndi lue ¢o
budc nhdy (gian doan) thi can 1ap cic phuong trinh trén cho timg doan thanh
trong d6 cic dai lugng nay I1a lién we. Cach 14p cac phuong trinh cho trudmg hop
nity da gi¢i thi¢u ddy di trong cic gido trinh Sic bén vit ligu. Trong cic trudmg
hop nay:

e J0i v&i doan thi nhit ta sir dung cac phuong trinh tir (2.4) dén (2.7):

= 0(0). (2.7

 dGi voi doan bl ky (hia s+ ta ¢ thé vidt cac phuong trinh chuy@n vi va nodi
lyre theo céc phuong trinh ctia dogn tha m nhu sau:

Av'(dy ) AM((J,,, )

Ve 2} = Yyl 2) + A¥lam) + sina(z=am) - ———— [1—cosalz-am)|~
a o E[
A b )
L(;um) |z —am)—sinaf z—am)} ; (2.8)
a LI
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AMiay, )

Vinet(2) = Yilz) + Aylam) cosa(z—dm) — sinafz—am) —

Lr
)
_ AN Am) yosatz-am) : (2.9)
a~ ki 7
Mineifz) = Mudz) + a EIAV(aw) sinof 2~aw) +AM(ay) cosa(z—am) +
)
- At ) sinalz —am) . (2.10) .
o . .
Oin+il(Z) = Qulz) + AQ(am) . (2.11)

‘Trong cic phuong trinh trén:
I2m, VO ay — hodnh d¢ cha tidt di¢n phan gidi gita doan thir m va doan thir
m+1, tai d6 ¢6 sy gian doan vé chuydn vi va ndi lyc.
Av(am), Av'{a), AM{am) va AQ(ay) — 1an lugt 1a gia tri bwde nhdy vé dd vong,
£6C xoay, momen udn va lue cit tai hoanh A gy,
Chd thich: Trudng hgp thanh chiu udn clng véi lye kéo P, trong tat ca cac biéu thirc teén ta can thue
. hién phép thay thé nhu sau: @ => i véi f2=P/EI, khids: a? = — B2, sinaz = ishfiz;
cosaz = chfz,;
2.2. On dinh cua cac thanh thang, tiét dién khong doi cd lién ket
bat ky & hai dau
b¢& 1ip phuong trinh 8n dinh &p dung chung cho cac thanh thiing, (ié dign khong
ddi ¢o lién ké bt ki & hai dlu ta xé1 thanh chiu lyc nén P véi ind hinh nhur tén -

hinh 2.2.
A ..
P Vi £ 7"

Hlﬂh 2.2 %:%/% ”: ~--7

Ro =g /% l

by
Goi: . - . )
k — h¢ s6 dan hdi cha lien k&t dan hdi khi chuyn vi thdng (chuyén vi thing cia
licn két dan hdi do lue don vi giy ra);
@ — h¢ s6 dan hdi ¢ia licn kd ngam dan hdi khi chuydn vi xoay (goc xoay cua
Jién két ngam dan hdi do momen don vi gdy ra).
Tak diu trii A, néu goi vo va @p la cic thong s chura bidt thi ta co thé xac dinh cic
phén luc M via R'theo v, va @, . Nhwr vity ¢ic thong s& tai ddu trai s 1
MO)=Yo=2 YO)=@o=7 MOI=-@o/@a:  QO)=Y0/k.
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Tai ddu phii B, ta ¢6 cac diu kig¢n: =0 v =¢.
(oc xoay chua bid ¢y s¢ duge xic dinh theo didu kign cdn bing:
' ! Fi
My :ff_+&+l’_\.'“—ﬂ[: f) suy ra: @, =, (_p]. P
w, W k k @,

Nhur vily, bai toan chi ¢6 hai thong s8 chua biél [ v, va @, s& duoe xéc dinh theo
cic di¢u kign & diu bén phai la v = 0 v} = ¢,

Fir (2.4) va (2.5) v6i chd § 13 o2 = P/ ET ta duge:

VZ) = Ve + Po sine 7 - Lﬂj— {l-cosaz) - —V;'—~ {az—sinoz);
: a woa” i ka’f
vi(Z)= pucosal+ Po sinaz — _v;, — {1 —cosa z).
we Ef ka~ 1
Pidu ki¢n bién tai du B:
vil) = v, +& st ! -——L(J’—C()SG’U —1'—(; fee! ~sinal)=10:
2 w,a ka”

vl = g, cosal + P sinal— -2

= {({ —cosal) =
wya I ka~ It
=@, [-]— - PJ‘V” - w{—(pa .
k Wo
by v=oal (2.12)

Sau khi bicn ddi 1a duyce h¢ hai phuong trinh thudn nhét:
VS sinv  I—cosv
{1— 7. :l'\'o"' * + ((2 ¢()=O;
ka Il a  wu,atlid

—CosV viny @
{("f(l)—i}]—‘vﬂ“}w cosv+ Ly il g, =0
k_ ke~ I weald @,

Lip diu kién 1dn tai nghigm v, v ¢, bing cich cho dinh thic cic hé sd bing
khong ta s¢ duge phuong trinh #n dinh nhu sau:

v—siny siny ay
{- coxv+ —~—+— | -

ka Kl woall  w,

o P——l- 71—:'(»:\' .\'mv+]—c'as\' -0 2.13)
OOk k&lrr ]|«

2.
wea I
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Né&u cho bidt cac dai luomg: 1, &, @, . @y, ta ¢o thd gidi phuong trinh siéu vidt
(2.13) @& tim ¢ va tir d6 suy ra gia tri cta lye téi han: Py, = o2EL
Khi gii cac bai toan cy thé ta ¢6 thé 14p duoce cdc phuong trinh 6n dinh twong tmg
tr phuong irinh (2.13) vai cdc cha y sau;
o Truomg hop lién két cimg, h¢ s3 dan hdi nhan gid tri bling khong,
s T'ruong hop khong ¢o lién két, h¢ s§ dan hdi nhin gia trj bing vo cung.
« Khi ap dung cy thé, néu cac bidu thic trong (2.13) ¢6 dang vo dinh thi cin khir
vO dinh thee cac quy tic quen bidt trong toén hoc.
Bang 2.1 cung cdp k&L qua tim phuong trinh dn dinh hofdic gia tri toi han cho céc
bai toan cu thé thutmg gip trong thye & Khi sir dyng bang cin cha y:
« Hang thir ba néu cach 1im k&t qua ctia cac so do tir 5 dén 9 theo cic so dd tr |
dcén 4.
« Tnryng hop thanh ¢6 lién k&t cing, lue 161 han duge xdc dinh theo cong thic:
x’El
2
(ply
(Gid tri clia g tim theo hang cudi ciia bang 2.1.
o ‘I1n cac so dd 4 va 9, Ky hi¢u hinh vudng vai cdc nét gach chéo theo hai chitu
bidu thi ngam truot theo phuong vuodng goe voi true thanh.,

Py =

(2.14)

Vi du 2. 1. Cho hé nbu trén hinh 2,54 Yéu clu:
1) Tim ¢ d6 tinh va phuong trinh 8n dinh dé kiém tra 8n dinh cho thanh dimg
chiu nén. "I'rinh bay cich tim lye 1di han.
2) 'Iim gia tri cta lyc 161 han khi @ = 21 via EI = const.

1) B¢ gidi bai toan ta xem thanh AC nhur thanh ¢6 mot ¢l tr do va mdt ddu nghm
dian hdi. So dd tinh cla h¢ nhur (rén hinh 2.3b. HE s§ dan hdi @ cla ngam dan
hoi tai A chinh l1a gée xoay tai A clia ddm AB do momen don vi diit tai A gy ra.
‘Ta xdc dinh dai lugng nay theo cie phuong phip quen bidt trong Sic bdn vl
ligu hofic Co hoe két ¢du. K&t qui: w = a/ 3EI
Tir k€t qua cho trong bing 2.1, vai sodd | ta ¢ phuong (rinh én dinh:

hay ctgv=v. g0 v&i  tg0= w—:—{

vigy = -
w I

Bé gidi phuong trinh sidu vigt nay 1a ¢d thé viin dung cach thir dong dan hogc
van dung phuong phap dd thi. Theo phuong phdp do thi, ta 1in luot ve cic
dudrng bidu didn cda ham s 8 = c1g v v § = v. 1g0 theo bién s3 v nhu trén hinh
2.3¢ dé 1im giao diém cha chiing Hoanh do ciia nhang giao diém nay xac dinh
¢ic nghi¢m ¢in tim. Nghi¢m c6 y nghia thye 1€ 12 nghi¢m cho gia tri lyc t6i han
nhd nhdl.
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Bang 2.1

® @ ®
| .
; &
i 3 %:ao
Sa do b
; !
|
~
!
|
N S
med"g / fgv = tgy = 4sin® > =
trinh L vigy = . 3 kE _ v 2
on w Kl =v-a 7 - 5w £ AR
. I+v* Vv sinv
dinh ! &
w={) Ik:ao k=(i l{u =0 ¢m =00 k=0 k=oo¢
® ® @ ©®
T P P ~ d
|
' : i ! I
! | I
~| Iy~ ~ 1]~ b
! | i | |
i !
i .
> —e — J{_ -
Phuong siﬂL =0va | sin— =0va
trinh ctgy = 0 tgv =v sinv =0 2
&n v oo v
J‘g —_ = Ig— = o0
dinh 2 2 2
7 2 a7 ! 0.5 7
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Sau khi tim duge vip ta st xac dinh duge o gy = v /1 va tir do suy ra lyc t6i han
tuong (mg.
g\,

AY ['C__“'_"_"

Hinh 2.3

“I'ir hinh 2.3b ta thdy vy nhd nhit ¢ gia trj ludn nhd hon 22 do do hee 161 han
cia thanh dang x¢t ludn ludn nhd hon gid tri #2E1 /412 1a Iye 161 han tuong (g
v thanh ¢6 so dd 5 trong bang 2.1: mot ddu ty do, mdt diu 12 ngam cimg (khi
do w = 0 nén phuong trinh 8n dinh ¢ dang ctg v = 0 v vy = 7/2).
2) Truong hopa =2l racd w = 1 nén thz—gL. 2 = z
3 k43
Phuong trinh 8n dinh s¢ co dang  ctgv = 2v/ 3.
Van dung phuomg phip dd thi ta tm duoc vy, = 1,04,
Dodo: Py =(1LO12 EI/P = [LO2ElI/E.

