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Chuong 1
Khai niém co ban

Bai gidng Dong Iuc hoc cong trinh nay dugce viét danh cho sinh vién céc
truong ki thuat, xay dung dan dung. N6 dé cap dén van dé co ban cia ly
thuyét dao dong cong trinh, tit dao dong hé mot bac tu do dén hé hitu han
bac tit do va hé vo han bac tu do. Phan cudi ctia bai gidng dé cap dén cach
van dung cac 1y thuyét dé tinh todn mot sé két cAu thudng gip trong xay
dung dan dung ciing nhu trong cac cong trinh giao thong nhu dam, khung,
dan.

1.1 Khai niéem vé dong luc hoc céng trinh

Dong Iiyc hoc cong trinh nghién cttu dao dong clia két cau gay ra béi cac tai
trong dong la céc tai trong bién doi theo thai gian. Tai trong dong nay gay
ra cac chuyén vi, noi luc, phan luc va tng suat ciing phu thuoc thoi gian. Do
vay, trong bai toan dong khong ton tai nghiém duy nhat nhu trong bai toan
tinh. Trong bai toan dong Iuc hoc, can phai xac dinh cac gia tri lién tiép cia
chuyén vi theo thai gian trude khi di xac dinh gia tri 16n nhat cta lye, phan
luc hay tng suat duge dung dé thiét ké va kiém tra két cau.

Mac dit sit khac nhau clia viée phan tich dong Iuc hoc két cau va phan tich
tinh hoc dugc thé hien thong qua thong sb6 thoi gian nhung vé ban chat la
do Iiic quan tinh. Dic trung dong Iiic hoc clia bai toan duge xét dén néu lyc
quan tinh déng vai tro quan trong so véi cac Ic tac dung len két cau. Nguogc
lai, bai toan sé duge gidi quyét nhu bai toan tinh hoc néu nhu tai trong tac
dung chi gay ra cac luc quan tinh ma ta c6 thé bé qua trong khi tinh toan.



2 CHUONG 1. KHAI NIEM CO BAN

p(t)

/N
N

Hinh 1.1: Tdi trong diéu hoa

Hinh 1.2: Tdi trong cé chu ky bat ky

1.2 Tai trong dong

Tai trong dong 1a tai trong ma gia tri, phuong chiéu hay diém tac dung cia
né thay doéi theo thsi gian. Néu sy thay doi theo thoi gian ciia tai trong duge
biéu dién bang mot ham s6 nao do, ngusi ta goi do 1a tai trong xac dinh. Néu
sit thay doi khong dude biéu dién bing mot ham cu thé ma chi duge biéu
dién qua cac so lieu théng ke thi goi la tai trong bat ky. Dé phan tich két
cau dudi tac dung ciia loai tai trong nay can ding dén 1y thuyét xac suat.
Trong pham vi clia bai gidng nay sé chi trinh bay cac van dé lien quan dén
tai trong xac dinh. Tai trong dong dugc chia lam hai loai: tai trong c6 chu
ky va tai trong khong c6 chu ky.

1.2.1 Tai trong c6 chu ky

Tai trong c6 chu ky 1 tai trong ma sy bién thién theo thdi gian ctia n6 sé
lap lai sau mot khoang thoi gian T'. Tai trong ¢é chu ky lai duge chia thanh
hai loai: tai trong dieu hoa va tai trong chu ky bat ky.

Hinh 1.1 biéu dién tai trong diéu hoa gay ra do chuyén dong quay ctia dong
co ¢6 khéi luong lech tam. Hinh 1.2 biéu dién tai trong c6 chu ky gay ra do
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p(t)
[~ :

b b L - J

0,000 0,025 0,050 0,075 0,100
Thoi gian (s)

Hinh 1.3: Tdi trong tdc dung trong thoi gian ngdan-Tdi trong rung

04
! 0,2 +
0,0
-0,2
-0,4 L L 1 L I i . ] ug(t)
0 10 20 30 40 50 60
Thoi gian (s)

Hinh 1.4: Tai trong dai han

ngudi di bo trén cau gay ra.

1.2.2 Tai trong khéng c6 chu ky

Tai trong khong c6 chu ky la tai trong la tai trong bién doéi mot cach bat
ky theo thoi gian. Tai trong khong c6 chu ky duge chia thanh tai trong tac
dung ngan han nhu tai trong xung va tai trong tac dung dai han.

Hinh 1.3 biéu dién tai trong tac dung trong thoi gian ngén so v6i chu ky dao
dong ctia hé. Nguyen nhan gay ra dang tai trong nay c6 thé 1a do mot vu no,
va dap hay dut giy mot cau kien trong hé. Hinh 1.4 biéu dién tai trong dai
han gay ra do dong dat.

1.3 Bac tu do cua hé dao dong

Bac tu do ctia hé dao dong la sé thong s6 doc lap can thiét dé xac dinh vi
tri clia tat ca cac khoi lugng trén hé doé khi dao dong.
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Hinh 1.5: Hé c6 khoi lugng tap trung: (a) hé mot bac tu do, (b) hé hai bac tu
do, (c) hé bon bac ty do

1. Hé c6 cac khdi lugng tap trung: trong trudng hop nay ta chi xét
dén Iiic quan tinh phat sinh do cac khéi lugng tap trung va chap nhan
cac gid thiét sau:

e Céc khéi luong tap trung duge coi la chat diém.

e Bo6 qua bién dang doc truc khi cac thanh chiu uén.

Bac tu do dugc xac dinh bang tdng s6 céc lien két t6i thiéu can thiét
dat them vao hé tai vi tri cac khéi luong dé sao cho cac khéi lugng do6
tréd thanh bat dong.

2. Hé c6 khdi lugng phan bb: trong truong hop nay luc quan tinh
phu thudc vao cé toa do va thoi gian f; = fr(z,t), do d6 phai giai heé
phuong trinh vi phan véi cadc dao ham riéng. Bac tir do ctia hé c6 khoi
luong phan bo 1a vo clng.

1.4 Phan loai dao dong

Do cau tao ctia két cAu (sy phan bo khoi lugng, do ciing, kich thude) c6 nhiéu
hinh thai khac nhau ciing nhu tai trong tac dung c6 tinh chat khac nhau ma
ta c6 nhiéu cach dé phan loai dao dong

e Theo tinh chéit ctia nguyén nhan gay ra dao dong
- Dao dong tu do (dao dong riéng): la dao dong khong cé tai trong
dong duy tri trén hé.
- Dao dong cudng bic: la dao dong sinh ra bdéi cac ngoai luc tac dung
theo mot quy luat ndo d6 va ton tai trong suét qua trinh dao dong.



1.5. PHUONG PHAP LAP PHUONG TRINH VI PHAN DAO DONG 5

e Theo bac tu do ciia hé dao dong
Theo cach phan loai nay, ngusi ta chia hé thanh 3 loai dao dong;:
- Dao dong hé mot bac tu do.
- Dao dong hé hitu han bac tu do.
- Dao dong hé vo han bac tu do.

e Theo su ton tai hay khong ton tai ctia luc can
- Dao dong c¢6 Iyc can (dao dong tat dan) 1a dao dong bi mat mot phan
nang lugng do anh hudng ctia hiéu ing nhiét, ciia ma sat trong khi vat
ran bién dang, ma sat tai moi néi thép hay sy déng mé cac vét niit
trong bé tong.
- Dao dong khong c¢6 lyc can (dao dong khong tat dan) 14 dao dong ma
nang lugng cia hé duge bao toan.

e Theo dang ciia phuong trinh vi phan moé ta dao dong
- Dao dong tuyén tinh khi phuong trinh vi phan mo td dao dong la
tuyén tinh.
- Dao dong phi tuyén khi phuong trinh vi phan mo ta dao dong 1a phi
tuyen.

e Theo kich thudc va ciu tao ciia hé
- Dao dong ctia hé thanh: dam, dan, khung.
- Dao dong ciia tam, vo.
- Dao dong ciia khoi dac.

1.5 Phuong phap lap phuong trinh vi phan
dao dong

Lap phuong trinh vi phan dao dong 1a mot bude quan trong trong phan tich
dao dong ctia mot he. Dudi day sé trinh bay mot sé phuong phap thiét lap
phuong trinh vi phan dao dong dya trén cac dai lugng véc-to hay dai lugng
vo hudéng.

1.5.1 Phuong phap truc tiép

Phuong phap nay dua trén viéc xac dinh hop luc tadc dung lén hée va viét
phuong trinh can bang véi bién thien dong luong ctia hé. Day 1a két qua cia
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dinh luat II Newton' hay con goi 1a dinh luat co ban ciia dong liyc hoc. Mot
cach tong quat, hop luc gom 6 thanh phan, 3 luc theo 3 phuong ciia heé toa
do va 3 momen quay quanh 3 truc.

Goi p(t) 1a hop lyc tac dung len khéi lugng m, v = fl—? & van téc cta khéi
luong. Dong luong ctia hée 1a m.v = m%. Theo dinh luat bién thién dong
lugng ta c6 phuong trinh sau:

d du d*u .
p(t) = pr (ma> =My = mil (1.1)

hay
p(t) —mii(t) =0 (1.2)

S6 hang mii bi¢u dién Iyc quan tinh tac dung lén hé. Phuong trinh can bing
dong ctia he (1.2) duge thiét lap dua trén nguyen 1y Alembert?.

Phuong trinh (1.2) 1a mot heé N phuong trinh gén véi méi bac tu do ctia khoi
lugng m. Tong quat, N = 6, trong dé gom 3 chuyén vi dudng va 3 goc xoay.
Thy theo bac tu do dude xét, m chi khoéi lugng hodc 14 moment quan tinh
ctia khéi lugng quanh mot truc.

Phuong phép trie tiép thich hop véi lap phuong trinh can bang ctia hé ma
trong d6 cac khoi lugng tap trung tai mot s6 vi tri trén he.

1.5.2 Phuong phap cong kha di
Phuong phap nay dic biét thich hop v6i he lien tuc ma khéi lugng va do
cting duge phan bo trén toan he.
Theo dinh luat co ban ctia dong luc hoc, tong cong kha di ctia ngoai luc va
noi lyc bang cong kha di ctia luc quan tinh trén tat cd cac chuyén vi kha di
u cua he:
Pi(u) + Pe(u) = A(q) (1.3)

trong do:

P;(w) : cong kha di ctia noi luc

P.(u) : cong khé di ctia ngoai luc

A(u) : cong khé di cta luc quéan tinh

Tsaac Newton, nha vat 1y, toan hoc, triét hoc, sinh ngay 25/12/1642 tai Woolsthorpe,
Lincolnshire, Anh, mat ngay 20/03/1727 tai London, Anh

2Jean Le Rond d’Alembert, luat su, nha toan hoc, triét hoc, sinh ngay 17/11/1717 tai
Paris, Phap, mat ngay 19/10/1783 tai Paris, Phap
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Tit bicu thic clia nguyen 1y nay ta tim duge phuong trinh vi phan chuyén
dong cua heé.

1.5.3 Phuong phap nang lugng-Nguyén ly Hamilton

Phuong phap nay khac véi phuong phap tric tiép, né cho phép thiét lap
phuong trinh vi phan chuyén dong dya trén cac dai lugng vo huéng, chinh
12 cac ham nang lugng clia he. Goi T' va V' 13 dong nang va thé nang clia he,
W 1a cong cia cac lue khong bao toan (luc can). Nguyén ly Hamilton duge
viét nhu sau:

to )
/ 5(T — V)dt+/ SWpedt = 0 (1.4)

t1 t1

trong d6 § chi bién phan ctia cac dai lugng.