Vi du 2.2. Cho h¢ trén hinh 2.4a. Tim so dd tinh va phuong trinh 8n dinh @é kidm
tra On dinh cho thanh dimg chiu nén. Xac dinh id tri cia luc i han.

b3 gidi bai todn ta xem thanh AR nhar thanh ¢o mdi diu ngam 1ai A va mot dlu ¢
licn két dan hdi theo phuong ngang (ai B. Sor ¢ tinh cla h¢ nhy trén hinh 2.4b,
luomg tmg vaoi so dd 2 trong bang 2.1, Vi do cting cha thanh BC biing v cang nén
khi h¢ bj mdl 8n dinh thi chuyén vi ngang tai 8 vd C 14 nhu nhau. Do d6, h¢ 3
dan hdi & cha fién két dan hdi @i B chinh la chuyén vi ngang tai ddu tw do C cia
thanh CD do luc don vi ddt i C iy ra, 1a cd: k= B/ 3EL

Tir k&t qua cho trong bing 2.1, véi so dd 2 ta ¢6 phuong trinh 8n dinh:

; kIt

gy =v—yv"' ——,
{_)’

Bé gidi phuong trinh siéu vigt nay ta van dung phuong phéap dd thi: 1in lugt ve
cic duimg bidu didn cta ham S = rg v viham S=v ~ (kEI /13) v3 theo bién sd v
nhu trén hinh 2.4¢ 8 tim giao didn cla ching. Hoanh d9 cla nhing giao difin
ndy xdc dinh cac nghi¢m cin Gm. Tir hinh 2.4¢ ta thidy nghi¢m ¢6 y nghia thye (&
(uomg mg vai 2id tri cha vy niim trong Kholng (ir 772 dén 37272,
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Hinh 2.4

o Khi & = 4/ 3EI : Theo phuong phap d6 thi ta xéc dinh duge vy, = 0,697 = 2,16,
Do dd: Py =(2,16P EI/I? = 4,67 El/ 12

e Khi & = oo, tirc 12 khi khong ¢6 lién két dan héi, phuong trinh én dinh trd thanh:
tgv=—oo; v= w2 K& qua: Py = 7EI/ 412 Ta dugc cOng thire tinh lye tdi
han cho thanh ¢6 mt dau ngam, mdt ddu tr do (so dd 5 trong bang 2.1).

e Khi £ = 0, tic 12 khi thanh din hdi (rd thanh tuy¢t d6i cing, phuong trinh dn
dinh tr& thanh: tg v = v v = 4,493, K& qui: Py = n2El/ (0,71)2. Ta dugc cong
thwie tinh Iue t6f han cho thanh ¢ mdt ddu ngam, mdt ddu khop (so dd 6 trong
bing 2.1).

Vi du 2.3. ‘Trinh bay cach tim lyc t3i han cho thanh ¢é mdt ddu ngam dan hoi,
mdt ddu ¢d lién k&t thanh tuy®t d6i cing (so dd 3 trong béang 2.1). Tim luc (61
han cho cac sordd 6 va 7 trong bng 2.1,

T phuong irinh (2.13), cho k = 0; @, = 2w = w v&i w B h¢ sO dan hdi cida

ngdm din hoi, ta dwge phueong trinh én dinh cho truomg hep nay nhu sau:

1!

lgv = 2o kI

f+

bé xdc dinh vy, 1a cang van dung phuong phap dd thi nhur da thue hign trong cic

vi du trén. Sau khi bidt vy, ta dé dang tim dwge Iy 16i han tuong tng.

o Khi @ = 0, tirc 12 khi lién k& ngam dan hdi rd thanh ngam cimg, phuong trinh
On dinh (rdy thanh: (g v = v ; v = 4,493, Ké qui: Py, = 22EI/ (0,71)2. Ta duge
cong thice (inh Iy (§i han cho thanh ¢6 mdt dhu ngam, mdt ddu khop (so dd 6
trong bang 2.1).

» Khi @ = oo, (i 12 khi ngam dan hodi tr¢r thanh khop, phuong tiinh 8n dinh trdy
thanh: sinv =0; v=x K8 Qua: Py = 2EI/ 2. Ta duge cOng thic tinh lyc (i
han cho thanh ¢6 hai dAu khdp (so d0 7 trong bang 2.1).
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Vi du 2.4. Trinh bay cich tim lyc 161 han cho thanh ¢6 mdt ddu ngam cuing, mdt
ddu ngam trupt va ¢6 lidn ké thanh dan hdi theo phuong vudng goc vidi true
thanh (sor dd 4 trong béng 2.1). Cho biét & 1a hé s& dan hdi ca lien k&t thanh
dan hdi. Tim hre 101 han cho thanh ¢ so dd 8 va 9 trong bang 2.1.

Tr phuong trinh (2.13), ¢cho @, = 0 @ = 0, ta duge phuong trinh én dinh cho

trirng hop nay nhu sau:

e , , ”3 e ,
dxin L = \__/n fll sty hay sin—1{ 2sin- - v—’\‘ 3LI cos—\ =0,
2 I8 2 2 1= 2

Phuong trinh én dinh nay duge thda man véi hai khit ning:
+ 5in(v/2)=0. (a)

- 13 * ]
*2sins —v- kv EI cos~ .= 0, (b)
2 2

13

Sau khi giii (a) va (b), ta chon gia tri vy, nhd nhit 3 tim lye t6i han,
e Khi & = 0, tirc 12 khi lién k&t thanh dan hoi triy thanh thanh tuy@t doi cimg:
s Tira): sin(v/2) =0 suyrav=2x
s Tir (b): 1g(v/2) = (w2) ; suyrav = & 980,
Chon gid (rj nhd nhit, ta co vy, = 2 suyra Py, = 4722El/ 12 = 22El/ (0,51) .
Ta dugc cong thire tinh Iy t6i han cho thanh ¢d hai ddu bi ngam (so dd 8 trong
bang 2.1}.
* Khi k = oo, t1zc 12 khi khong ¢6 li¢n két thanh dan hoi:
Sl (): sin(w/2) =0 ssuyrav = 2x
e Tirih): tg(v/2) =0 rsuyrav = 1.
Chon gid tri nho nhdl, 1a cO vy, = 7 suyra Py, = R2EW/ 12
Ta duye ¢dng thie tinh lye téi han cho thanh ¢6 so dd 9 trong bang 2.1,
2.3. On dinh cua thanh théng tiét dién khdng ddi, chiu lyc dit
bat ky doc theo chiéu dai thanh
A. Cdch tinh chinh xdc
¢ gidi bai 1odn dn dinh cda thanh thing chiv mdt sG fye a4t bl ky doc theo
chidu dai (hanh, ta ¢in chia thanh thanh timg doan trong do chuyén vi, ngoai iue
la lico tpe d& 14n tuot thiét 1ap cac phuong trinh chuyén vi va ndi lye ¢in thidt tir
{2.4) a&n (2.11) cho timg doan thanh, Can ¢ vao céc didu ki¢n bién & diu thanh
vir ¢die didu kign ndi (i€p gita cac doan thanh sg 14p duge phuong trinh &a dinh,
tr Jo xdc dinh duoe Tye 16i han.
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Dudi day ta sg tim hidu cach thye hién qua mot vai trimg hop cu thé.
4+ Thanh ¢6 Khép tua ¢ hai diu, chiu lue dit & trong nhip (hinh 2.5)

Trong trudmg hep niy 1a chia thanh thanh hai doan:

AC, BC va thiét 13p cac phuong trinh chuyén vi,

2OC xoay cho timg doan thanh & trang thdi bién

dang:

e PDoan AC {() 2y <aj.

Cac thong s3 ban ddu tai A:

vi(0) = O: CVH0) = N
M) = 0; Qi(0) = - Qa.
Do do theo (2.4) va (2.5) ta cos
Q
yi{z) = A sinay zr + 3A (crzp—sinay 2} Hinh 2.5
&, a; )
, . 2
Yz} = yacosay 2 +—== (1 = cosar 1) : (a)
«, Ll
2 P
trong do: a; =—. (b
I p

* Poan BC, chon gdc toa 4o 1gi B vai ¢hidu truc 2 hudmg xudng dudi (052> <b):

Cic thong s& ban diu tai B

Vo) = O Va(0) = ¥ . M20) = O; 0A0)= Qn.

Trong doan nay lyc nén biing khong nén @ = 0, do do cac phuong trinh (2.4}
vi (2.5) ¢6 dang vO dinh. Sau khi khirdang v0 dinh, tacé :
v2oA22) =V~ %Z; ; Vaz2)=¥'p - %25 (c)
Trong cdc phuong trinh teén, ¥'a © ¥'p; Qa; Qs 12 cic dai luong chua bidt,
N&u 201 v 13 d0 vong tai C, tir didu ki¢n can bing cha h¢ ta ¢6:

9
Py ajbly.
QA = QB = ¢ = _.i__(’_ (d)
/ !
Tir phuong trinh diu cda (¢) dong thii chi  t6i (d), ta co:
Cy 3 !
ye=vafb)=vgh =Byt
Ye=yab)=yuh-— Qp afEl
6baiEl
Suy ra: Qa=0p=vp x ()

61 +af]2b3
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Cac didu kién ndi tiép lién tuc gitra hai doan: v,fa) = va(b) ; v'ifa) =-v'> (b).
Theo (a), (¢), () va sau khi bién ddi, cic didu kién ndi tiép lién e sé ¢o dang:

aizbj b
Vi I+ o sinaa —_\"37 (b + sinaga) =0 ;

2.3 2
’ a, b b [ a;b
¥+ Py cosaya +v'p 7 I+—- —cosa,a| =10,

Tir didu ki¢n tOn tai cic thong sd v'4 va y'p ta duge phuong trinh én dinh:

sina]u —(a]b+sfna1(1)
Diaj) = 1 aib’ = 0.
cosa a F+—— —cosq u
b 3
Sau khi khai trién dinh thoce trén va bién déi, ta dugc:
aib
gaa =y . (2.15)
a’;b‘“ /
3 B b
Truomg hopa = b =1/2, néu' dit v = o, thi phuong trinh (2.15) ¢6 dang:
e v Ov
v 2 \'2 - 36 .