1.6 Mo hinh héa bai toan dong luc hoc

Trong bai toan dong lic hoc, Iic quan tinh 1a yéu t6 dic trung ctia he, vi vay
lic quan tinh can duge xéc dinh trong mo hinh héa dong lic hoc. Déi véi
cac heé lien tuc nhu dam, khéi lugng duge phan bd trén toan bo chiéu dai cia
dam. Diéu d6 dan dén phai xac dinh gia toc va chuyén vi tai mdi diém cia
dam. Lay vi du phan tich dam sé dan dén cac phuong trinh dao ham riéng
13 ham theo toa do “a” doc theo dam va thoi gian “¢”. Ching ta biét rang
khong thé giai tuong minh cac phuong trinh vi phan nay trit trusng hop két
cau va tai trong tac dung 1a don gidn. Trong trudng hop nay, ngudi ta sé si
dung thuat toan roi rac héa, né cho phép thiét 1ap phuong trinh ctia bai toan
dong Iuic hoc va gidi bai toan bang phuong phap s6. Ching ta gi6i thieu sau
day mot vai phuong phap duge diing dé mo hinh héa bai toan dong luc hoc.

1.6.1 Phuong phap khéi lugng tap trung

Khi tinh mot hé phic tap (vo han bac tu do), ngusi ta c6 thé don gidn hoa
bai toan bing cach tap trung khoi lugng ciia hé tai mot sé hitu han cac diém
tren he dé. Nhu vay luc quan tinh sé chi xuat hién tai cac diém nay.

Xét mot cay cau gdom 3 nhip cé mit cit thay doi nhu hinh 1.6. Trong trudng
hop tong quat hé c6 vo han bac tu do. Dé don gian, ching ta dua vé hé ma
cac khéi luong tap trung tai 7 diém. Néu chap nhan gia thiét bé qua bién
dang doc truc va momen quan tinh xoay, hé c6 7 bac tu do.
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Hinh 1.7: M6 hinh Rayleigh-Ritz
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1.6.2 Phuong phap chuyén vi tong quat (phuong phap
Rayleigh-Ritz)

Déi v6i cac hé lien tuc, ching ta c6 thé don gidn héa viéc phan tich bing
cach gid dinh dang bién dang ctia hé. Mot cach tong quat, ngusi ta gia dinh
rang bién dang ctia hé 1a tong mot chudi cac so do bién dang (con goi la ham
chuyén vi hay ham noi suy). Cac ham chuyén vi nay tré thanh cac bac tu do
tong quat ctia hé va sé cdc ham duge sit dung chinh 14 s6 bac tu do. Mot vi
du don gian dé minh hoa l& bién dang ctia mot dam gian don dugc biéu dién
bing tong ctia cdc ham diéu hoa (hinh 1.7):

u(z) = Zbismm% (1.5)

Mot cach tong quat, ngudi ta co thé chon bat ky ham chuyén vi tong quét
¥;(z) ndo théa man diéu kién hinh hoc tai cac lien két gbi. Biéu thiic tong
quét cho tat ca cac heé mot chieu co thé viét dusi dang sau:

u(z,t) = ZZ(@%(@ (1.6)

trong dé6: Z;(t) dudc goi la toa do tdng quat, ¥;(z) 1a cac ham chuyén vi
tong quat va n 1a bac tu do ciia he. Khi n = 1 ta c6 phuong phap co dién
Rayleigh, khi n > 1 ta c6 phuong phap Rayleigh-Ritz. Nhu vay, phuong phap
Rayleigh st dung ham noi suy dé biéu dién chuyén vi tai cac diém ctia he
theo mot bac tu do. Phuong phap Rayleigh-Ritz sit dung nhiéu ham noi suy
cac chuyén vi theo mot s6 hitu han bac tu do dan dén viec giadi dong thoi
cic phuong trinh dai s6. Do chinh xac clia két qua khi st dung phuong phap
Rayleigh phu thudc vao ham noi suy duge chon. Do chinh xac nay tang lén
theo s6 bac tit do duge stt dung trong phuong phap Rayleigh-Ritz.

1.6.3 Phuong phap phan t& hitu han

Trong phuong phap phan ti hitu han, ngusi ta chap nhan viéc xap xi theo
ting phan t1t cia truong chuyén vi thie. Trong phuong phap Rayleigh-Ritz,
ngudi ta st dung mot ham chuyen vi duy nhat, thuong 1a da thiic, cho toan
bo két cau. Trong phuong phap phan ti hitu han, ngusi ta sit dung nhiéu
truong chuyén vi, mdi truong la mot da thic don gian xac dinh trén mot
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Hinh 1

2/l
8: Mo hinh phan ti hiu han
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phan ctia két cau. Viec 4p dung phuong phap phan ti hitu han dugc minh
hoa bang cach xét dam gian don dat trén hai géi nhu hinh 1.8.

Bué6c dau tién 1a chia dam thanh mot s6 doan dam goi 1a phan t1 hitu han.
Dau mit ctia mdi phan t duge goi 1a nit, mdi phan tit dam trong vi du
dang xét c6 hai nit. Chuyén vi clia cac nit nay tao thanh céc toa do tong
quat Z; = ;. Bén trong mdi phan ti, chuyén vi dude xac dinh theo cong
thtc:

w(z,t) = Zui(tmi(m) (1.7)

Cac ham v;(x) 1a cac da thitc va duge goi 1a da thiic ndi suy. Dé tim cac da
thiic nay ta diat mot chuyen vi don vi lén mot bac ty do (hay toa do tong
quat) va giit cho tat ca cac chuyén vi khac bang khong. Tat ci cac ham thoa
méan diéu kieén lien tuc tai nat va bén trong cac nit c6 thé ding lam ham
noi suy. D6i v6i két cau dam, ngudi ta thuong diing da thitc bac ba Hermite
nhu hinh vé.

Uu diém ctia phuong phap phan tit hitu han:

- S6 toa do tong quat co thé chon tiy ¥ bing cach chia két cau thanh mot
s6 doan hoac phan t1t.

- Két qua thu duge cang chinh x4c khi tang s6 phan tit (tdng s6 bac tu do).
- Ham noi suy dude chon nhu nhau cho tat ci ciac phan ti.

- Cac thong s6 tai nut chi &nh huéng dén cic phan ti 1an can.

- Ap dung dé& dang cho hé phic tap bing cach ghép cac phan tit ¢6 dang don
gian nhu: duong, tam giac, ti giac, tit dién ...
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Chuong 2

Dao dong hé mot bac tu do

2.1 Mo hinh hé dao dong mot bac tu do
Mo hinh don gidn nhat mo ta hé dao dong mot bac tu do 1a mot khoi lugng
m chuyén vi theo huéng u khong c6 ma sat. Khéi luong dude ndi véi mot
vat ¢6 dinh bang mot 1o xo vi mot “gidm chan” nhu hinh 2.1a. Chuyén dong
ctia hé nay dugc mo ta bang ba thong s6 sau:

e chuyén vi clia khéi lugng u(t)

e van toc ctia khoi luong a(t) = du(t)/dt

e gia toc clia khoi luong i(t) = d?u(t)/dt?

» u

1 . ~

7 I o ;

7 {F d CU --a— mii

é m e pt) - - [ p(?)
oo T ke =]

2 k ON®)

7 .

(a) (®)

Hinh 2.1: M6 hinh hé dao dong mot bac tu do (a), Cac luc tac dung lén khoi
lugng (b)

13
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2.2 Phuong trinh vi phan dao déng tong quat

Khéo sat hé mot bac tu do nhu hinh vé 2.1a. Céc Iuc tic dung lén khoi luong
m tai thoi diém ¢ bat ky bao gom tai trong dong p(t), noi luc fs(t), luc can
fo(t) va Iuc quan tinh f;(¢). Tai moi thoi diém, khéi lugng can bang dudi
tac dung ciia cac Iyc nay theo nguyén 1y Alembert. Can bang dong hoc duge
biéu dién bang biéu thiic sau:

Ji@) + fo(t) + fs(t) = p(t) (2.1)
Trong pham vi ctia bai gidng, chiing ta chi nghién citu hé dan hoi va gia thiét

rang luc can xuat hien trong hé 13 lic can nhét tuyén tinh. Do dé, biéu thic
cua noi luc va e can ¢6 dang sau:

fs(t) = ku(t)

fo(t) = cilt) (2.2)
trong dé: k 1a he s6 dan hoi ¢6 thit nguyen lic/chieu dai. ¢ 1a he s6 tat dan
c6 thi nguyen (luc x thoi gian)/chiéu dai.
Thay (2.2) vao (2.1) ta c6 phuong trinh chuyén dong ciia khéi lugng hay
phuong trinh can bang dong:

mii(t) + ci(t) + ku(t) = p(t) (2.3)

Phuong trinh nay c6 thé viét dusi dang rit gon nhu sau:

ii(t) + 26wi(t) + wu(t) = ]% (2.4)

trong do:
w= \/% (2.5)
&= 2nclw (2:6)

lan luot 1a tan s6 rieng va tham sb tat dan.
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2.3 Phuong phap giai phuong trinh vi phan
dao dong

2.3.1 Phuong phap cé dién

Nghiém ctia phuong trinh vi phan tuyén tinh (2.3) hodc (2.4) la tong clia
nghiém tong quat u.(t) ciia phuong trinh thuan nhat va nghiém rieng w,(t)
ctia phuong trinh khong thuan nhat, u(t) = u.(t) + u,(t). Vi day la phuong
trinh vi phan bac hai nén can xac dinh hai hing s6 tich phan tit diéu kien
ban dau.

Phuong phép co dién 1a phuong phap chinh ma ching ta sé st dung dé giai
cac phuong trinh vi phan dao dong tu do hay dao dao dong dudi tac dung
clia cac liye diéu hoa hay xung lic.

2.3.2 Tich phan Duhamel

Mot phuong phap khac xac dinh nghiém ctia phuong trinh vi phan tuyén
tinh duya trén viec biéu dién lyc tac dung lén hé nhu la tdng clia cac xung
Iic vo cling ngan. Dao dong ctia he chiu tac dung ctia lyc p(¢) tai thoi diém
t = 0 dugc xac dinh bang cach cong cac dao dong do cac tai trong xung gay
ra dén thoi diem dé. Vi du, dao dong ctia hé mot bac tu do khong xét dén
e can duge xac dinh theo cong thic sau:

u(t) = _/o p(7) sinfw(t — 7)]dT (2.7)

Biéu thtic (2.7) duge goi la tich phan Duhamel*. Cing vé6i phuong phap co
dién, tich phan Duhamel duge st dung néu lic tac dung p(t) 1a cac ham don
gian cho phép tinh chinh xac cac tich phan. Ddi v6i cac tai trong phic tap
duge xac dinh bing cac gia tri s6 hoa tai cac thoi diém khéc nhau thi tich
phan Duhamel dugc xac dinh biang phuong phap so.

! Jean-Marie Duhamel, nha to4an hoc, sinh ngay 05/02/1797 tai Saint Malo, Phap, mat
ngay 29/04/1872 tai Paris, Phap
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2.3.3 Phuong phap bién doi Fourier

Bién do6i Fourier? 1a mot cong cu manh dé giai phuong trinh vi phan tuyén
tinh, dac biéet 1a phuong trinh chuyén dong ctia hé dao dong tuyén tinh mot
bac tu do.

Bién ddi Fourier ctia ham tai trong p(t) duge dinh nghia nhu sau:

Pliw) = Flp(t)] = / " () (2.8)

Theo céch gidi phuong trinh vi phan dao dong bing phuong phap bién ddi
Fourier, buéc dau tién la bién doi phuong trinh vi phan véi bién s6 ¢ thanh
phuong trinh dai s6 v6i bién s6 phiic iw. Gidi phuong trinh dai s6 nay tim
duge U(iw) 1a bién d6i Fourier ctia u(t). Cudi ciing, nghiem u(t) ctia phuong
trinh vi phan dugc xac dinh béi bién ddi nguge ctia u(iw)

u(t) = % /OO H (iw)p(iw)e™" dw (2.9)

trong d6 ham phitc H (iw) biéu dién nghiém tan s6 ctia he chiu tac dung ciia
tai trong xung.

2.3.4 Phuong phap sb

Ba phuong phép trén duge ding cho cac hé tuyén tinh. Déi v6i cac hé phi
tuyén, cach tiép can duy nhat 1a dung tich phan theo thoi gian. Cac tich
phan nay dugc danh gia bang phuong phap s6. Ching ta sé dé cap dén van
dé nay trong chuong 6.