Nghi¢m nhd nhit clia phuong trinh v = a)f = 4,32.
Do d6, theo (b) taco: Pu = a; EI = 18,66 Elf 1.

4+ Thanh ¢6 m{t diu tyw do, mét ddu ngam chiu mot s lyc tap trung
Trude tién 1a xét truomg hop thanh
chiu tac dung cta hai lye: P; dit & aﬂ ,f_’fi{
dinh va P> dit & vi tri bdt ki trong '__T
nhip (hinh 2.6). Cac lyc P; v P2 luén y‘% | T
ludn gitr mt quan hé (¥ 1& nhdt dinh. be

.y o

}
Chia thanh thanh hai doan: i + {
e Doan thi nhdt (0 <z <aj: A ' P 5
‘Theo cic phuong trinh (2.4) + (2.7) 6
ta c6 thé vidt: _l_
, sina!z
vz} =0+ ¥v'1o) ; z
¢,
vz} = v(0) coseyz: Hinh 2.6
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Myz) = a; EIy(0) sinayz ;

1)
Qnz)=M'i(z)-Pryi(z) =1, trong do: af = Ei’ .

» Poan thir hai: B¢ viét phuong trinh cho doan ndy duge d@ dang ta chon gdc
toa do tai didm diit luyc P». 1.ac nay 2 bién thién trong khoang (0 <z <b).
P+ P

_a

CEI

Theo didu ki¢n lién fuc gita hai dogn, 1a ¢o (hé xé4c dinh ¢ic thong s8 ban diu caa

bau:

My

doan thir hai nhur sau;

.w'nalu sin @, d
v2oA0) = vi(a) = ¥(0) + v'(0) T Ma0)=Mia) = Py(0) '
a‘, aj
VAO)= 3" a) = v(0) cosaya ; 0:(0) = Oi(a) = 0.

Theo (2.4) va (2.5) ta ¢6 cae phuung trinh chuyén vi va goc xoay viél cho doan thir
hai: '

Sinex I CoseL

valz) = v(0) + ¥'((3) + v(0) L sinasz -
Q, @,
PI sinaia
- - V(0) (1— cosarz):
P/ + 12 a,
Py oa,
Vi) = v{0) cosapd.cosar 7 — ~————= V() sin cya.sine 7 .
P} + 1’2 «
!
bicu ki¢n bién & ngam, khi 2 = b, ta co: va (b) = Ova vy (b) = 0.
. sinala cosa,a
va(h) = Y(O) + v'(0) + v(0) sinas b —
104 a
{ 2
PI .vinalu
- V() {1—cosaab) =0;
1] + 1’2 a,
: P a -
v'afb) = v'(0) cosea.cosas b - —<y(D)sin aqa.sina:b =0,
’ . P+ a
i 2 71
Hay:
sina,dcosa P, sinaa
¥ +v'(0) + sina b — . . (I—cosa b)|=0;
o a, "1 + 12 a, -
P,oa,
Y0} cosaya . cosax b | - =1ga tgab | =0,
1’1 + P, a, -



bé 1ap didu kign dn (@i nghigm 0} va v'(0) ta cho dinh thie ¢ac h¢ sO biing
khong. Sau khi khai trién dinh thie ta duoc phuong trinh On dinh:

I", a,
I’ + P

cosegd . cosash | [~ Is;a a.Igo, bl=10. (2.16)

Phuong trinh 8n dinh (2.16) duge thod mian vai mot trong ba khi nang sau:
P+P, a o

1 tgaga . igazh = 7 'xa—"za—". (2.17)
! 2 1
Luc nay h¢ mét dn dinh theo dang ve trén hinh 2.6a.
2) cosas b = ) (2.18)
[.dc nay he mdt 8n dinh theo dung vE trén hinh 2.6b.
3 cosasa = 0 (2.19)

I.ic nay hé mit 8n dinh theo dang v¢ trén hinh 2.6c.
‘Trong ba trirmg hop trén, phuong trinh (2.17) thuimg cho luc 161 han co 2id tri
nhd nhit.
Vi du 2.5, Xac dinh luc té¢i han cho thanh trén hinh 2.6a. Cho biétla = b = /2 :
Pr=P; Pr=3P

P] P +I’ P
1941 QI =,l—"—=a; ar= =2a; . v=al.
1 17

¢ Theo phuong trinh (2.17), ta co: g (v/Z). tg v = 2. Gidi phuong 1rinh ta dugce:
vih = 1.23 dod®d: Py= 1,232 EI/P = L513El/

¢ Theo phuong trinh (2.18), tacd: cosv=0. v =22 ;dodd: Py = 22 EI /412

e Theo phuong trinh (2.19), ta ¢6: cos(/2) = 0. v =x:dodd: Py =2 EI/F.

L.uc (31 han xdc dinh theo phuong trinh (2.17) nhd nhit. Viy: Py = 1,513 El /12,

Pai vai thanh chiu nhidu lye (e dung , nguyén tic tinh todn cong tuong tw, song

bii 10dn st phic tap hon. Trong thye hianh, nén ap dyung phuong phiap gin diing

a@ gidi.

B. Cach tinh gan ding
Gido su A. N. Korobov da dé xudt it cich tinh gin ding dd xdc dinh lye téi
han ¢ho thanh ¢6 mot diu ngium v mot dau ty do, chiu tac dung cia nhicu luc
nén doc theo truc thanh, '
X¢t hai trudng hop thanh chiu e nhu trén hinh 2.7a va 2.7b. Nhur da bidt:
T trong 161 han doi voi truong hop thir nhit: Py, = 22 E1/ 412,
< T trong (¢ han d6i voi truong hep thir hai: Py, = 22 EI/ 422,
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an) *

Hinh 2.7 Hinh 2.8
“I'ir d6 ta suy ra bidu thire quan he gitra Py va Pz nhu sau:
2
El 2z~
Py =n’ —x—5 = Poy pi(z) = Pr pilz2) Auh <
4z- I
b
2 P 2y
trong d6: iz} = Z—,: A = — th ”2 £l ;
- Pulzy a1<u(z)

vOi Ay 2itr vai trd thong O K3 han.

Nhu vy, néu xem hai truomg hop trén tuong duong véi nhau thi ¢6 thé n6i riing
lue t6i han diit & ddu trén cla thanh nhd hon lye 16i han dat & diém bat ki cach
ngam mot khoang : 1a g4z) Kn. Do do nfu ¢6 mdt lye dit & do cao bit ky cach
ngaun mOt khodng z thi ta ¢o thé chuyén luc d6 1¢én diu trén clia thanh ddng thoi
gidm gia trj cha lyc xudng z(z) 14n. Luc dugc chuyén 1én ddu trén cia thanh
duoe goi 1a le gy wdc. "

Theo quy e chuyén lye néi trén ta ¢6 thé md rong cach tinh cho hé c6 nhidu
lye dat & cac dd cao khac nhau. Gil st h¢ co n e véi lye that 7 12 P; dit céich
ngam & dd cao P; (hinh 2.8). Lic nay, e quy ude duge xdc dinh gidn ding theo
nguyén 1y codng tac dung (d6 12 sy gdn ding cda phuong phip vi v nguyén tic,
trong bai 10dn &n dinh khong dugce phép ap dung nguyén ly cdng tac dung)

] n
P=Pruzy) + Prgfza) + .. +Pijzi) + ... + Py pifzn) = E!’j;r(z‘.).

i=1
NEu cae lye Pj déu duge bidu thi theo mot thong s& 161 han Ay thi ta co thé vidt:
n > EI
Pin=P. Ay = A ZP:-H(ZI-)=JT ?
i=1 -

Tir h¢ thire trén ta suy ra cong thae xac dinh thong s3 (61 han cia hé lyc P;



2 >
A = L (2.20)

5 M )
41= 3 Pyz,)
i=/
Vi dyu 2. 6. Xdc dinb lue (61 han ¢ho trudmg hop thanh chiu tai trong da x¢ét & vi
du 2.5 theo phuong phip gin dang.

. 2 ;‘ 2 ;u
Theo (2.20), 12 €6 - Ay = — 14 = 4 Lz" .
412[1’ +3P.rJ 7Pl
4
xlET El n2El Ef
Vay i Pri = P =——=141—: Pup=An3P=3—-=423—.
7P’ 12 7P1° /2
8131410
Sai 0 50 vin k&t qui chinh xac: SETTr I x 100 = 6,8 %.

2.4. On dinh cla thanh thang tiét dién khong ddi, chiu tac dung
cua trong lugng ban than
A. Cdch tinh chinh xac

Cich tinh chinh xac duge xay dimg (rén co s& phuong
phip tinh hoc: thiét Eip phuong trinh vi phan & trang (hai
cin hing 1¢ch khoi dang ¢dn bilng ban diu, gidi phuong
trinh vi phin va 1ir didu ki¢n (0n (i (rang thai can bing
1¢ch suy ra lye t6i han cln tim, Dwyi diy ta sé tim hidu
ndi dung cidch tinh thong qua mdt vi du vé trudmg hop
thanh ¢6 mdt ddu ngam va modt diu tyr do, chju tac dung
clia trong luomg ban than bidu thi dudi dang tai trong
phin bd déu véi cudmg d0 ia g (hinh 2.9).
Xudt phdt tir lién h¢ vi phan gitm dao hdm cdp ba cla

chuy@n vi vai Iye ¢t Qfz), 1a ¢o: Hinh 2.9
ElIv'' =—-Qz)=—gq 2 singp =~—-qztgp = - gy’
Do déx EIv'' +qgzyv' =0 (2.21)
3
NEu dat: z=t!; vi=u; al = i (2.22)
Ll
thi phuong trinh (2.21) ¢6 dang;: d ‘,' +attu=0. (2.23)
dt”

Do 1a phuong (rinh vi phan ¢dp hai ¢o h¢ 86 thay d8i. Nghiém cla phuong trinh
{2.23) ¢6 thé vidt dwdi dang ham Bessel hay dudi dang chudi vo han.
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Néu dung chudi vo han ta ¢o:
H=co+ il + P+t + .+t + ... (2.24)
Thay (2.24) vao (2.23), ta duoc:
Qe+ 23 ¢cit+3dca P+ vatfcot+ P+ eaP+.)=0.
Hay: 20+ (23 ci+ acolt + (34 cy+ae) P +
+ {45 cs+alca )t +(5.6c6+ a’cy)d +... =0,
Phuong trinh ndy ¢in duge thod man vai bt ki gia o z tiee 12 voi bat ky giatr ¢
nén ¢ic h¢ s ctia da thire mity bude phii dong nhit hing khong. Do do, ta ¢6:
cr=1}: 2.3 ¢ = —aice, 3d ey =—-ate;:
s o ([4
4.5 cs=—acy =0; 5.6c6=~a’cs=— co;...

Ta thily cac hiing s6 ¢ mang chi s6 2, 5, 8 /1, ...d¢u bliing khong, tic 13:
=0, v i=01 2.

5

o i at N . - —dad”
Cic hdng s0 con lai ¢o quan h¢ nhu sau: ¢j4p = ——————Ci-1,
(1+ )i+ 2)
va ciing ¢6 thé bidu thi theo ¢, va ¢y
2 2 4 4
m:—(—’_c : C‘.r=—L €r: Ca = a Co;: C7= < cy
Tz 34 " T 2356 3467
tl'? 3 (l4 u() 4
Do do: H=cyl f-—1t + 1(’ - ¢’ +...| +
2.3 23306 235689
2 4 é
i b ! {
U1 I R AL L AL - ] (229
34 34.6.7 34.6.7.910

Céc didu ki¢n bicn:

+Khiz=0, ticlakhisr=0tacd: M=-Elv''=0,suyradwdx = 0.
+Khiz=/,urclakhiz=/, tacd: ¥y =0,suyra u= 0.

Ldy dao ham (2.25) theo

2 4 6
i a2 4 a 8
— =y —— 7+ I - r+... ]+
dt ( 2 235 23568 J

(.12 3 U4 (l()
+eifl——1" + - A
3 34.6 34079
Iir didu ki¢n bién thir nhat 12 tim duoe: ¢ = 0.
Tir didu ki¢n bién thir hai ta 13p duoc didu kién 10n tai clia ¢, nhur sau:
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at a’ - o®
{——+ - +...
23 2356 235689

Giai phuong trinh (2.26) ta tim duge nghi¢m nhd nhit cla e 1a: a = 2,799

=0 (2.26)

Nhur vy, theo cong thae (2.22) 14 suy ra duoc:
Kl Ll
(gl = & ]—2 = 7.84 1_2 (2.27)

B. Cdch tinh gdn dung

Gido su N, M. Mitrdponski da phat
tridn cich tinh gin ding ctia A. .
Korobov dé gili bai toan 8n dinh
ctia thanh chiu tai trong tac dung
doc theo chitu dai thanh (hinh
2.10a) va phin bd theo quy lufit bl
ky (hinh 2,10b).

Theo phuong phip nay, ta thay
moi phiin (3 luc ¢(zjdz (hinh 2.10b)
dil tai €l dign ¢6 g do z bing
oL phiin (6 lye tdp trung dQ dal &
ddu trén ¢ha thanh, Hinh 2.10

g?(zké

I‘-_—N_als"}‘ }

Phan 6 lye p trung ndy duoe xdc dinh theo nguyén tde chuyén lue turong
duong cia A. P. Kordobov:
dQ = (z/1)2 g(z)dz .

Nhu vay, tai ddu trén cda thanh st ¢6 mot Iye tap trung @ tuong duong voi 1oan
bo 11 trong (dc dung trén chicu dai thanh (hinh 2.10c¢):

{
Q :i?‘[z')q(z)dz. (2.28)
=
Tir hinh 2.10b ta thdy g(z)dz = dF, v&i F 1a dién tich cta biéu d6 thi trong phin
hi. Nhu viy, tich phan 'lmng bidu thic (2.28) chinh 13 mdémen quan tinh /, clia
bicu dd tai trong phan bo My doi vai true ngang di qua tidt dign & ngam. Do do:

!
Q:j—zl(). (229)
! L1
Khi thanh bi mat én dinh, ta co; Q= — lon = il -
i 41-
x’El
Suy ra: Toah =——. (2.30)
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Phurong trinh (2.30) cho phép ta xic dinh duoc tii trong t6i han tac dung doc
theo chidu dai thanh véi quy lufit bat k.
Cac trinrng hop dic bigt:
s Thanh co 1iét dign khong ddi chiu tdc dung caa trong lupng ban than.
Lic nay 131 trong lac dung (rén

< N @ 4 2
thanh phin bd déu nhu trén hinh e S utay —-):__: -9 2
2.11b. Ta ¢od: z : =
3 —
ol = ]
loah = [”; _-1| ? g
Do do, theo (2.30): | =
2
s El El - - - —
(i = — 5~ =74 —.
412 i 2
Sai 80 5,5 %. Hinh 2.11

< Thanh chiu tai trong phdn bd theo ludt hinh tam gide nhie trén hinh 2.1 1¢.
Taco: fogn = qun 1B/ 4. Do do, theo (2.30): (gl = 9.87 EI/ P, .
K&t qué chinh xac do A. N. Dinnhich tim dugc 1a: (gl = 10,24 EI / 2. Nhu
vily, sai $0 khi tinh gén dung trong trutmg hop nay 12 3%.
o Thanh chiu tai trong phdn ba theo ludt hinh tam gide nhue trén hinh 2.114d.
Taco: fo = g /12, Do do, theo (2.30): (gl = 29,6 E1/12,
KE1 quil chinh xac do A. N. Binnhich Gm duwgc 1a: (gl = 21,2 EI /2. Nhu
vay, sai $8 khi tinh gén ding (rong truimg hop ndy 1a 8%.
Qua nhing két qua vira tim duge & trén a thiy cach tinh gdn ding clta N. M
Mitroponski cho k& qu twong d0i t6t d8i véi nhimg trudmg hop tai trong phin
b gidm ddn (ir ddu ty do dén diu ngium.
Ngoai cich tinh gin dang trén, 1a ¢con ¢o thé van dung cac phuong phidp khac
trinh bay trong Chuong 1 d& gidii bai toin nay.
Trén day ta da nghién ciu c4ch tinh chinh x4c va cach tinh gin dung dé gidi bai
todn Gn dinh cta thanh ¢6 mdt dfiu ngam va ddu tr do chiu tac dyng cha trong
lugng bin thin. PGt véi nhimg tnromg hep thanh ¢6 cdc dang lién k& khac, cach
2idi bai todn cang twong ty v¢ nguyén tic.
Trong (At ¢h moi trutmg hop, ta ¢o (h vidl cong thie (Ai trong (61 han dudi dang
18ng quit nhur sau:

I
(gl = Kl—z. (2.31)

K la h¢ 3 phy thude vao dang licn k& & ddu thanh va dang phan b cda 1ai trong.
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Trong trudmg hop téi trong phin bd déu doc theo chidu dai thanh, theo [9] gia tri
ciia hg sd K tim dugc nhu trén bang 2.2,

Béng 2.2
5 b
sl
4 ¢ ; | ' ¢ |
tai | ¢ | / ‘ 4
trong ' { { l | i '
i"ﬁ ‘/n f‘ru b %& \;Ix:(%
K 7.84 525 18,8 736 19,28 29,6

Khi thanh chiu tac dung ddng thoi c¢i thi trong phian bd dlu véi cudmg dd g va thi
-trong tap trung P ddt & ddu trén cda thanh nhu trén hinh 2,12, thi tai trong (61 han
duge xdc dinh theo cOng thie sau:

Ef
@ 4 P =K—. (2.32)
P lp I
r‘““f ! Trong d6 K la he 6 phu thudc dang lién két & ddu thanh,
‘ | dang phan b3 cda tai trong va cudmg do cla tai trong
‘ } phan bo.
Ha ,A* Trén bing 2.3 (theo {22]) cho cac gid tri c¢ha h¢ s6 K,
t K theo cic tri sG n = gl / 22ET twong img voi cac truong
% } hop thanh ¢6 dang lién k& nhu trén hinh 2.12a va 2.12b,
e chiu tai trong phan bd déu.
Hinh 2.12
Bdng 2.3
n=qgl3/ 72 El 0,00 025 050 0,75 1,20 200 300
Hinh 2.12a b4 863 7,36 6,08 4,77 - 0,66 — 4,94
K i 2.120| 7274 2,28 2,08 1,91 1,72 0,96 0,15

2.5. On dinh chia thanh thing cé tiét dién thay ddi

Van dung phuong phap chinh xac dé gidi bai toan Gn dinh cla nhang thanh thing
¢O (i8t dign thay ddi thuomg giip nhidu kho khidn trong qué trinh tich phan céc
phuong trinh vi phan vi h¢ s8 cla cac phuong trinh nay thudmg la nhimg dai
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lirgng thay déi. PG véi nhimg thanh ¢6 1iét dign thay ddi ta nén ap dung cic
phuong phip gdn dang da trinh bay trong Chuong 1.
Trong myc nay chi gidi thicu cich tinh chinb xéc cho mot 6 trudmg hop thudimg
2ap trong thye (8.
A. Thanl co do cing thay doi theo hinh bdc thang
Xét thanh gdm hai doan ¢ dd cimg thay ddi voi he toa dd chon nhu trén hinh
2,13, Goi E1; 12 30 cing ctia doan rén v E7 12 do cung caa doan dudi .