2.4 Dao dong tu do cua hé mot bac tu do

Trong phan nay, ching ta sé nghién cttu dao dong tu do va dua ra khai niem
tan s6 dao dong riéng-thong s6 quan trong nhat trong dao dong ctia két cau
cling nhu anh hudéng ctia tham s tat dan déi véi he mot bac tu do.

Mot hé duge goi 1a dao dong ti do khi né bi tach ra khéi vi tri can bang roi

2Baron Jean-Baptiste Joseph Fourier, nha toan hoc va vat 1y, sinh ngay 21/03/1768 tai
Auxerre, Phap, mat ngay 16/05/1830 tai Paris, Phap
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cho dao dong ma khong ¢6 tai trong ngoai nao tac dung lén né. Dao dong tu
do dudc mo ta bang nghiém ctia phuong trinh dong nhat sau:

ii(t) + 26wi(t) + w?u(t) = 0 (2.10)

Tai thoi diém ban dau ¢ = 0 khéi lugng m c¢6 chuyén vi u(0) va van toc (0).
Dé nhan thay (2.10) la phuong trinh vi phan cap 2 tuyén tinh, thuan nhat
vdi hé s6 1a hiang s6. Theo 1y thuyét phuong trinh vi phan, nghiém ctia (2.10)
c6 dang:

u = e (2.11)

hing s6 s 1a an 86 can xac dinh. Thay (2.11) vio phuong trinh (2.10) ta c6:
(s° + 26ws + w?)e™ =0 (2.12)
Do e # 0 v6i moi gié tri clia ¢ nén ta c6 phuong trinh sau:
s+ 2ws+w? =0 (2.13)
Nghiém ctia phuong trinh dic trung(2.13) c¢6 dang:
S19= —CfwEwy/E2—1 (2.14)
Vay nghiém tong quat ctia (2.10) la:
u(t) = Ay Ve | g, etmey/E) (2.15)

Hai hing s6 A; va A, duge xac dinh tit diéu kien ban dau.

2.4.1 Dao dong tu do khong luc can

Khi b6 qua anh hudng ctia e can fp = 0 hay ¢ = 0 dan dén tham s6 tat
dan ¢ = 0. Nghiém ctia phuong trinh vi phan c6 dang don gian sau:

u(t) = Ae™ + Age™™ (2.16)

trong do6: i = /—1. Theo cong thitc Fuler® et = cos =i sin § phuong trinh
(2.16) c6 thé viét nhu sau:

u(t) = Acos(wt) + Bsin(wt) (2.17)

3Leonhard Euler, nha toan hoc va vat ly, sinh ngay 15/04/1707 tai Bale, Thuy Sy, mat
ngay 18/09/1783 tai Saint-Petersbourg, Nga
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(3) U
T .
{uf0)cos wt
u(0)
0 I I 37 Tt
4 2 4
(b) u ‘
ILE)O—) sinwi
(0)
W
0 I I 37 T
4 2 4

1'&(0)

(c)

TN L T
u(0) coswt+22! sinwt

“f I X

el

Hinh 2.2: Cdc thanh phan cia dao dong dieu hoa: (a) thanh phan phu thudc
vao u(0), (b) thanh phan phu thuoc vao u(0), (c) dao dong diéu hoa: tong

cia (a) va (b)
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Hinh 2.3: Biéu dién dao dong diéu hoa bing véc to quay

Thay diéu kién ban dau «(0) va (0) ta c6 thé xac dinh 2 hing s6 A va B:
A=u(0), B=2Y (2.18)

Tém lai, dao dong ciia hé 1a tong ciia hai ham diéu hoa:

u(0)

u(t) = u(0) cos(wt) + ~ sin(wt) (2.19)

va dugde biéu dién nhu trén hinh vé 2.2

Trong cong thic trén, w dude goi la tan s6 dao dong riéng ctia he. Khi bd
qua anh huéng cta luc can, hé sé dao dong vo han theo thoi gian véi chu ky
T:

_27r

T (2.20)

W

Thit nguyén ciia T 1a giay (s). S6 chu ky dao dong ciia hé trong mot giay
dude goi 1a tan s6 rieng f
1 w
=== — 2.21
Thit nguyén ctia f 1a Hertz*, ki hieu 1a Hz.
Nghiem (2.19) c6 thé biéu dién dusi dang mot véc to c6 bien do ug quay vdi

4Heinrich Hertz, nha vat 1y, sinh ngay 22/02/1857 tai Hambourg, Ditc, mat ngay
01/01/1894 tai Bonn, Ditc
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van téc goc w (hinh 2.3)
u(t) = ug cos(wt — 6) (2.22)

o= fu0 (ugp)? 229
Hztmf1<

Ngudi ta goi 0 1a goc tré pha ctia ug so véi u(()

trong do

(2.24)

Vi du 2.1: Xét mot dam gidn don c6 mot khoéi lugng tap trung tai giia
dam (hinh 2.4). Gia st bé qua khdi lugng ctia dam so véi khoi lugng tap
trung m. Do cting chdng uén cia dam 1a E1. Tinh tan s6 dao dong rieng w
ctia hé. Viét phuong trinh dao dong biét ring ¢ thsi diem ban dau t = 0, hé
c6 chuyén vi ug va van toc .

gl [m]
2
b

Lz ¢ L2 [

i 1

T m

Hinh 2.4: Vi du hé mot bac tu do

Lai giai: Do ciing clia he °
_ 48E1
=3

Tan s6 dao dong riéng:

k 48FE1
w = —_— =
m mL?3

5Pé xac dinh k, ta cho lic "k" chua biét tac dung lén hé tai vi tri khéi lugng tap trung
va ¢6 phuong tring véi phuong dao dong. Tinh chuyén vi ciia khéi lugng do "luc" k gay
ra. Tit diéu kién chuyén vi nay bang 1 sé xac dinh dugce k.
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Thay vao (2.19) ta ¢6 phuong trinh dao dong ctia he:

(1) = 48Elt n [ mL3 48EIt
u(t) = ug cos —— o SE] sin T3

2.4.2 Dao dong tu do cé luc can

Khi xét dén anh hudéng ctia Iyc can, nghiém ctia phuong trinh vi phan dao
dong duge xac dinh bang cong thite (2.15). Tuy theo gia tri ctia £, ba dang
chuyén dong c6 thé xay ra:

e Néu & = 1 hé quay tré lai vi trf can bang ma khong dao dong.
e Néu & > 1 hé cling khong dao dong va trd lai vi tri can bang clia né.

e Néu £ < 1 hé dao dong xung quanh vi tri can bang véi bien do gidm
dan.

Su ré nhanh gitta dao dong va khong dao dong tuong tng véi gia tri £ = 1.
Theo cong thiic (2.6), khi &€ = 1, he s6 tat dan t6i han duge viét nhu sau:
2k
Cor = 2mw = 2Vkm = — (2.25)
w

S6 di ¢, duge goi 1a hé sb tat dan t6i han vi n6 1a gia tri nhé nhat ctia hé s6
tat dan ¢ ma tai d6 dao dong hoan toan bi han ché. N6 biéu thi dusng ranh
gidi gitta dao dong va khong dao dong.

Sau day ta sé lan lugt nghién ctu cac truong hop tng véi cac gia tri khéac
nhau cua &

2.3.2.1 Truong hop £ < 1
Vé6i gia tri £ < 1, nghiém ctia phuong trinh dic trung la nghiém phiic:
s1 = —&w + 1wp, S9 = —&w — iwp (2.26)

trong do:

wp = wy/1— &2 (2.27)



22 CHUONG 2. DAO PONG HE MOT BAC TU DO

la tan s6 dao dong rieng khi tinh dén luyc can. Nghiém tong quét ctia hé:
u(t) = Aje~8wttiwpt 4 A e—twt—ivpt — o—Ewt (Aleith + Age_i“’Dt) (2.28)
Ap dung cong thiic Euler ta c¢6 chuyén vi ciia he:
u(t) = e **(Acoswpt + Bsinwpt) (2.29)
Van toc cta hé:
u(t) = —e ' [(§wA — wpB) coswpt + (EwB — wpA) sinwpt| (2.30)

Thay cac dieu kién ban dau, ta tim dugce hai hang sb tich phan:
~ &wu(0) +u(0)

A = u(0), B (2.31)
Wp
Vay chuyén vi va van téc ctia hé duge xac dinh:
0 1(0
u(t) = e~ (u(O) coswpt + §wu(0) +i(0) sin th) (2.32)
Wp

Ewi(0) + w?u(0)

u(t) = e &t (u(o) cos wpt — sin th) (2.33)

Chuyén vi u(t) c6 thé duge biéu dién dusi dang sau:
u(t) = upe " cos(wpt — ) (2.34)

trong do:

"y = \/ (u(0))? + (M) (2.35)

_1 Ewu(0) + (0)

f = tan wnu(0)

(2.36)

Hé dao dong véi tan s6 wp < w, chu ky dao dong Tp = 27 /wp = \/17’_? >T
Trong qua trinh dao dong ctia h¢, bién do dao dong gidm theo ham mi trong
moi chu ky (hinh 2.5).

Tu phuong trinh (2.27) ta thiy rang do thi clia ti 86 wp/w theo & 1a mot
duong tron ban kinh bang 1. Trong thyc té hau hét cac két cau c6 tham
s6 tat dan € ndm trong khodng 0 < £ < 0,2. Trén hinh 2.6 ta thay doi véi
nhitng gia tri nay clia £ thi ti s6 wp/w co thé coi bang 1.
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u
et s
Ve khong luc can
Daod;f)né- Y N\
- ¢6 lyc can
t
- - B ’/'
F ) D
e tot ]

Hinh 2.5: Dao dong ciia hé khi c¢6 luc cin, truong hop tham so tat dan & < 1

0,8

0,6 -

0,4

0.2 -

Hinh 2.6: Anh hudng tham soé tat dan & dén tan so6 dao dong
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2.3.2.2 Truong hop £ =1
Khi € =1, hé sb tat dan ¢ = ¢,.. Phuong trinh dic trung c6 nghiem kép:
S] = 8y = —w (2.37)

Nghiém téng quét ctia phuong trinh vi phan bac hai la téng clia 2 nghiem
rieng doc lap tuyén tinh. Do phuong trinh diic trung c6 nghiém kép nén ta
mdéi biét mot nghiém riéng:

up(t) = e (2.38)
Chiing ta di tim nghiém riéng thi hai duéi dang sau:
uy(t) = te ! (2.39)
Vay nghiém tong quat la:
u(t) = (Ay + Agt)e ™" (2.40)

Tt cac dicu kién ban dau, ta tim dude cac hang s6 tich phan:

Thay cac hiing sb tich phan vao nghiém téng quat & trén, ta thu duge phuong
trinh chuyén dong ctia he:

u(t) = (u(0)(1 + wt) + u(0)t)e " (2.42)
Hinh 2.7 biéu dién sy bién thién clia chuyén vi theo thi gian. D& dang thay
rang u(t) 1a ham khong c6 chu k¥ va hé khong c6 dao dong.
2.3.2.3 Trudong hop & > 1

Trong truong hop nay, phuong trinh dac trung c6 2 nghiém thyc phan biét.
Nghiém ctia hé c¢6 dang (2.15), ta c6 thé viét gon lai nhu sau:

u(t) = (A1 + Age ) e = (Acosh &t + Bsinhwt)e ! (2.43)
trong d6: @ = w+\/&2 -1, A=A+ Ay va B= A, — A,
Tit diéu kién ban dau ta tim duge 2 hang s6 tich phan A va B:

A—u) p=u0)+i0) (2.44)

w
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:&

Hinh 2.7: Su thay doi ciia chuyén vi va van toc cia hé theo thoi gian trong
truong hop £ =1 va £ > 1

Sau khi thay vao phuong trinh trén, ta c6 nghiém tong quat nhu sau:

u(t) = e (u(O) cosh Wt + M sinh @t) (2.45)

D5 thi ctia chuyén vi u(t) duge biéu dién trén hinh vé 2.7. Chiing ta thay ring
biéu thiic ctia chuyén vi u(t) tuong tu nhu trong trusng hgp € < 1 nhung cac
ham lugng giac duge thay bang cdc ham siéu viet “cosh” va “sinh”. Day la
cac ham khong diéu hoa, do d6 hé khong c6 dao dong xung quanh vi tri can
bang.