Phuong trinh vi phan vict cho timg doan nhu sau:

£l )'1”4—1"_\';:])5: E]g}’g”+P)-‘3=P(5.
Nghicm ¢tia hai phuong trinh vi p e,
phin: ,
' =Apsinag By cosaz+ iRl
vy =Apsina; 2+ B cosaiz+ o, L . { 3,
V2 =Assinas 1+ Bacosar z+9, |
. 2P :_ P ¢
vidi: o) =-—— o5 = . |
! . 2 2 (2 I
I',]‘. JI-) fz
Cac diéu kicn bicn: l
slaiz =0 1uco vh=10;
slaiz={:1acéh Vv, =0; Hinh 2,13 Hinh 2.14
, >
. - r ] S e ]:Ij r a; '
staiiz=/acd ¥y=ys vl V= —= =5,
£i, a5

T ¢he dibu kign bign a 1ap duge hé bdn phuong trinh, dit dé xd& dinh céc hiing
s0 lich phiin:
A>=0;
Arsinagl+ Byeoseyl =0
Arareos aply — Bragsin el + Boassineals =0
Apsinarl + Breosajl — Bacos enls = 0.

Lap didu ki¢n tdn tai cac hiing sd tich phin ta duge phuong trinh 8o dinh:

.\‘ina‘,! ('(').\'(1,[ {)
. o,
Dia) = z'o.sall_, —xma!l_, —~.€::ra,!2 =0
a, -
.w'na] 12 cosa, l_, - ('osazlz
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Sau khi khai rién dinh thic (rén va chinh 1y Igi, ta duoc phuong trinh 8n dinh:

gy
gail g ol = —, (2. 33)
>
Khi bidt cic ty s Ely / ElL va b /1, ta ¢o thd gidi duge phuong trinh (2.33) va
1r do suy ra lue t¢i han ¢in tim.
Trong trudmg hop thanh chiu hai lye t3p trung: lye Py dat & dinh va lyc P2 diit &

¢hé Uép gidp gita hai doan nhur trén hinh 2.14, cting thiét 1ap (vong ty nhu trén
tu Jquge phicag rinh én dinh:

a, PI+P,
ol tganl:= ——x = (2. 34
o, [’1

trong do : a,= [P JEI, i a,= (P +P,)[LL, .

Vi du 2.7, Xic dinh lue 161 ban cho thanh trén hinh 2,14, Cho bidt
2 3
[,:—gf,'[_q:i;—[,‘ Pi=P: P3=5P1'L)E[3=3Eh.

Trong (ruomg hop nay:

a, :,{P/[:’)’Jr =i O, = (l’+5[’)/1513 :\/61’/],5151'1 =2

1 2
a;l;:a.z!.—-v; ombh=2a-Il=a=1=v,
3 3 il

Phuong trinh (2.34) codang;  (g°v =3 Hay gv= NEN Suyra: v=71/3
2
Dodotacsd: ve=a—f=<1 [P/, =%
i3 K
ol

I .
ar?

Suyra: P =

Cing ¢6 thé ap dung phuomg trinh (2.33) cho thanh chiu lye nén & hai du thanh
¢o dang nhu rén hinh 2.15, néu sir dung cdc ky hi¢u nhir da ghi trén hinh ve.

Do véi nhimg thanh ¢6 dang

P i =J} o P nhu (rén hinh 2.15, a ¢6 thé
I .,{ N LA LA . . P
L—-b . t’,-——-l :}u L}(’)ng lh‘UL xac¢ dinh lue o
I ) 1an nhur sau:
Hinh 2.15 Pp= Ky —F. (2.35)

J2:

K> — h¢ 83 phu thude dang lién k&t ddu thanh vacacty sd I,/ L 0 /1.
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Theo |9} va {22], hé 88 K> tim duge nhu trén bang 2.4.

Bdang 2.4
w 0,2 0,4 0.6 0,8 1,0
/1
0,01 0,153 0,207 0,598 0,257
0,10 1,467 2401 4,498 8,590
Thanh c6 khdp 0,20 279 4,200 6,694 9,330
J hai diu 0,40 5,089 6,680 8512 9,675
0,60 6,978 8,187 9,240 9,780
0,80 8,550 9,177 9,632 9,840
1,00 . . ) ) py
0,01 0,614 1,082 2,390 8,484
0,10 5,866 9,484 15,467 17,130
Thanh cé ngam | 0,20 11,132 16,261 20,460 21,058 -
& hai ddu 0,40 20,238 24,888 36,306 27,470 -
0,60 27,713 30,616 31,086 32458
0,80 34,022 35,314 395,442 36,374
1,00 . . - : 4r?

B. Thanh c6 dj ciing thay doi theo ludt Iy thira
Thanh ¢6 d¢ cung thay ddi theo udl 1y thira thudomg ¢6 gia tri sir dung tuong
ddi cao trong thye t& Vign sT A. N. Dinnik 12 ngudi dbu tién da nghién ctu sy
On dinh ciia nshimg loai thanh nay.
Xét truomg hop thanh chiu nén ¢6 mot diu ngam va mot ddu ty do nhu trén hinh
2.16a. Gid thiét momen quan tinh cia tiét dién thay déi t¥ 1¢ voi khoang cach tir
diém 0 nao do6 (hinh 2.16a) theo ludt 1oy thim:

I(z) = 1;[3] . (2.36)

¢}

trong d6 /; 1a momen quan tinh & diu trén cida thanh, & mo phu thudc hinh

dang cu thé clia thanh,

< Trudmg hop thanh c6 1iét dign ddc (hinh 2,16b) trong d6 chidu cao /1 khodng
ddi con chidu rong b thay d6i bac nhét doc theo chidu dai thanh thi 2 = 7 néu
khi mdt dn dinh thanh bj udn cong quanh (ryc .

& Trudmg hop thanh c6 tiét dién réng (hinh 2.16¢), trong d6 mdi canh thay déi
hiic nhét doc theo chidu dai thanh, ta ¢6 n = 2. That vay, trong trudmg hop nay
mdmen quan tinh tai tiét dién ¢6 toa dd z bit k¥ duge xac dinh nhur sau:
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Iy = 4A[h(22) ] v6i A — dién tich G& didn & diu trén cha thanh.

-
- Z

2
h - -
Nhung hfz) = h; = nén: I(z) = 4A - [3) =1,[3], (2.37)
a

o o

< Truimg hop thanh co tiét dién ddc thay déi theo dang hinh chép cya hay hinh
non eut, cing 1y lugn twong ty nhu tréntacdn = 4.

;‘1" ’l —— -IO
|
- ¥ |
l i b
IR L + -
.v‘;_r P
!
h_L = -TI {
-
L
a _1
Hinh 2.16 Hinh 2.17

B3 pidi bii 10dn nay 1a chon he truc tog dd nhu trén hinh 2,17, Phuong trinh vi
phin c¢ta dudmg dan hdi ¢6 dang:
1=
EI [ ] L} = - Py (2.38)
a4 dz=

Phuong trinh vi phan nay ¢6 h¢ s@ thay ddi. Ta c6 thd tim nghi¢m du6i dang
chudi vo han hay dudi dang ham Bessel. Truomg hop khi n= 2 vain = 4, ta ¢o
thé dm nghigm cta phuong trinh vi phan dugi dang cac ham so cdp.

a} Trudong hop chung voi n #2

) 1 Iy Iy
Sau khi d6i biénsd z= ~, tach: & —uzfi;
1 ez dit
2 >
“y d- d
i% =u* —;-k 272
dz= 7 du” "
,
R v fAS _
Phuong trinh (2.38) ¢6 dang: e ‘; + 2:;% vou” 3).-' =0, (2.39)
du i
Pa”
(rong do; @’ = . (2.40)
EII



Phuong trinh (2.39) 12 phuong trinh Bessel, nghiém cia phuong trinh ¢o dang:

v=ut Z[C]JP(Z(Z pu’ 2"’)+C.,J_p(2a pul 2Py, (2.41)
!
trong d0o: p= ——. (2.42)
n-2
Jp v J_, 1a cac ham Bessel loai mot; € v Cz 1a céc hiing s tich phan.
Str dung céc didu kign bién va thidt 1p didu kién tdn tai cac hing s¢ tich phén ta
s& duoc cic phuong trinh 8n dinh trong d6 chita cdc ham Bessel. Tir phuong
trinh dn dinh ta xac dinh dwoc gid tri cha @ va tr 46 suy ra lye t6¢i han ¢in tim.
b) Trung hgop n =4
Theo (2.42), khin = 4, taco: p = 1 /2. Do do, nghiém (2.41} s& ¢ dang:
~12
y=u ! “[C},J“z(a u)+(,‘;,f_“3(au)].

Nhung: J‘, z(czn): sina i J 12(‘1”): Cosa i .
o u - o u
. ! |2 ,
Nén : y= —,— [C; sinau+ Cacosax u] .
n\ra
Hay: y=12 [/'m'mE + Bcos E} . (2.43)
z 4

Tircac didu kign bicn: e khi z=a: Wa)=0;
skhi z=u+1: dvdx=10,
ta e

.o a
Axin—+ Becoxs— =0
u a

. a o o a .«
Al sin - cos + B| cos + sin = (.
a+i{ a+l a+l! a+l a+l a+i

Do d6, phuong trinh &n dinh ¢6 dang:

.o @
Sin— oS —
D= a « =0
.a a Qa o o . o '
sin - oy cos + sin
a+! a+l! a+! a+! a+l a+1|
. . L Y igv o
Sau khi khai trién vh rit gon ta duoc: = = - T (2.44)
AL
al | {Pa®
u a

rrong ﬁo : v = (2.45)

tr(rr+f): a+i E[‘,
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‘I phurong trinh (2.44) ta xac dinh dugc gid tri clia v va dé dang suy rduoc luc
tdi han theo (2.45),
Ly tdi han dugce bidu thi dudi dang chung nhu sau:
El,
Pih= K3 —. (2.46)
12
K3 1a he s¢ phu thudc ty s8 d0 cimg cGa hai ti€t dign & hai ddu thanh. Trong
bang 2.5 cung cdp cac gid tri cia hé 50 K3 theo [22], tuong tmg voi khin = 4.
: Bdng 2.5
Wi, 01 02 03 04 05 c8 07 0.8 0,9 1.0

Kgy | 1,202 | 1,505 | 1,710 | 1,870 | 2002 | 2,116 | 2217 | 2308 | 2,391 | 2467

¢) Truong hopn =2
Trong trudmg hop # = 2 ta ¢6 (hd tim duge nghiém cla phuong trinh (2.38) dudi
dang cac ham so cip.
Néu dit £ = get , ta ¢O: ﬂ:i; d—yzﬂx£=£xﬂ;
dz 2 dz dt dr z di

d’y _1d’y 1ady
Sau khi thay cac s6 ligu trén vao (2.38) va cho nn = 2, ta s2 duge phuong trinh vi
phan thudmg nhu sau:

o 2_\' dy ra’

— y=0. (2.47)
= dtEr,
Nghi¢m cia (2.47): y= \fe_' {Asinyt + Bcosyt), (2.48)
' Pa® 1
trong Jdo = -—. 2,49
g I T (2.49)

!
Néu bidu thi nghiém theo bién 0 z, ta co:

y= \/E [A sin[}' lni] + 5 cos(y In E—]:' (2.50)
a d a

Cuang st dung céc diu kién bién tuong ty nhu trudmg hop trén, ta 13p dugc
phuong trinh én dinh clia thanh:

tg[;y m“—”]+ 2r=0. 2.51)
{3

Ung véi cac gid trj xac dinh clia a va /, ta ¢ thé gidi phuong tinh (2.51) d& tim
y vatlrdo suy ra lyc 16i han theo (2.49).
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Lyc t&i han duge bidu thi dudi dang chung nhur sau:
El,
Py = Ky —[2“ (2.52)
K, 12 hé s3 phu thude 13 s3 do cimg cha hai (i€l di¢n & hai diu thanh. Trong
bang 2.6 cung cip céc gia tri clia h¢ s Ky theo [22), twong Umg voi khi n =2.
Bdng 2.6
1/ 1 0.0 o1 02 0.3 04 0.5 06 07 08 69 1.0

Ky 0,250 11,350 11,593 {1,763 {1,904 (2,023 |2,128 |2,223 | 2,311 (2,392 |2467

Trén diy ta mai xem xét thanh ¢6 mot dau ngam, mot ddu tr do. DSi véi thanh
¢O khop tyra hai ddu cich tinh ctng duge thue hign twong ty nhur vily.

SO PO

Hinh 2.18

Trudmg hop thanh ¢ khop tya hai diu va 6 tiét diga thay ddi dGi xing ddi voi
ti&t di¢n gitra (hinh 2.18a) ta vin co thé sit dung cong thirc (2.46) va (2.52) ndu
thay / bing // 2. '
Bdi véi cic thanh ¢o (i€t dign thay ddi d8i ximg nhu hinh 2.18b ta ¢6 thé xic
dinh lyc t¢i han theo cOng thire ;

El,

Py = Ks 5 (2.53)

!

trong do Ks 1a h¢ s phu thudc cac ty s6: 1;/1>, a/l van.

Theo [22], A. N. Dinnik da gi4i bai toan nay va da 14p bang h¢ s8 K5 (bang 2.7)
tuong tmg véi quy luft bién thién cha tiét dién tir lay thira 7 d&n loy thira 4.
Vidu 2.8. Xic dinh léi'trong toi han cho thanh chiu nén ctia ¢idn truc.
Thanh c6 dang nhu trén hinh 2.18b véi cac kich thudca = 3,5 m; 1 = 17,5 m
va duge clu tao bdi 4 thép goc 75 x 75 x 6 mm, Mdi thép goc ¢6: dign tich tid
dién 1a 878 ¢cm?; mdmen quén tinh d6i voi tryc trung tdm x, ca riéng moi
thép gdc biing 46,7 cm?. Tiét dién & hai ddu va & gitra duge bO tri nhu trén
hinh 2.19a,b. Cho bift £ = 2,1. 107 N/cm?2 ;n = 2.
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Bédng 2.7

L1 n a/l
0.0 02 0.4 0.6 0,8 1.0
1 6,48 7,58 8,63 9,46 9,82
2.1 2 540 6,67 808 9,25 9,79 n?
3 501 6,32 7.84 9,14 9,77
4 4,81 6,11 7,68 8.08 9,77
1 7,01 7,99 8,91 8,63 882
02 2 6,37 7,49 8,61 9,44 9,81 m?
3 6.14 . 731 8,49 9,39 9,81
4 6,02 7,20 8,42 9,38 9,80
1 787 8,58 9,19 8,70 9,84
0.4 2 7,61 842 8,15 9,63 9,84 m?
3 7,52 8,38 g12 9,62 9,84
4 7,48 8,33 8,10 9,62 9,84
1 8,61 8,12 9,55 9,76 9,85
0,6 2 8,51 9.04 9,48 9,74 885 w2
3 8,50 8.02 946 9,74 9,85
4 8,47 9,01 9,45 9,74 9,85
1 827 9,54 8,69 883 986
08 2 924 9,50 9,69 9,82 9,86 n?
3 9,23 850 9,69 8,81 9,86
4 923 9,49 9,69 9.81 9,86
10 72 e x? 2 2 Y e

Momen quan tinh [; cda tiét dign & hai ddu va I> clia tiét dign gita:
I, = 4(46,7 + 878 6,942) = 1900 cm* ;
b =4(40,7 + 878. 17,922) = [1500 cm#*

Theo ¢Ong thire (2.53) ta ¢c6; 1388
% i
Ll s
Pé (im he s0 Ks ta cin xac dinh 1 | 4J1§*L
-=F
cac ty s0 sau: X l Iy

I; /1= 1900/ 11500 = 0,165:; .
a/l=35/175=020. Hinh 2.19



Theo bang 2.7 va ap dung phép ndi suy ta xac dinh duge Ks = 7,20.
7
1107 11500
Do do; Py = 7,20 -g'————., = 590 kN.
1750~
2.6. Anh hudng cla Iuc cat dén gia tri luc t6i han trong cac
thanh dac

Khi thanh bi mit én dinh, ngodi momen udn va lye doc nén, trong thanh ¢on ¢6
lyc cdt. B nghién ctu Anh hudmg cda tue cdt dén lye t6i han, ta xét thanh ¢6 hai
diu khop chiu tai trong P nhu trén hinh 2.20a.
Goc tnrgt ¥ cda phan td thanh ¢o chiu dai dz do Iye ¢it Q gy ra la:

Q
=y, (2.54
4 aA )

tron\g do: v —h¢ sd phy thudc hinh dang cha tiét dign.
G — modun dan hoéi khi truot,
Goi vy v y2 1an lugt 1a dO vong 2 24

cia thanh do momen udn va do
lyc cit gy ra, ta ¢6 (hinh 2.20b):

4

(1_\‘) Q v M
i~ }’ =V = R
dz GA  GA dz
Do do

(12}‘2 v xdzM
dz?  GA  4?

Nhr viy, nfu x¢ét dén cd anh
hudng cla momen udn va lye cit
thi phuong trinh vi phin cia
dudmg dan hdi ¢o dang: Hinh 2,20

dly &y, dh, M
— = + = — 4 —

dz®  dt df EI  GA

Nhung M = +Pyva M’ = +Pv' nén sau khi thay vao phuong trinh (rén, ta dugc:
v P

T

E;(z- J_wa_»,- =0,

Nghi¢m cia phurong trinh: v = Acosa z + Bsinaz, véi: a=

80



Tir cic didu kién bién khi z = O0va z=1{: v = 0 ta tim dugc phuong winh On
dinh:

sinaz =0
Phuong trinh ndy dugc thoa man voi ¢dc nghigm @ { = (2k+1) 70 vol £V me s
nguyen, Tai trong nhd nhit twong tmg véi khi @/ =, hay:

al=1
7°Fl /
Do do . Pip = ——. — =fPr, (2.35)
T i
GA |°
2
] = J¢
trong do: ﬂ = ——*—7—, Pr = &l ,)L‘] (2.56)
v m*Ef i
I+
GA 2

P dugce goi 1a lye 161 han cia thanh Euler.

Ta thdy £ ludn ¢6 gid tri nhd hon 1. Do do néu k& dén anh hudng cha lye ¢t U
lyc toi han se nhd hon lye Euler, Khi bd qua Anh hutmg cta lue ¢t thi = /.
P& danh gia mirc do anh hudng cla lyc cdt dGi vai Al trong tGi han, 1@ XGt rudig
hgp thanh thép ¢6 tiét dién hinh chir nhit voi v = 1,20 G = 8./0° N/icm?, g
suft toi han bliing giGi han chiy oy, = 2,0. JO¥ N/cm?2,
p= v];rr‘? B ‘f ) ] 1
2 I+ —o, g el

GA |2 G 8.10°

Ta thdy £ ~ 1 nén &nh hudmg cha lyc ¢t rdt nhd. Béd vay khi tinh 8n dinh ¢l cice
thanh dic, ta ¢6 thé bd qua anh hudmg cia luc cit.