2.4.3 Do suy giam logarithme

Xét chuyén vi clia hé tai thoi diém t va t + Tp. Ti 1é gitta hai chuyén vi:

u(t) uge ! cos(wpt — 0)
u(t +Tp)  upe=s+T0) cos(wp(t + Tp) — 6)
e—fwt
_ _ EwT,
= ey ¢ (2:46)

Lay logarithme c hai vé cia phuong trinh trén ta co:

0=In —u(t) =¢wlp = 2mg

u(t + Tp) 1—¢2 (247)
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Hinh 2.8: Xdc dinh tham so tat dan &

Dai luong 6 dugce goi 1a do suy gidm logarithme. Déi véi truong hop Iuc can
nhé w ~ wp thi do suy gidm logarithme dugc xap xi bang

§ ~ 2m¢ (2.48)

Khi ¢ < 1, chuyén vi u(t) rat gan véi u(t + Tp) lam cho viéc danh gia §
khong chinh xac. Dé tiang do chinh xéc, ngusi ta do cac bien do cach nhau m
chu ky. Goi u,, V& Uy, 12 bien do tuong ing véi cac thai diem t, va t, +mTp
(m 1a mot s6 nguyen). Xét ti l¢ gitta hai bien do:

Unp, Up Un41 Un4+m—1
= e = (etTpym = gméwip (2.49)
Un+m Up+1 Un42 Un+m

Thay (2.47) vao biéu thic trén ta co:

Unp,

md
= 2.50
o € (2.50)
hay
1 n
§=—1In— (2.51)
m Un4+m
Tt (2.48) va (2.51) ta suy ra:
J 1 n
[ R (2.52)
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2.5 Dao dong hé mo6t bac tu do chiu tac dung

cua tai trong xung
Tai trong xung la tai trong tac dung lén he trong thoi gian rat ngan (hinh

2.9a). Nguoi ta dinh nghia xung lugng ciia téi trong xung la dién tich phia
dudi duong cong tai trong

p(t) -tai trong xung

{
(a)
u(t)
i ~
w(l)= Lp(t)dt st
mw
—
) [p(t)dt ‘
(o) 24
(b)

Hinh 2.9: Tai trong xung (a), dao dong hé mot bac tu do chiu tic dung cia
tdi trong zung khi khong zét dén lic cin (b)

7- / Y ot (2.53)

Néu thoi gian tac dung ciia tai trong xung ngan hon nhiéu so véi chu ky dao
dong ctia he (ty < T) ta c6 thé gia dinh ring cudng do clia tai trong xung
rat 16n so véi cac e khac, do do c6 thé bé qua lye dan hoi va lyc can. Trong
thoi gian tac dung ctia tai trong xung khong cé su thay doi dang ké nao ve
chuyén vi nhung cé su thay doi vé van téc Aw. Theo dinh luat IT Newton®

6Bién thien dong lugng clia hé bing tdng cac hyc tac dung len he
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ta co: .
d
mAu:/ p(t)dt (2.54)
0
hay
L d 2.55
Au = — :
e L (2.5

Sau thoi diém t4 hé dao dong tu do véi diéu kien ban dau:

u(0) = u(te) =0
{u(()) = u(tj) — Ai =L [ p(t)dt (2.56)

0

Thay céac diéu kien ban dau (2.56) vao (2.19) ta thu duge dao dong ctia he
mot bac tur do chiu tac dung ciia tai trong xung khi khong xét dén lhyc can
(hinh 2.9b):

mw

(@) = ult — tg) = —— < /0 3 p(t)dt> sinwi (2.57)

Tuong t, thay (2.56) vao (2.32) ta tim duge dao dong ctia hé mot bac tu do
chiu tac dung clia tai trong xung c6 xét dén lyc can:

u(®) = ult —tg) = L ( /0 5 p(t)dt) e~ sinwpt (2.58)

mwp

2.6 Dao dong cudng birc hé mot bac tu do

Nghién cttu hé dao dong chiu tac dung ctia tai trong diéu hoa la bai toan co
dién trong dong luc hoc cong trinh khong chi béi loai tai trong nay hay gip
trong thuc té ma néu hiéu cach tinh hé dudi tac dung ciia loai tai trong nay
chiing ta c6 thé hiéu cach tinh cho cac loai tai trong khac.

Phuong trinh chuyén dong ctia hé c6 dang:

mii(t) + cu(t) + ku(t) = posinwt (2.59)

Nghiém ctia (2.59) Ia tong ctia nghiém tong quéat wu.(t) cia phuong trinh
thuan nhat (p(t) = 0) va nghiém riéng u,(¢) ciia phuong trinh khong thuan
nhat

u(t) = uc(t) + uy(t) (2.60)

Sau day, ching ta sé nghién ctu cach gidi phuong trinh (2.59) trong hai
truong hop: khong ¢6 lire can va cé luce can.
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2.6.1 Truong hop khong cé luc can
Phuong trinh chuyén dong c6 dang:

mii(t) + ku(t) = posinwt (2.61)

Dua vao két qua nghién cttu § trén, ta da biét nghiem tong quat ctia hé dao
dong tu do (nghiém tdng quét ctia phuong trinh thuan nhat)

uc(t) = Acoswt + Bsinwt (2.62)

Duéi tac dung clia tai trong diéu hoa, ching ta gid dinh hé ciing dao dong
diéu hoa cting tan sd va cting pha véi tai trong. Nghiém riéng ctia hé duge
tim dudi dang sau:

up(t) = C'sinwt (2.63)

Hang s6 tich phan C' sé duge xac dinh sao cho phuong trinh (2.61) thda man
v6i moi gia tri clia @ va t. Dao ham hai 1an (2.63), ta thu duge biéu thiic cia
gia toc:

ii,(t) = —w*C'sinwt (2.64)

Thay biéu thitc chuyén vi u,(t) va gia tdc ii,(t) vao (2.61) ta co:
—mw?C sinwt + kC sinwt = py sin Wt (2.65)

Don gidn sinwt & ca hai vé clia phuong trinh, ta tim dugc hang s6 tich phan
C:

Do Do 1 Do 1
¢ k — mio? (2.66)

F-=) F(-3)

Hinh 2.10 cho thay sy thay doi ctia C' theo ti s6 W/w. Ta thay rang C thay
doi dot ngot tit gia tri duong vo ciing 16n thanh gia tri am vo ciing 16n khi
W = w, ngudi ta goi day la hién tuong cong huéng. Khi w < w heé s6 C' c6 gia
tri duong, diéu dé c6 nghia chuyén vi u,(t) va tai trong p(t) ciing dau, hay
n6i mot cach khac chuyén vi cing pha véi tai trong tac dung. Ngugc lai, khi
W > w, C ¢6 gia tri am, chuyén vi va tai trong ngude dau nhau. Ta néi ring
chuyén vi ngudc pha so véi tai trong.

Thay bicu thiic ctia C vao (2.63), ta cé:

up(t) = — — sinwt (2.67)
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Hinh 2.10: Su phu thudc cia bién do dao dong dieu hoa vao tan soé tdi trong
tac dong w

Nghiém ctia (2.61) la tong clia nghiém tong quat ctia phuong trinh thuan
nhat va nghiém riéng:

1
u(t):%l_wj

w2

sinwt + A coswt + Bsinwt (2.68)

Hai hang s6 A va B dugc xac dinh tur diéu kien ban dau. Tt phuong trinh
mo ta chuyén vi clia hé, ta thay u(t) bao gom 2 thanh phan dao dong riéng
biét:

e Thanh phan chia sinwt: dao dong do tai trong dieu hoa gay ra.

e Thanh phan chita sinwt va coswt: dao dong tiu do ciia hé.

Thanh phan thi nhat con goi 1a dao dong cudng btic hay trang thai dao dong
on dinh vi lyc tac dung khong phu thuoc vao diéu kien ban dau. Thanh phan
thi hai mo ta trang thai dao dong tam thoi, trang thai nay phu thudc vao
chuyén vi va van téc ban dau. Trong thuec té, déi véi cac hé dao dong, luc can
luon ton tai va né lam cho dao dong tu do tat dan theo thoi gian. D6 chinh
la li do ma trang thai thi hai duge goi la trang thai dao dong tam thai.
Trang thai dao dong on dinh cé thé duge viét lai duéi dang dao dong diéu
hoa v6i bien do ug va pha 6 tai thoi diém ban dau t = 0:

up(t) = upsin(wt — 0) (2.69)
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trong dé ug ludn c6 gia tri duong, duge goi la bién do ctia dao dong
Uy = (ust)oRd (270)

(ust)o 18 chuyén vi tinh lon nhat, do tai trong tinh p = py tac dung trén he
gay ra

(Ust)o = % (2.71)
Ry goi 1a hé so dong
1
1=

Dé dang nhan thay vy = |C/|, goc pha # nhan mot trong hai gia tri sau:

0 — { 0 néuw<w
T neu w > w
Trén hinh 2.11 biéu dién sy thay doi ctia hé s6 dong Ry theo ti s6 w/w. Khi
w/w nhé thi Ry xap xi bang 1, bien do clia dao dong cling xap xi bang bién
dang tinh. Khi w/w > V2 thi Ry < 1, bien do dao dong nhoé hon bién dang
tinh. Khi ti s6 @/w ngay cang ting thi Ry cang nhé di va tiem can t6i 0 khi
W/w — oo. Khi ti 86 @/w gan véi gia tri 1 thi Ry 16n hon nhiéu lan so véi
1, hay néi cach khac, bien do dao dong 16n hon nhiéu lan so véi bién dang
tinh.

Vidu 2.2: Xét dam mot dau ngam c6 khoi lugng tap trung tai dau tu do
nhu hinh 2.12. Bé qua khéi lugng ctia dam so véi khoi lugng tap trung m.
Dam c6 chiéu dai [ va do ciing chong uon E1. Khéi luong chiu tac dung cla
tai trong dong p(t) = posinwt. Viét phuong trinh dao dong & trang thai on
dinh. Xac dinh do véng 16n nhat ctia dam.

Loi giai: Do cing cua hé:

SEI
I3

[k [3EI
W= m  \ mL3

k:

Tan s6 dao dong riéng:




32 CHUONG 2. DAO DONG HE MOT BAC TU DO
4,0
ol
ol % |
2,5
NEALE
1,0 \
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Rg

Inf4

n/2

f(rad)

TI/4 N (P

Hinh 2.11: Su thay doi cia hé sé6 dong Ry va goc léch pha 6 theo ti s6 w/w

He s6 dong:

1 1

- w2mL3
1 - 3ET

R

d — —

Phuong trinh dao dong & trang thai dn dinh:

p0L3

R;sinwt

Do vong 16n nhét ctia dam (tai vi trf khéi lugng m)

mgL®  poL?
+ d
3ET 3ET

— d _
umax—um+up—
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P(t)=P,sinmt

EI

— XX\
=

L |

Hinh 2.12: Vi du hé mot bac tu do chiu tdc dung cia tdi trong diéu hoa

Vi du 2.3: Xét he mot bac tu do chiu tac dung cta tai trong dong nhu
hinh 2.13a. Khéi lugng m c6 trong luong 30kN. Tai trong dong c6 bien do
po = 10kN, tan s6 cta tai trong diéu hoa w = 30rad/s. Module dan hoi
Young E = 2,1 x 108kN/m?, moment quan tinh I = 78 x 107%m*. V& bicéu
d6 moment uén dong ctia khung.

Loi gidi: Do ciing ctia hé: Cho "lie" k tac dung tai vi tri khéi lugng theo
phuong dao dong. Biéu dd6 moment nhu hinh 2.13b. Tinh chuyén vi cia khéi
lugng do "lyc" k gay ra bing cach nhan bi¢u do moment M, va M.. Cho
chuyén vi nay bang 1 ta xac dinh dugce do cing k:

24FK1
T 23

k

Tan s6 dao dong riéng:

Y /k_ 1241
S Vm 23m

9,81 x24x21x108 x 78 x 106
— ’ ! =74, T6rad
\/ 23 x 30 ,6rad/s
He s6 dong:
1 1
Ri=1—— = — = 1,192
_ @ 30
‘1 w? ‘1_ <74,76>

Tai trong tinh tuong duong 7
Peq = Do X Rg =10 x 1,192 = 11,92kN

"Tai trong tinh tuong duong la tai trong gay ra bién dang bing bién dang lén nhat do
tai trong dong gay ra. Khi da xac dinh dugc tai trong tinh tuong duong, bai toan dugc
tinh nhu bai toan tinh chiu tac dung ctia peg.
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p(t)=pysinot "
i :k ] e \!/%
EI m 7
13k/16
EI 4m
|
(a) (b)
! 2m ! 2m !
41,92kN 1
15,72 | %/% 3/8 |
34,06 | 13/16
c\'\M/‘: |
(d (c)

Hinh 2.13: Vi du zdc dinh biéu do moment udn dong hé mot bac tu do chiu
tac dung cta tdi trong diéu hoa

Biéu do6 moment uén dong duge biéu dién trén hinh 2.13d.

Hién tugng cong hudng: Tan s6 cong hudng duge dinh nghia 13 tan s
clia tai trong tac dung ma ng vdi tan s6 d6 R, dat gia tri cue dai. D6i véi
hé khong xét dén lyc can, tan s6 cong hudng bang tan sd dao dong riéng w
va Ry = oo. Tuy nhién, chuyén vi ctia hé khong tré thanh vo cting 16n ngay
lap tec.

Néu @ = w, dang nghiem (2.63) khong con ding nita vi n6 1a mot phan cuia
nghiém tong quét ciia phuong trinh thuan nhat. Chiing ta tim nghiém riéng
dudi dang sau: wu,(t) = Ctcoswt. Thay vao (2.61) va giai phuong trinh ta
tim duge hang s6 tich phan

_ D
C= T (2.73)
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R(l)

(}'/JY/’ A

wl

Hinh 2.14: Su thay doi ctia hé s6 dong R, theo thoi gian khi xay ra hién tugng
cong hudng

Nghiém riéng bay gio c¢6 dang:

up(t) = ~ D0t coswt (2.74)
2k
Nghiém ctia phuong trinh vé6i trang thai ban dau u(0) = (0) = 0:
1
u(t) = —5% <wt cos wt — sin wt) (2.75)

Goi R(t) 1a he s6 dong theo thsi gian, duge xac dinh 1a ti s6 giita chuyén vi
dong va gia tri 16n nhat ctia chuyén vi tinh:

R(t) = ult) = u(t) = —l(wtcoswt—sinwt> (2.76)
(ust)o  po/k 2

Hinh 2.14 bi¢u dién do thi ctia R(t) theo thdi gian khi xay ra cong hudng.

Chu ky dao dong van 1a T = 27 /w. Bién do ctia R(t) tang tuyén tinh va né

tré thanh vo cling 16n sau mot khodng thoi gian rat dai. Thuc té, hien tuong

cong hudng gay ra qua trinh déo hoa vat lieu trude khi dat dén chuyén vi

cuc dai.

2.6.2 Truong hgp cé luc can

Phuong trinh (2.59) mo t& dao dong cudng bitc diéu hoa khi xét dén Iic can.
Nghiém tong quat ctia phuong trinh thuan nhat 1a nghiem ctia dao dong tu
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_em
o

Dao dong tong

Hinh 2.15: Dao dong dieu hoa khi xét dén luc cin

do ¢6 luc can, duge xac dinh béi biéu thitc (2.29). Nghiém riéng ctia phuong
trinh:

up(t) = C'sinwt + D coswt (2.77)
trong do:
R B )
b = @/ + e/
p="1 —260/w (2.78)

k- @/w)?2 + 26@/w)P
Nghiém ctia phuong trinh (2.59) 1a tong ctia (2.78) va (2.29):

u(t) = et (Acoswp sinwp £0 : %
(t) (Acoswpt + Bsinwpt) + 00— e

X [(1 — (w/w)2> sinwt — 2&(W/w) coswt (2.79)

S6 hang thi nhat tuong iing véi trang thai dao dong tam thoi, trang thai
nay sé nhanh chéng mat di do 4nh hudéng ctia ham mi e~*“*. S6 hang thit
hai tuong tng vé6i trang thai dao dong én dinh.

Hinh 2.15 biéu dién dao dong ctia he. Ta thay ring dao dong tam thoi tat
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Hinh 2.16: Bién do ¢ trang thdi dao dong on dinh

dan rat nhanh theo mot ti 1é phu thudc vio w va €. Sau mot thai gian, chi
con lai dao dong 6n dinh véi tan s6 ctia luc tac dung nhung léch pha so véi
tai trong. Trong phan tiép theo, chiing ta chi xét dén dao dong on dinh tuy
nhién can luu ¥ ring gia tri chuyén vi 16n nhat c6 thé xuat hien trude khi he
dat dén trang thai dao dong én dinh.

Phuong trinh dao dong 6n dinh c¢é dang:

1 N _
u,(t) = % 1= 7+ 260) (1 — B?)sinwt — 2£8 Coswt] (2.80)

trong do: _
w

= — 2.81

- (281)

hodc c6 thé viét dudi dang véc to quay (hinh 2.16):
up(t) = upsin(@(t) — 6) (2.82)

Bien do uy va goc tré pha 6 ctia chuyén vi so v6i tai trong tac dung duge xéc
dinh béi biéu thiec:

up = VC2+ D2 = 1O (2.83)

0 = tan ! g = tan™! 2P ) (2.84)
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Hé s6 dong Ry 1a ti s6 gitta bién do dao dong ug va chuyén vi tinh (ug)o = po/k
do luc pg tac dung tinh gay ra:

Uo . 1
Cpo/k /(- B2+ (26B)?

Ta thay ring, goc tré pha 6 va hé s6 dong R, phu thuoc vao 8 va tham so
tat dan ¢. Hinh 2.17 biéu dién do thi ctia Ry va 6 theo 8 v6i céc gia tri khéc
nhau ctia tham so tat dan &.

Hé s6 dong theo thai gian R(t) dugc xac dinh bang ti s6 gitta chuyén vi dong
va chuyén vi tinh gay ra béi bien do py:

Ry

(2.85)

~up(t)  wgsin(@(t) — 0)
Rt = po/k Po/k

= Rysin(@(t) — 0) (2.86)

Hién tugng cong hudng: He s6 dong R, dat gia tri ciye dai khi mau s6
ctia phuong trinh (2.85) dat gid tri cyc tiéu

A gy 22 —28(1 - 5%) +25(2€%) _
=7 reem?) " = e =0 @)
hay
B(B*—142%)=0 (2.88)
Nghiém khac khong 8 = /1 — 2£2 cho gia tri 16n nhat clia Ry
(Rd)maat - ! (289)

26\/1 - ¢

Tan s6 cong hudng tuong ing:

5= wy/1— 262 (2.90)
Khi 8 =1 thi he s6 dong R, c6 dang:

1

(Ra)p=1 = 2%

(2.91)

Da6i v6i nhiing hé ¢6 tham s6 tat dan nho (€ < 1) thi (Rg)mar == (Ra)s=1-
Dé hiéu r6 hién tuong cong hudng, ta nghien ctu phuong trinh dao dong
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4,0 —
| |
£=0
f
~ =0,
£-0,15

2,5
//“/W
2,0
! £=0,25
/
15 bt T AN

1,0 = \
0,5 - 1'0\>\

N\\
=0, S
0 £=0,707 \x
- £=025 / f?:’:—:
=

’ — 1 N £=0,707

Ry

% /‘f=6
L—§=0.1
Tl'/4 7
0
0 0,5 1,0 1,5 2,0 2,5 3,0
B=0o/v

Hinh 2.17: Sy thay doi hé s6 dong Ry va goc léch pha 0 theo ti s6 ©/w va
tham so tat dan &
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téng quét ctia he. Khi 8 = 1 hay @ = w, phuong trinh (2.79) c6 thé viét nhu

sau:
t
u(t) = e (A coswpt + Bsinwpt) — % cozsg;

Thay dieu kién ban dau ¢t = 0: u(0) = 4(0) = 0, ta xac dinh dugc céc hang
s6 A va B:

(2.92)

A=t p__ P (2.93)

26k T k1

Vay phuong trinh dao dong ctia hé:

u(t) Po [e_f‘”t (cos wpt +

= 2%k — Cos wt] (2.94)

\/% sin wpt)

Trong truong hop thuyc té, tham sé tat dan & rat nhoé va sé hang chita sinus
c6 thé bd qua, phuong trinh dao dong c6 theé viét 8

u(t) ~ %(efw — 1) coswt (2.95)

Hé s6 dong theo thoi gian R(t) c6 dang:

u(t) 1,

R(t)~ —~ = —(e %' — 1) cos wt 2.96

(0% 20— e =) (2.96)
Hinh 2.18 biéu thi qué trinh dan dén trang thai dao dong én dinh khi cong
hudng ciia hé c¢6 Iuc can. Dé thay rang s6 chu ky can thiét dé bien do dat
dén gia tri 16n nhat phu thuoc vao tham so6 tat dan &.

8Khidé wp ~w=w
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xﬁﬂﬂﬂﬂﬂﬂﬂ—

R(t)

O
=

—-—
=)

WVWW\/\/VA\/A\/A\/F{

A A AR
V \/\/\/W\/ \/A\/ﬁ\/ﬁ\fy\

ANANNNNANNANN /%

10
.0

AV ATAATATAVAVATATRVAVAVATAY
B=

._o

A7\7\/Y7\7\/‘/TZ\7\JT7\/\/Y/T

Hinh 2.18: Sy thay doi hé s6 dong R, theo tham s tdit dan & khi B =1

N4 V\/\/V\TVV\TVVVV\t
£=0,20
=10
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Chuong 3

Dao dong hé hitu han bac tu do

Trong chuong nay, chiing ta sé thiét lap phuong trinh vi phan dao dong cia
mot hé nhiéu bac ty do. Tt d6 dan dén khai niém vé ma tran khéi luong, ma
tran anh hudng do cting va ma tran anh huéng lyc can. Phan tiép theo sé
dua ra cach xac dinh cac tan s6 dao dong rieng va cac dang dao dong tuong
ing. Mot tinh chat quan trong clia cac dang dao dong 1a tinh chat tric giao
cling dude gidi thieu. Phan cudi ciia chuong trinh bay cach xac dinh phuong
trinh dao dong dua trén khai trién véc to chuyéen vi theo dang dao dong.

3.1 M6 hinh hé httu han bac tu do

Dé viéc trinh bay duge don gidn, dé hiéu, ching ta sé nghién ctu mo hinh
don gidn nhat ctia hé dao dong hitu han bac ti do: két cau khung nha hai
tang chiu tac dung ctia cac tai trong p;(t). Gia thiét rdng dam va san nha la
tuyét doi ctiing (khong bi udn), ta boé qua anh hudng ctia bién dang doc truc
trong dam va cot cling nhu anh huéng ctia luc doc trong cac cot. Thuc té,
khéi lugng phan bo trén toan két cau nhung ching ta gid dinh khéi lugng
trong cac cot 1a khong dang ké va chi tap trung tai cac san. Mac dit khé xa
so véi thiie té nhung mo hinh nay thuan tién cho viéc thiét lap phuong trinh
chuyén dong hé nhiéu bac tu do.