2 a -
2.7. On dinh cua thanh ghép

Khi thiét k& thanh chju lyc nén twong dSi 16m, ta thudng md rong (&t dién bing
céch dung nhidu thanh ndi lai v6i nhau thanh thanh ghép. Thudmg ¢6 hai cich ¢iu
tao cic thanh ghép nhur trén hinh 2.21.

% Cach thit nhét ¢hinh 2.21a, b) ¢du tao bdi hai hodc bon thanh co ban thuome
bing cac loai thép hinh nGi véi nhau biing cac thanh giding ngang vi giling xica,
cac méi ndi duge xem 12 lién két khop.

¢ Cach thit hai (hinh 2.21¢) cdu tao bdi hai hode bdn thanh co bin adi voi nhau
biing cac ban giling, cac moi ndi dwoc xem 1a lidn két hian.

s-0pcT g1



Dudi tac dung cia lyc nén, khi thanh ghép bi m4t 8n dinh, hign twong tnrot s xay
ra trong hdiu hét c4c thanh giing hodc bin giing. Do d6, d8i voi nhimg thanh
ghép, lyc t61 han khong nhimg phy thudc tiét di¢n thanh co ban ma con phy thude
tiét dign va khoang cach gitta céc lign két giding. Anh hudng cla hién tugng trugt
tire 1a cha Iye cdt 1am gihm gia tri clia 14i trong toi han tuong dSi 16m, nén khong
the bd (.1u‘a nl‘lu trulﬂfng l‘l(,rp ‘thanh d_ac. , » l p » lp 5 lp

Cich gidi chinh xac bii todn én dinh cta nhimg
loai thanh ndy tuong d8i phic tap. Do d6, trong
thyc (€ khi khohng céch gifra cac thanh giling
hoac bin gidng twong d6i nhd so voi chiéu dai
thanh thi ta ¢ thé tinh ghn dung theo cach tinh
do S. P. Timoshenko [22] dé xuft s¢ trinh bay -
dudi day.

NOi dung cia cdch tinh gdn ding la xem thanh
ghép nhie thanh ddc nhung cdn phai k€ dén anh
hidmg ctia lwe cdt. Nhu vy ta co thé sir dung
cong thire (2.55) d& tim lye t6i han, trong do dai

lugng v/ GA ¢in duge xac dinh cu thé cho timg T‘D tp TP
truong hop thanh ghép bdi ban gifing hay thanh
gidng, Hinh 2.21

Tir (2.54) ta ¢ =L =7, voi 7 Ia goc trugt do lye cdt don vi gay ra.

(]

i
GA
A. Triromg hop thanh ghép dwoc lién két bdng cdc thanh gidng
Bé tinh gdc trupt 7 do hye ¢dt don vi gy ra, ta taich mot khoang ciia thanh nhu
trén hinh 2.22. Dudi tac dung cia luc cdt don vi, khoang dang xét bi bi€n dang
va hinh thinh géc trugt 7. Vi bién dang nhd nén # dugc tinh gin dang nhu
sau; '
7,

-::;])_z—,
y=Igy J

trong do &;; la chuyén vi tuong img véi vi tri
vil phuong cua lyc @ do chinh lye Q = 7 gdy
ra va duge xic dinh theo cong thirc sau:
—3
Sy = Nl ,

i EA;
trong do: Hinh 2.22
N, _— lye doc trong thanh thir i do lye Q = 7 gay ra;
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I; va A; — chidu dai va dién tich tié& dién cha thanh thir i,
LAn luot 20i Ac, Ax VA Ap 12 dién tich cla cac thanh co ban, thanh giding xién va
thanh gifing ngang. Tir hinh 2.22, ta thdy ndi luc trong cic thanh ngang va xién
l4n lupt bing 7 va I/cosa . Néu chi ké dén bién dang cla cic thanh gidng, ta cd:
d 1 1
5;1 = — 3 +
E| cos“asinaA_ 1824,

) 1 1
pogs:  pe=u- L] +
GA  d E| cos asing.A 1gaA,

Thay y vao cong thic (2.55) ta duge:

2
aEf !
Prh = P =
x’El ) N
I+ 3 7 +—
! EArcos a.sing EA" g
!
= PE X . (2.57)
P. ] Ji
1+-£E +

7.
E A‘_ cos* a.sine A, 18

Trong (2.57), / 1a mdémen quén tinh cha ti€l dign thanh ghép (chi ké c4c thanh
co bén, khong xét cac thanh giling). Thudmg thanh ghép duoc cdu tao theo kidu
hinh hop, hai hoic bOn mat cé dang nhu trén hinh 2.21a; lic nay cac dai lugng
Ay VA Ap trong cong thixc (2.57) 14 hai 14n dién tich cha thanh xién va thanh
ngang trong hai mit phdng ddi dign.

Tir cOng thire trén ta thay P ¥ 1§ thuan vai Ay va A, dong thdi cdc thanh xién
¢6 tac dung dam bao 8n dinh 3t hon thanh ngang. That vy, ta xét mot vi dy
don gian dé chimg td didu nay: gid thidt Ay = Ay = A va goc a = 45" ; theo cOng
thirc (2.57), ta co: '

1
P!J'I=PEX

; .
1+-£[283+1]

LA
Trong trudmg hop niy, ta thdy thanh xién c¢6 tac dung gin gip ba lin thanh
ngang.

Ndcu trong mdi khoang ¢6 hai thanh xién (hinh 2.21b) thi mdt thanh xién chiu
kéo, mot thanh xién chju nén con thanh ngang khdng chiu lyce, ¢dng thic (2.57)
$& ¢d dang don gian hon nhu sau:
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Pfh=PEx 1
1+,

EA, cos? o.sing

B. Trirong hop thanh ghép dwgc lién két bdng cde bdn gidng

Gi4 thiét khi m4t én dinh, duomg bin dang ciia thanh co ban ¢6 diém udn & gitra
indi khoang. Nhu vy ta ¢6 (thé tach mot doan thanh nhur trén hinh 2.23a dé tinh
goc trugt 7 . Bidu d0 momen uén don vi nhu trén hinh 2.23b.
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a | 5

mé

N

(2.58)

e e ]
/ —
T ,/—"‘ z Pl 2
Hinh223 2 ; )
mn 2. 2: 2 : Ib m__“\’
T f
d Ayt
N
? ?
‘a bd”
Taco: S = (M, M, y=—— 4+
24El.  12EI,
S 2
Do do : s 4 b v
d  24K1. 12EI, GA
Thay dai lugmg nay vao cong thuc (2.55) ta duge:
1
Py = FPr. ;
[
12E1, 24EI.

ey |

®

(2.59)

Khi ¢fu tao thanh ghép theo kidu hinh hop ta cin hiéu 75 12 mdmen quén tinh
cua (&t dién hai bin gidng, coOn /- 12 mdmen quén tinh clia mdt bén thanh co

bén 13y ddi voi truc quan tinh chinh trung tam cha no.

Tl cong thie (2.59) ta thiy Py, 1y 1¢ thudn voi do cimg cha ban giding va t¥ 1¢
nghich v6i khoang cach 4 gitra cdc ban giling. Lyc Py 1udn ludn nhd hon lye téi

han Euler.

Thuong fp 106n hon /- cdt nhidu 14n nén ¢6 thé coi I, = o, Lic nay ta ¢o:

Py = PE x

2.2 '
1+ﬂ'd I

2417 4,

(2.60)



Vi du 2.9. Thanh bién chju nén trong ciu dan Québec & Canada dugc cdu tao theo
dang thanh ghép c6 tiét dién vi kich thudc nhu trén hinh 2.24. Khi thiét ké
thanh bién nay ngudi ta da bo qua anh hudng cha bi€n dang trnurot ma xem nhu
mot thanh dic vai hye t6i han bing luc Euler Px nén c¢du da bi pha hoai nim
1907 do thanh nay bi m#t én dinh,

Tim lyc t&i han so voi luc Pe khi xét dén Anh hudmg clia bién dang truot.
Cho biét:

¢ Cac thanh ¢o ban bao gérﬁ 4 thép gbc 204 x 162 x 24 mm; 8 (hép goc 204 x
89 x 23,8 mim; cac thép ban ¢ t8ng dién tich tiét dién 1a 4278 cmn2.

» Thanh giding ngang 14 thép g6c 89 x 76 x 9,5 mm.
e Thanh giling xién 1a 2 thép géc 102 x 76 x 9,5 mm dit nghiéng 45°.

I‘iﬁ Be3 J
2x Llleo=—————==)|| -3 | BE=2FIN == == -
95
2 x,
238

Hinh 2.24
Di¢n tich tiét di¢n cda céc thép goc:
o Thép g6¢ 204 x 162 x2d mm: Ay =[204 + (16,2-2,4)}]. 2,4 = 72,1 cm2.
o Thép goc 204 x 89 x 23,8 mm:  A» = [20,4 + (8,9-2,38]. 2,38 = 64,0 cm2,
e Thép g6c 89 x 76 x 9,5 mm: Az = [8,9' + (7,6~0,95)]. 6,95 = 14,8 cm2,
e Thép g6¢ 102 x 76 x9,5mm: Ay =1[102+ (7.6-0,95)]. 0.95 = 16,0 cm2,
Dig¢n tich i8t dién dé tinh trong m{t khoang ciia cic thanh:

» ‘Thanh co bin: Ac =4.72,1 + 8.64 + 4278 = 5078 cm?2.
e Thanh gifing ngang: Ap=2148=296 cm?
e Thanh giding xién: Ay=4.10 = 64 cm2
Vi a = 45° nén sina = cosa = 0,707; t1ga = 1. Do do, theo (2.57) ta co:
Pui = Py x ! By SV S
I+ %{64.0;{)7} + 29;_1} /! +-%; x 0,0779

85



Néu goi: o, = P/ A va cho bing gi6i han ty 1¢ 12 24000 Nfcm? thi voi gid tri
E = 2,1.107 Nfem?, ta duoce:

Py = Py x ! = Py x - = (,688Pk.

o 4

Cih g 0,079 [+ 2210 - 5078.0.0779
L 2,1.10

Nhur vay trong trudmg hop nay, Iic 16i han khi ké dén bién dang truot gidm xudng

33 % so v&i khi xem thanh 1a thanh djc.