43
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U,

m, =
©

pz(t) —™

pl(t) —

77 /a

Hinh 3.1: M6 hinh hé dao dong hiu han bac tu do

P ——O——
fl -

2T f————

fs] = { ‘:‘ Pl([) — + =f01
fa = =1,

Hinh 3.2: Luc tdc dung lén cdc khoi lugng

3.2 Phuong trinh vi phan dao dong hé hiu
han bac tu do

Xét he nhu hinh vé 3.1. Cac luc tac dung lén hai khéi luong duge biéu dién
trén hinh 3.2. Viét phuong trinh can bang cho hai khéi lugng:

fri+ for+ fs1 = pi(t)
Jro + fo2 + fs2 = pa(t) (3.1)

Gia thiét he dao dong tuyén tinh, cac Iyc dan hdi fg; 1a ham ctia chuyén vi
tuong doi u;

fs1 = f + f& = kiug + ka(ug — uo)

i (3.2)
fs2 = fso = ka(us — )
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Luyc cdn fp; 1d ham clia van toc 1,

o1 = [fh1 + [ = it + ety — uz)

} . (3.3)
fp2 = fpa = co(lig — )
Luyc quéan tinh trong cac khéi lugng m;
fn = mqiiy
fr2 = matiy (3.4)

Thay cac biéu thitc (3.2), (3.3) va (3.4) vio phuong trinh (3.1), ta co:

myiiy + ety + ety — o) + kyug + ko(ug — uz) = p1(t)
mgﬂg + CQ(T:LQ — Ul) + kQ(Ug — Ul) = pg(t)

Viét lai du6i dang ma tran:
] L) L (]
0 mo U9 —C9 Co U
ky+ky —ko | |ug P1 (t)}
p— 3-5
S ] = (35)

Phuong trinh (3.5) ¢6 thé viét gon lai nhu sau:

Mii(t) + Cu(t) + Ku(t) = p(¢) (3.6)
trong do:
_ [y
u= _UJ (3.7)
. _ml 0
M = K THJ (3.8)
C— _Cl+02 —C2 (39)
i —C9 Co '
[k Ak =k
K = Cky } (3.10)

Chung ta thay réng (3.6) c¢6 dang tuong tu nhu (2.3) nhung cac dai lugng
duge biéu dién bing cdc ma tran. Sau day, ching ta dua ra dinh nghia vé
ma tran do ciing, ma tran hé s6 lyc can va ma tran khéi luong:
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Ma tran do cing 1. Hé so dnh hudng do cing ki; la lic tai toa do thit i
gay ra boi chuyén v don vi tai toa do thid j trong khi gitt cdc chuyén vi tai
cdc toa do khdc bang khong. Ma tran cdc hé so6 danh hudng do cing K duoc
got la ma tran do cing.

Ma tran hé sé luc can 2. Hé sé dnh hudng luc cin cij la luc tar toa do thi
i gay ra bdi van toc don vi tai toa do thi j trong khi gitt cdc van toc tai cdc
toa do khdc bang khong. Ma tran cdac hé so anh hudng luc cin C dudc goi la
ma tran dnh hudng luc can.

Ma tran khéi lugng 3. Hé s6 dnh hudng khoi higng my; la luc tai toa do
thit i gay ra bdi gia toc don vi tai toa do thi j trong khi gitt cdc gia toc tai
cdc toa do khdc bang khong. Ma tran cdac hé so dnh hudng khoi luong M dugc
goi la ma tran khoi luong.

3.3 Dao dong tu do hé hitu han bac tu do

Trong phan nay ching ta sé nghién citu dao dong hé hitu han bac tu do khi
khong c6 tai trong ngoai tac dong. Gia st bo qua anh hudéng cta luc céan,
phuong trinh vi phan c6 dang:

Mii(t) + Ku(t) = 0 (3.11)

Phuong trinh (3.11) gom n phuong trinh vi phan thuan nhat ¢6 lien hé véi
nhau qua ma tran khéi lugng, ma tran do cing. Muc dich cia ching ta la
tim nghiém cta (3.11) théa man diéu kién ban dau: u = u(0) va u = a(0)
tait = 0.

331 Y nghia vat 1y ctia tan sé6 dao dong riéng va dang
dao dong riéng

Xét mot hé hai bac tu do nhu hinh 3.3a. Néu dat vao cac khdi lugng nhitng
chuyén vi ban dau bat ky, hé sé dao dong quanh vi tri can bang ciia né.
Chtng ta nhan thay ring chuyén dong ctia mdi khéi luong ctia hé khong con
1a dao dong diéu hoa nhu trong truong hgp heé mot bac tu do nita (hinh 3.3c).
Mit khac, dang duong dan hoi ctia hé (ti 1& uy /uy) ciing thay déi theo thoi
gian.

Ngugc lai, néu dat vao cac khéi luong ctia hé nhitng chuyén bi ban dau thich
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(¢)

(a) (b)

Hinh 3.3: Chuyén dong ciia hé vdi dieu kién ban dau bat ky

#2)

S £
b
Uzy

4
<

Uy (t

7
\

1

Tl = 211/0'

(a) (b)

Hinh 3.4: Dang dao dong thit nhat cia hé

hop, hé sé dao dong diéu hoa véi dang dusng dan hoi khong thay ddi theo
thoi gian. D6i v6i hé hai bac tu do, ton tai hai dang duong dan hoi dic trung.
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Dang dic trung thit nhat tuong ting véi trang thai chuyén vi 1 trén hinh 3.4b
tai thoi diém ¢ = 0. Dé nhan thay ring chuyén dong ctia hai khoi luong 1a
dao dong diéu hoa véi cung chu ky 77 va cung pha (hinh 3.4¢) hay néi cach
khac chuyén vi ctia hai khéi lugng luon ciing huéng. Ti 1¢ gitta hai chuyén vi
u1 /uy 14 hing s6. Ta ciing nhan thiy c6 mot diém ctia hé ma chuyen vi tai
d6 luon bang khong trong qué trinh dao dong. Ngudi ta goi diem do 1a nit.
Dang dic trung thit hai tuong ting véi trang thai chuyén vi 1 trén hinh 3.5b
tai thoi diém ¢ = 0. Mot lan nita chiing ta lai thay hai khéi lugng dao dong
diéu hoa v6i chu ky Tp nhung nguge pha (hinh 3.5¢) hay chuyén vi ctia céc
khoi lugng luon nguge hudng. Ti 18 ui/us van la hing sb. Trong dang dic
trung nay c6 hai diém nat ma tai dé cac chuyén vi bang khong trong sudt
qua trinh dao dong.

M&i duong dan hoi dac trung duge goi 1a dang dao dong rieng ctia hé hitu

12345
v =00~ N A A £
s 54321 /
AR i1l VARvas vasve
b ) IV
AR LS ANA
\\ ¢12 {
\ VIRV \
3 \\ \\\ Ty=2m/w,
.

Hinh 3.5: Dang dao dong thi hai cia hé

han bac tu do va cac véc to chita cac chuyén vi ciia mdi dang dao dong rieng
duge goi 1a ¢. Vi mdi dang dao dong, chuyén vi ciia cac khéi lugng dat dén
gia tri cuc tri tai ciing thoi diém va cling di qua vi trf can bang ciing thoi
diém. Tuong tng véi mdi dang dao dong c6 mot chu ky dao dong T} va tan
S0 f;

2w 1 Wi

T,=="  fi=g=ot

3.12
Wi E 2 ( )
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Tan s6 dao dong rieng bé nhat duge ky hieu 1a w;, do d6 chu ky dai nhat
duge k¥ hieu 1a T}. Truong hop tong quéat ¢6 n dang dao dong rieng déi véi
hé c¢6 n bac tu do

w <wg < .. < wy (3.13)
T >T>..>T, (3.14)

Cac dai lugng wy, T1 va ¢ lan lugt dude goi 1a tan s6 co ban, chu k¥ co ban
va dang dao dong co ban ciia hé.
3.3.2 Tan sé dao dong riéng

Theo phan tich ¢ phan trudc, ching ta biét rang chuyen dong ctia hé 1a diéu
hoa v6i mot vai dieu kien. Véc to chuyén vi c6 thé viét nhu sau:

u(t) = ¢sin(wt — 0) (3.15)

trong do: ¢ 1a cac dang dao dong c6 thé clia he, 6 1a goc lech pha. Dao ham
2 lan véc to chuyen vi ta thu duge véc to gia téc nhu sau:

ii(t) = —w?¢sin(wt — ) = —w?u(t) (3.16)
Thay biéu thiic clia chuyén vi va gia toc vao (3.11):
—w?M¢sin(wt — 0) + Kesin(wt —0) =0 (3.17)
Phuong trinh nay thoa man v6i moi gia tri cua t nén ta co:
K¢ = w* Mo (3.18)
hoiic c¢6 the viét dudi dang sau:
K —w’M]¢=0 (3.19)

Nghiém tam thuong ctia phuong trinh ¢ = 0 tuong tng v6i trang thai he
khong c6 chuyén dong nén ta khong xét ¢ day. Phuong trinh chi c6 nghiém
khong tam thuong khi dinh thic clia ma tran he s6 [K — w?M] bing khong

det (K — w’M) =0 (3.20)

Phuong trinh (3.20) dugc goi la phuong trinh tan sé hay phuong trinh dic

trung ctia hé. Khai trién dinh thiic nay ta thu duge mot da thitc bac n cta w]2-,
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m

— O
k/2 k/2

O

Hinh 3.6: Két cau nha hai tang, khoi lugng tap trung & hai san

trong d6 n la bac tu do ctia hé. Phuong trinh nay ¢6 n nghiém thuc, duong
déi véi w? vi ma tran khéi lugng M va ma tran do cing K 1a cAc ma tran xac
dinh duong. n nghiém ctia phuong trinh xac dinh n tan sé dao dong riéng
wj (j = 1,2,...n) cta he. Khi da biét tan s6 dao dong rieng w;, ta c6 the
gidi phuong trinh (3.19) dé tim dang dao dong riéng tuong tng ¢;. Trong ly
thuyét dai s6 tuyén tinh, cip véc to (w3, ¢;) duge goi la gia tri rieng va véc
to riéng ctia bai toan gia tri riéng ma tran.

Nhu vay, mot he dao dong n bac tu do ¢6 n tan s6 rieng w; (j =1,2,...n)
duge sip xép theo thit ty tit nhé dén 16n (w; < we < ... < w,) tuong ting
v6i chu ky dao dong riéng T; va dang dao dong riéng ¢,;. Thuat ngt "riéng"
dude diing ¢ day nham nhan manh rang dé la cac tinh chat rieng ciia hé dao
dong, n6 chi phu thuodc vao cac khdi lugng va do ciing ciia heé.

Vidu 3.1: Xac dinh tan s6 dao dong riéng clia két cau trén hinh 3.6 biét
rang khoi lugng ctia méi tang 1a m = 20000kg, do ciing ngang tong cong ciia
mdi tang k = 18 x 10°N/m.

Loi gidi: Heé c6 2 bac tu do, ma tran khéi lugng c6 dang sau:

10
_ 3
M = 20 x 10 {Ol]kg

Ma tran do ctng:

[ 2-11 o[ 2-1
e P
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Cac tan s6 dao dong rieng dugce xac dinh tit phuong trinh dac trung:

ey |36 % 108 — (20 x 10%)w? ~1 B
det (K — w'M) = ~1 18 x 106 — (20 x 10%)w2 | ~ °

Dit x = w?/900, ta c6 phuong trinh bac hai d6i véi x:
°—3x+1=0

Hai nghiém cta phuong trinh la: z; = 0, 38197 va xs = 2,61803.
Ta tinh dugc cac tan sb riéng:

wp = 18, 54rad/s  we = 48, 5drad/s

3.3.3 Dang dao dong riéng
Thay gia tri ctia w; vao phuong trinh (3.19) ta cé:
K —wiM] ¢; =0 (3.21)

trong d6 ¢; 1a dang dao dong riéng ting v6i tan s6 rieng w;.

Do det [K — wsz] = 0, ta khong thé xac dinh cdc phan ti clia véc to ¢;.
Tuy nhién, dang tong quat tng véi mot tan sé c¢6 thé duge xac dinh bang
cach biéu thi cac chuyén vi theo mot chuyén vi duge chon lam chuan. Ta ¢6
thé gid dinh phan tit dau tien ¢1; hay phan ti cudi ciing ¢,; clia véc to ¢;
c6 gia tri bang 1. Nhu vay ta c6 thé xac dinh dugc tat ca cac phan ti khac
Gij, (1=2,3,...,n)va (j=1,2,...,n).