I+

e MOmen quén tinh d6i véi true v, cla tiét
di¢n thanh co ban: . = 83,4 cm,

Vi du 2.10. Thanh chdng chiu nén trong cdng __J'P |_££__|
trinh bd chira khi (d2 bi pha hogi do thanh |
chdng bi mit én dinh), duge cdu tao theo 8 W
dang thanh ghép c6 tiét dién va kich thwoe o o
nhu trén hinh 2.25. Tim hre t6i han khi + 22 o o X
khong x¢t va khi xét dén 4nh hudng coa 8 S
bign dang trugt. Cho bidt (theo [13]): ~ I NN
e E = 2,03.107 N/cm2; ,*— o L__L:,’}
« Gisi han 1y 1¢ oy = 24000 N/cm; L 1
8 x
i

» MOmen quan tinh cha toan bd tidt di¢gn ddi
vt ¢idc true quan tinh chinh;
Iy=1869cm?; [, =670cm?. Hinh 2.25
Tathy: /v < Iy nén thanh s¢ bi mdt 8n dinh quanh try¢ y va cln kiém tra 8n dieh
theo bai toan thanh ghép bling cac bin giling,
4+ Trudmg hop khong xét dén dnh hudmg ciia bin dang truot:
7Bl 72203107 670
& 360°
4+ Truong hop xét dén dnh hudng clia bién dang truot:

0.7.14%

Py = Pp= = 1036.10° N = 1036 kN,

Momen quan tinh cia ban giling: /= 2. = 320 cm®,

Theo (2.59) ta ¢o:
i

+1036.103 6.3.120 120°
20307 | 12320 24.83,4

Py, =1036.10°. = 752,103 N = 752 kN,

1
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Nhur viy, lue 161 han khi k€ dén bién dang tnrot gidm xudng 27% so vdi khi xem
thanh I thanh dic. K&t qui tim dugc & trén cang chi twong déi gan ding vi cong
thic (2.59) duge thiét 14p véi gid thiét s8 lugng khoang tuong ddi nhidu. Trong
truomg hop nay chi ¢ ba khoang nén cach cu tao chua bio ddm duge yéu chu
cia gia thiét.

Néu sir dung 5 ban giling tirc 12 ¢6 6 khoang voi d = 60 cm thi lyc (61 han xac
dinh theo (2.59) s¢ bling 944 kN. Nhu viy, luc 16i han khi k€ dén bién dang truot
gidm xudng 9 % so vai khi xem thanh Ia thanh dic.

Bai tap

I1. Cho hé chiu Iuc nén nhu trén hinh 11.1. Tim so dd tinh va 1ap phuong trinh én dinh.

I1.2. Cho hé chiu cac Iuc nén nhut trén hinh 11.2. Tim Iuc téi han.
Cho biét: 1p = 21,/3; Iz = ;.

P‘l o lP P ip

£T, 1271 IS Er -
3 I I, =
£T, 2ET 2Er
L £
< Z 2
Hinh IL.1 Hinh 11.2 Hinh I1.3

I1.3. Cho hé chiu Iyc nén P nhu trén hinh 11.3. Tim lyc toi
han.

.4, Tim luc Gi han cho hé duge hinh thanh tlr thanh AB
chiu lyc nén P; hai ddy cing khong cang trubc CE, DF va
thanh tuyét ddi cimg CD nhu trén hinh 1.4,

Cho bidt: thanh AB co do cing khi udn la £1 ; cac day
cang CE, DF chi 1am viéc khi chiu kéo va ¢6 dd cing khi
El

kéo |a EiA; khoang cacha = (—— . Hinh 1.4
E,. A :

11.5 - 1L.7. Cho hé chju iuc nén P nhyu trén cac hinh tWong (ng. Van dung cac phudng
trinh clia phuong phap thong sb ban dau, lap phudng trinh bn dinh. Tim gia tn cua Iuc
tdihankhi: a=1/2; El =const.
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i1.8. Van dung phuong phap gén ding cla Korobdv lap cong thife tinh én dinh cho
thanh cO khdp tua & hai diu chiu-lue nén P dat & trong nhip (hinh 2.5 trong phan Iy
thuyét). Tim gia tri cua luc 1§ hankhi: a=b=1/2.

Hinh 1.5 Hinh 1.6 Hinh 1.7 Hinh 11.9

1.6 Van dung phuong phap gan ding, tim gia tri cla Iue tdi han cho thanh chiu Iuc

pian bd nhu trén cac hinh 11.9a, b.

15, Cho thanh co tiét dién thay ddi, chiu luc nén P nhu trén hinh 11.10. VAn dung céc
phuang trinh clia phuong phap thong sé ban dau, 1ap phuang trinh 8n dinh. Tim gi tri
cua lus K han khi
aya=021: =1 1,=041.
ya={: 0=l 11=0251.

11.11. Cho thanh ¢6 tiét dién thay dbi, chiu cac e nén nhu trén hinh I1.11. Van dung cac
rhuUdng trinh clia phuong phap thdng sb ban dau, Iap phudng trinh dn dinh, Tim gia tri
cloaldctdinankni: a=b=05L 1l =t;1z=21.

5 I 7 -
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Hinh IL11 Hinh I1.12 Hinh 1113 Hinh il.14



I.12. Cho thanh c6 tiét dién thay d&i, chiu luc nén P nhu trén hinh 1112, Tim gia tri cla

e téi han khi : hg.zh,'hg:Zh sha=8h; lh=1; la=41; I3=91,

I1.13. Cho thanh cé tiét dién thay déi, chiu luc nén P nhu trén hinh (1,13, Tim lyc tdi han.

Cho biét: i(z) = I, x 4z(1 -z) /12, v&i I, - mBmen quan tinh cla tiét dién & gida nhip.

Chi dan: Sau khi 1ap phuong trinh vi phdn cla dudng dan hdi s& dude phuong trinh vi
phan cé hé sé thay ddi. Phuong trinh ndy s& dugc thda man néu dat nghiém nhu
sau: yfz)=4.z{ -z}/12, voi f- chuyén vi tai tiét dién & gitra nhip.

I1.14. Cho thanh cb khdp tua & hai dau, tiét dién thay ddi, chiu luc nhu trén hinh 11.14.

Tim gia tri cua Iyc 161 han ki :

a) Mémen quén tinh clia tiét dién thay ddi theo Iuat bac bén (n = 4) véi 1, /12 = 0,6.

b} Mérmen quén tinh cla tiét dién thay dbi theo ludt bac hai(n =2)vdi 1, /12 =0,6.

I15. Cho thanh ghép cé khop tua & hai dau, chiu Iuc nhu trén hinh U.15. Tim gia tri cla

e t3i han khi khong ké va khi ¢6 ké dén dnh hudng clia luc cit. Cho biét:

» Thanh duge cAu tao tir hai thanh ¢o ban 1a thép hinh U16a, mdi thanh co dién tich
tiét dién ta 79,5 cm2; mdémen quan tinh ddi vl truc ¥o @i qua trong tdm 1a 78,8 cm4;
khoang cach gilfa trong tdm cla hai thanh ¢o ban la 80 mm; E = 2,104 kN/cm2,

e Céc thanh gidng xién 1a thép géc 20x20x3 mm , dién tich tiét dién 1& 7,13 cmz;

nghiéng 45° so v&i truc thanh; £ = 2.104 kN/cm?2.

" I80 ciry . 5
BV AVAV\Vavava: SiE = o
- . - —
2] P — ]

Li6g 45° L20%20x3 %

500
. 7 “L
A

295
]

Hinh I1.16

L
RN =
LEIxEIxE LI

I1.16. Cho thanh ghép ¢ khép tua & hai dau, chiu e nhd trén hinh I1.16. Tim gié tri cla
Iy t1 han khi khdng ké va khi co ké dén dnh hudng clia e cit. Cho biét:
* Thanh dudc cu tao tif hai thanh cd ban 12 thép hinh U30, mdi thanh ¢cé dién tich tiét
dién 13 40,5 cm2;, mdmen quan tinh dbi véi truc y, di qua trong 1dm 13 327 cmé;
khodng cach gilfa trong tdm clia hai thanh cg ban 14 29,18 cm; £ = 2,1.10% kKNfemz,
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e Cac thanh gidng xién va gidng ngang 1a thép goc 63x63x6 mm , dién tich tiét dién
7,28 cm2; thanh gidng xién nghiéng 30° so véi thanh cg ban; E = 2,1.10% kNfcm2.

1.17. Cho thanh ghép c6 khdp tya & hai diu, chiu Iuc nhu trén hinh 11.17. Tim gia tri cla

IUc t&f han khi khdng ké va khi co ké dén anh hudng clia Iuc cét. Cho bidt:

* Thanh dugc ciu 1ao tif hai thanh co ban 12 thép hinh U16, mdi thanh co dién tich tiét
dién 1a 18,1 cm2 mdmen quan tinh dbi v&i truc yo di qua trong tam 1a 63,3 cm;
khoang cach gilfa trong tdm cla hai thanh cg ban 14 6,2 cm; E = 2. 104 kN/cm2.

e Cac ban giding ngang ta thép tdm day 0,7 cm dai 14cm; E =2.104 kN/cmz2.

Horrr .4
i I ki .,
o
Hinh IL17 = y 'I———] ol
4L == = | —
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