Céc phan tit clia vée t0 ¢, ctia dang dao dong thit j duge goi 1a ¢, no tuong
tng v6i chuyén vi thit ¢ trong n bac tu do ctia dang dao dong tht j. Viec sit
dung hai chi s6 cho phép ching ta xac dinh dang dao dong va chuyén vi ciia
cac bac tir do. Cach ky hiéu nay sé ro rang hon khi ching ta sap xép cac véc
to ¢; vao mot ma tran @ chita cac véc to rieng

¢11 ¢12 oo ¢1n
qbnl ¢n2 s gbnn

trong d6 mdi cot thit j bicu dién dang dao dong ¢;. Ma tran @ goi la ma
tran dang dao dong.
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50~ 1,000 g C 7@2:1,000

- 6,,=0,618 brp=—-1,618

(a) (b)

Hinh 3.7: Dang dao dong riéng : (a) dang dao dong thi nhat, (b) dang dao
dong thi hai

Vidu 3.2: XA4c dinh dang dao dong riéng ctia két cau trong vi du 3.1 (hinh
3.6).

Loi giadi: Thay tan s6 rieng thit nhat wy = 18,54 vao (3.19) va cho ¢o; = 1,
ta co:
[2—0,38197 —1 } {(/511} _0
—1 1—-0,38197 1

Giai phuong trinh trén, ta tim duge ¢1; = 0,61803.
Tuong ty, thay tan sb rieng thit hai wy = 48,54 vao (3.19) va cho ¢g = 1,

ta co:
2—2,61803 -1 G2 | 0
-1 1—2,61803 1|

Giai phuong trinh ta c¢6 ¢ = —1,61803.
Dang dao dong ctia két cau (hinh 3.7):

0,61803 —1, 61803
®=[0162] = {1,00000 1,00000}

Vidu 3.3: Xac dinh tan s6 dao dong riéng va dang dao dong riéng ctia hé
nhu hinh 3.8. Biét rang do ciing chéng udn ciia ca hai thanh déu la ET, gia
thiét bo qua bién dang doc truc thanh. Khoi lugng ctia hé tap trung tai hai
nit.
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——
El
L El
4 4
T 1

Hinh 3.8: Hé dao dong hai bac tu do

Loi gidi: Hé c6 hai bac tit do. Ma tran khéi luong va ma tran do cting'

w3

TL3 3 2
Ta dat:
B TmL3
T 6ET
phuong trinh dac trung c¢6 dang:
2
9 _mw® |8 —=3r =3 |
det(K wM)— . 3 9 g =0

hay viét dudi dang phuong trinh bac hai ddi véi :
32° = 14z +7=0

Hai nghiém cta phuong trinh: x; = 0, 5695 va xo = 4,0972. Ta tinh dugc cac

tan s6 rieng:
| E1 El
wy = 0,6987 T3 wy = 1,874 o~

1Pé xac dinh céc hé s6 anh hudng do cing kij, vidu k11 va ko1 ta lap bidu thic tinh
chuyén vi theo phuong bac tu do thit nhat va bac tu do tht hai do cac "lye" chua biét
ki1 va kop gay ra 16i cho cac chuyén vi nay lan lugt bang 1 va 0, ta sé thu duge 2 phuong
trinh dé glél ra kll va kgl
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1.431

:J; q‘:. =D

2.097 \
\

Loe T e

7

Hinh 3.9: Dang dao dong riéng : (a) dang dao dong thi nhat, (b) dang dao
dong thi hai

Thay tan s6 riéng thit nhat w; vao (3.19) va cho ¢y = 1, ta co:

8 — 3 x 0,5695 -3 1 0
-3 2—0,5695 | | dor |

Giai phuong trinh trén ta tim dugc ¢op = 2,097.
Tuong t, thay tan s6 rieng thit hai wy vao (3.19) va cho ¢1o = 1, ta co:

8—3x4,0972 -3 1] _,
-3 2—4,0072 | | dhon | —

Giai phuong trinh ta c¢6 ¢gp = —1,431.
Dang dao dong ctia hé (hinh 3.9):

1,000 1,000
®=[016] = {2,097 —1,431}

3.3.4 Tinh chat truc giao cac dang dao déng

Tinh chat co ban clia cic dang dao dong 1a tinh chat tric giao. Xét hai tan
s6 rieng phan biet w;, w; va cac dang dao dong tuong ung ¢;, ¢;. Viét lai
phuong trinh (3.18) véi cac tan s6 w;, w;:

Ko; = w?Mo; (3.22)
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K¢; = wiMg; (3.23)

Nhéan trai phuong trinh (3.22) véi ¢JT va phuong trinh (3.23) véi ¢7, ta thu
dugc:
o7 Ko = wi o] M, (3.24)

0 Ko; = wioi Mo, (3.25)

Chuyén trf cac véc to va ma tran trong phuong trinh (3.25), ta co:
o1 K ¢y = wigr M" ¢ (3.26)
Do cac ma tran M va K déi xitng nen M = M’ , K = K. Diéu d6 dan dén:
¢ Koy = wio] Mg (3.27)

Tit cac phuong trinh (3.24) va (3.27), ta c6 dang thiic sau:

wll Mo = w? ] Mo (3.28)
hay

(W} — wi)p] Mgy =0 (3.29)
V6i dieu kién w; # w; 2, ta ¢6 tinh chét truc giao thi nhat:

¢ Mg; =0, i (3.30)
Thay phuong trinh (3.30) vao (3.27), ta c¢6 tinh chat tryc giao thit hai:

OTKpi =0,  i#] (3.31)

Y nghia ctia tinh chét truc giao: Cong clia cac luc quan tinh va lyc
dan hoi ctia dang dao dong thi j trén nhitng chuyén vi theo dang dao dong
thtt 4 bang khong.

Dé chitng minh két qua nay, xét mot hé é dang dao dong thit j véi chuyén vi

Uj (t) = ¢j Sin(Lth — HJ) (332)
Luc quan tinh cia dang dao dong

(fr); = —Mii;(t) = —w*Mg; sin(w;t — ;) (3.33)

2Giai thich truong hop w; = w;
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Xét chuyen vi ctia hé ¢ dang dao dong thit

Cong ciia Iuc quan tinh ¢ dang dao dong thit j trén cac chuyén vi ¢ dang
dao dong thi ¢:

(f])?uz = —w2 (QS?M@) sin(wit — 02) Sin(th - 9J> (335)

Cong nay bang khong do tinh chat truc giao (3.30).
Mot cach tuong tir, Iuc dan hoi clia dang dao dong thi j

(fs); = Ku,;(t) = Ko; sin(w;t — 0;) (3.36)

Cong ctia Iuc dan hoi ¢ dang dao dong thit j trén cac chuyén vi 6 dang dao
dong thu i:
Dé dang thay cong nay bang khong do tinh chat tryc giao (3.31).

Néu M la ma tran khdi luong bat ky, déi xiing, xac dinh duong thi ma tran
duoe xéc dinh béi biéu thiie:

M = &"M® (3.38)

14 ma tran duong chéo. Cac phan tit tréen dudng chéo duge tinh theo cong
thiec:
m; = ¢; Mo, (3.39)

Tuong tu ta co: 3
K=®"K® (3.40)

v6i K 1a ma tran dudng chéo ¢6 cac phan ti tréen dudng chéo:

ki = o] Koy (3.41)

3.3.5 Chuan héa dang dao dong

Néu véc to ¢ 1a dang dao dong riéng clia hé thi bat cit véc to nao ti lé véi ¢
ciing la dang dao dong riéng vi né théa man phuong trinh (3.19). Ngusi ta
c6 thé dung heé s6 ti lé trong cac dang dao dong rieng dé chuan héa céc bién
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do clia cac bac tu do. Qua trinh dé goi 1a chuan héa dang dao dong. Trong
tinh toan, thuan tien nhat 1a chuan hoéa cac dang dao dong sao cho céc khoi
lugng tong quat bang mot don vi 7, = 1 véi i = 1,2,...n. Diéu kien truc
giao dugc biéu dién nhu sau:

& Mo; = 6y (3.42)
v6i 0;; 1a ky hieu Kronecker. Diéu kién truc giao c6 thé viét dudi dang ma
tran nhu sau:

'MP =1 (3.44)

PTKP = (3.45)
trong d6 I 1a ma tran don vi bac n vd Q goi 1a ma tran pho gdm n binh
phuong cac tan s6 rieng w?.

3.3.6 Khai trién véc td chuyén vi theo dang dao dong

Ngudi ta c6 thé diing mot tap hgp bat ky n véc to doc lap lam co sé dé biéu
dién mot véc to bat ky bac n. Tuong tu, cac dang dao dong rieng duge ding
dé biéu dién véc to chuyén vi. Khai trién theo dang dao dong ctia mot véc to
chuyén vi u c6 dang:

u= Z 0:iq; = Pq (3.46)
i=1

trong do: ¢; goi la toa do dang dao dong.
D6i véi mot vée to chuyén vi u cho trude, khi biét ¢;, ngudi ta c6 thé danh
gi4 ¢; bang cach nhan ca hai vé ctia (3.46) véi gb]TM
¢y Mu = (6] M;)g: (3.47)
i=1
Do tinh chat tryc giao, cac s6 hang vé phai bing khong ngoai trit s6 hang
1= 7. Tu do suy ra:
qzﬁjrl\/[u = gb;fFM(;quj (3.48)
C3 hai vé ctia phuong trinh trén déu la dai luong vo huéng nén ta tim duge
q; theo biéu thiic:
QS]TMu ¢]T1\/Iu
q- = = —
T ¢IMg, m;

(3.49)
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1 1,17 -0,17

1 0,724 + 0,276

VA %ﬁ? 7
1176,  + 017¢,

=
]

Hinh 3.10: Khai trién véc to chuyén vi theo dang dao dong

Vi du 3.4: Xa&c dinh khai trién theo dang dao dong cia véc to chuyén vi
u=[1 1]% déi v6i he trong vi du 3.1 (hinh 3.6)

Lai giai: Thay véc to chuyén vi u vao biéu thic (3.49) véi ¢; = [0,618 1]"
va ¢p = [—1,618 1] ta co:

[0,618 1]{7” m} {” 1,618m

ql — = = ].,]_7
m 0,618 1,382m
oos o [0
m 1
—1,618 1
1,618 ]l m} [1} —0,618m 0.17
Q2 = = = —U,
m —1,618 3,618m
[—1,618 1]{ m}{ 1 }

Két qua khai trien duge biéu dién trén hinh 3.10

3.3.7 Phuong trinh dao dong

Trong phan nay sé trinh bay cach tim nghiém ctia (3.11) véi diéu kien ban
dau . Tu (3.46) ta tinh duge véc to gia tdc u(t):

u(t) = ®q(¢) (3.50)
Thay u(t) va i(t) vao (3.11) ta co:
M&§(t) + K®q(t) = 0 (3.51)
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Nhan trai ca hai vé véi ®7 thu duge:
M(t) + Kq(t) =0 (3.52)
Theo tinh chat tryc giao, phuong trinh trén c6 thé viét nhu sau:
mii(t) + kigs(t) =0 véi i=1,2,...n (3.53)

Day 13 phuong trinh vi phan dao dong ctia mo6 hinh mot bac ti do ddi véi
dang dao dong thi i. Tu phuong trinh (3.22) ta biét rang K¢; = w?Mg;,
nhan trai hai vé véi ¢7 ta co:

¢¢TK¢2‘ = Wf@TMcbz‘ (3.54)
T do6 ta tim duge quan hé gita /’;:z va my:
ki = wlim, (3.55)
Thay (3.55) vao (3.53) va chia hai vé cho m;, ta duge phuong trinh:

Gi(t) + wiqi(t) =0 (3.56)
Nghiém ctia (3.56) c6 dang tuong tu (2.19):

4i(0)

q;(t) = ¢;(0) cos(w;t) + o sin(w;t) (3.57)
trong do: ¢;(0) va ¢;(0) duge xéc dinh béi:
TMu(0 . M (0
ql(O) = ¢~—() ql(O) = ¢~—() (358)
my my

v6i u(0) va u(0) 1a diéu kién ban dau. Thay (3.57) vao (3.46) ta dugc phuong
trinh dao dong cta hé:

4i(0)

Wy

u(t) = Z oi {qi(()) cos(w;t) + sin(wit)} (3.59)

Vi du 3.5: Viét phuong trinh dao dong ctia hé trong vi du 3.3 biét ring &
thoi diém ban dau ¢ = 0 hé ¢6 cac diéu kien:
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Loi giai: Trong vi du 3, ta da x4c dinh dugdc cac tan sb rieéng:

EI EI
ng Wo = 1,874 _mL3

wy = 0,6978

va cac dang dao dong riéng:
1,000 | 1,000

1= [2,0971 b2 = {—1,431}

Ta sé xac dinh ¢;(0) va ¢;(0) theo biéu thic (3.58). Do u(0) = [0 0]T nén

0y = YTMu(0)
¢ (0) = PT Mo,
3m 1
b 2’097]{ mHZ}UO _ T 10mey g7
— 0o 3m 1 B 7,39777?, - Vo
[1 2,097] m| | 2,007
o) M)
¢2(0) = PE My

3m 1
1 —1.431
| ’3][ m”?]% 0, 138mup

N 3m 1 ~5,048m
1 —1,431]{ m} {_17431}

= 0, 027vg

Thay ¢1(0) va ¢2(0) vao (3.59) ta co:

1 }0,973110 mL3 .
SIn wat

0 = e [T 70,0270 fmI3
W= 12007 | 06078 V BT MM

—1,431| 1,874 V EI
hay viét gon lai:

1,394 sinwt + 0,014 sin Mt} ngv
0

u(t) = {2, 924 sinw;t — 0,021 sin wyt EI
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3.4 Dao dong cudng btuc hé hitu han bac tu
do

Phuong trinh vi phan dao dong ctiia hé:
Mii(t) + Ku(t) = p(t) (3.60)

Diéu kién ban dau: u = u(0) va i = u(0) tai t = 0. Nghiém tong quat ciia
phuong trinh (3.60) gom nghiém ciia phuong trinh thuan nhat va nghiém
rieng ctia phuong trinh khong thuan nhat. Nghiem thuan nhat ta da biét
cach xac dinh nhu phan trén. Trong muc nay ta sé nghién citu cach tim
nghiém ctia phuong trinh khong thuan nhat. Ta cé thé thuyc hién tuong tu
nhu déi v6i phuong trinh thuan nhéat, bién doi phuong trinh vi phan dao
dong trong hé toa do hinh hoc thanh phuong trinh vi phan dao dong trong
hé toa do cac dang dao dong. Bang cach thay (3.46) vao phuong trinh (3.60),
ta co:

M®q(t) + K®q(t) = p(t) (3.61)
Nhan trai ca hai vé véi ®7 thu duge:
S 'TM®G(t) + TKPq(t) = " p(t) (3.62)

Theo tinh chat tryc giao cac dang dao dong riéng, phuong trinh trén c6 theé
don gian nhu sau:

¢ Moii(t) + o Kigi(t) = ¢/ p(t)  v6i i=1,2,...n (3.63)
hay }
trong do: .
i = ¢ Me; ki =¢] Koy pi = ¢ p(t) (3.65)

lan luot goi 1a khéi lugng tong quat, do cing tong quét va huc tong quat déi
v6i dang dao dong riéng thit 4.
Chia 2 vé ctia phuong trinh cho mm; va st dung dang thic (3.55) ta co:
i (t o
i) +am = 2D e iZ19 n (3.66)
m;
Nhu vay, hé phuong trinh (3.60) tré thanh n phuong trinh doc lap. Mai
phuong trinh trong (3.64) hoac (3.66) 1a phuong trinh dao dong hé mot bac
tu do d6i v6i ¢;, i = 1,2, ... n. Khi biét dudc q ta c6 thé xac dinh duge phuong
trinh dao dong u(t) ctia hé trong hé toa do hinh hoc tit phuong trinh (3.46).
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P, Sin @t

7777, 777

Hinh 3.11: Hé dao dong hai bac tu do chiu tic dung ciia tdi trong dieu hoa

Vi du 3.6: Xét he trén hinh 3.11 chiu tac dung cia tai trong diéu hoa
p(t) = posinit dit vao khéi lugng my. Bing cach khai trién theo cac dang
dao dong, xac dinh phuong trinh dao dong ciia hé trén, biét rang: m; = 2m,
mo =M, /{31:2/{3, k2:k

Loi gidi: Ma tran khéi lugng va ma tran do cing ctia hé:
2m 3k —k
o Y I By
Phuong trinh dac trung c6 dang:
3k — 2mw? —k

—k k— mw

det (K — wQM) = ‘ 9

hay :
o2m2w* — 5kmw? + 2k* = 0

Hai nghiém ctia phuong trinh: w? = k/2m va w3 = 2k/m. Ta tinh dugc cac

tan so riéng:
Ik 2k
w1 = -— Wy = —
2m m

Thay tan s6 riéng thit nhat w; vao (3.19) va cho ¢9 = 1, ta co:

2 -
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Giai phuong trinh trén ta tim duge ¢1; = 1/2.
Tuong t, thay tan s6 rieng thit hai wy vao (3.19) va cho ¢g = 1, ta co:

22

Giai phuong trinh ta c¢6 ¢ = —1.
-1
1

Ma tran dang dao dong ctia hé:
Tit (3.65) ta xac dinh duge khoi lugng tong quat, do cing tong quat va lue
tong quat:

—_ N

&[0 an] = |

i = TMpy = [é 1] [Qm m} {
|

o= ofoi = |5 1| |1

0
Py = dap(t) =[-1 1] [180 sinwt = —pg sin wt

Thay cac dai lugng trén vao phuong trinh (3.64) ta thu duge 2 phuong trinh
doi véi q1 va qo

miq + 1%1q1 = % sin wi

Tada + kagy = —posint

Nghiém ctia phuong trinh c6 dang:

2po . 2po o

1) = t = PRy sinwt

1) = SR @y O T gy fansing
Po

@(t) = — sin wt = —g—ZRdg sin wt

GR[1 — (w/w2)?]
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Phuong trinh dao dong cua hé:

u(t) = d1qi(t) + d2qa(t)

Thay céc biéu thiic ctia g1, g2 va cac dang dao dong rieng ta co:
L@(ﬂ} B { 1| 3k Ray sin Wt 1 6de2 sin Wt

= 2FRa + Rap Do sin wt
4Ry — Raz | 6k



Chuong 4

Hé v6 han bac tu do - Dao
dong ctia thanh thang

4.1 Phuong trinh vi phan dao dong

Xét thanh thang c6 khéi lugng phan bd. Dao dong ngang ctia hé tai thoi
diém bat ky dugc biéu dién bing duong dan hdi ctia hé d6. Phuong trinh
duong dan hoi 1a ham clia toa do x va thoi gian ¢

y=y(z,1t) (4.1)

Theo két qua trong Stic bén vat liéu, gitta do vong va noi lyc trong dam cé
lién hé vi phan:
0%y
E](x)@ = —M(x,t) (4.2)
trong d6: E1(x) 1a do cing clia dam, M 1a momen noi lyc trong dam.
Gifta noi lyc va tai trong phan bd cling c6 sy lién heé:

92 M (z,1)

T = ft) (43)
Thay (4.2) vao phuong trinh (4.3), ta c6 biéu thitc ctia Iyc dan hoi:
0? D?y(x,t)
922 <Ef(fﬂ)w) = —fs(z,t) (4.4)

Luc can c6 chiéu ngude véi chiéu clia chuyén dong va cé cusng do:
y(z,t)

folx,t)=c 5

65
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Luyc quan tinh phan bé huéng theo chiéu ciia chuyen vi:

fr(z,t) = —m(m)%;’t) (4.6)

Tai trong dong téac dung lén hé c¢6 cudng do: p(z,t)
Theo nguyén 1y Alembert ta c6 phuong trinh can bang:

_fl(x>t>+fD(x7t)_fS(x7t):p(x7t) (47)

Thay céc biéu thitc ctia Iyc quan tinh, Iyc can va Ic dan hdi vao (4.7) ta co:

0 0*y(z, 1) Py(z,t) Oyl 1)
@(EI@) D2 )er(x) oz T

Phuong trinh (4.8) dugc goi la phuong trinh vi phan dao dong tong quat ciia
thanh thang chiu tai trong bat ky.
Khi dam c6 do ciing ET khong doi thi (4.8) ¢6 dang don gian nhu sau:

= p(x,t) (4.8)

My(x,t)  m(x)Py(x,t) ¢ dy(x,t)  p(z,t) (4.9)
Oxt EI 02 EI ot EI ‘

4.2 Dao dong tu do ctia thanh thang

4.2.1 Phuong trinh dao dong tu do

Phuong trinh vi phan dao dong tu do ciia thanh théng khi khong xét dén
luc can ¢6 dang sau:

e (P10 755 ) i) 5 <o (410

da? Oz ot

Nghiém tong quat ctia (4.10) 14 tong clia cAc nghiém rieng:
y(@.t) = wi(x,t) (4.11)
i=1

trong d6 mdi nghiém riéng y;(z,t) dude biéu dién 13 tich clia hai ham s, mot
ham chi phu thudc vao toa do x, ham con lai chi phu thudc thoi gian ¢:

yi(z,t) = Xy(2)Ti(t) (4.12)
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Thay (4.12) vao phuong trinh (4.10) ta c6:
o2
a2

Chia hai vé phuong trinh trén cho tich m(z)X;(z)T;(t) ta thu duge:

(BI@)X] (@)T(1)) + m{@) Xi(@)Ti(t) = 0 (4.13)

2 [Bl@)X](@)] T
ox .
m(x)X;(z) Tt (4.14)

Tt phuong trinh trén ta thay vé trai chi phu thuoc vao toa do x, vé phai chi
phu thuoc vao thoi gian ¢. Nhu vay ca hai vé ctia phuong trinh phai bang
mot dai lugng khong ddi, ki hiéu bang w?. Ta c¢6 hai phuong trinh sau:

T(t) 2
) = —w; (4.15)
o [BI@) X[ (@)] _
@)X (418)
hay
Bi(t) + w?Ti(t) = 0 (4.17)
[E[(x)xg’(x)} — m(z)w?Xi(z) = 0 (4.18)

Ta thiy phuong trinh (4.17) tuong ty phuong trinh vi phan dao dong hé mot
bac tu do. Nghiém ctia phuong trinh nay cé dang:

T;(t) = A; sin(w;t + 6;) (4.19)

Phuong trinh (4.18) 1a phuong trinh vi phan dang dao dong ctia thanh thang.
Giéi phuong trinh vi phan nay ta tim duge dang dao dong rieng X;(x) ting
véi tan s6 rieng w;.
Vay mdi nghiém riéng y;(z,t) bieu thi mot dang dao dong riéng thay ddi theo
quy luat diéu hoa véi tan s6 rieng w;:

yi(x,t) = X;(x)A; sin(w;t + 6;) (4.20)

Nghiém tong quat ctia phuong trinh vi phan (4.10):

= Zyz(x t) ZX i sin(w;t + 6;) (4.21)
i=1



68CHUONG 4. HE VO HAN BAC TU DO - DAO PONG CUA THANH THANG

Truong hop xét dén Iie can, phuong trinh vi phan dao dong c6 dang:

aa_; (El(m)—azgéi;’ t>) + m(:z:)aan(;’t) + Cayg; Do uw

Khi d6 phuong trinh (4.17) tré thanh:
T(t) + 26w Ti(t) + Wi Ti(t) = 0 (4.23)

Nghiém cua phuong trinh nay ¢6 dang:
T;(t) = e %t A; sin(wpit + 6;) (4.24)

trong do: wp; = wiy/1 — & Vay nghiém tong quat ciia phuong trinh vi phan
dao dong tir do c¢6 xét dén Iuc can:

y(x,t) = Z yi(z,t) = Z et X (1) Ay sin(wpgt + 6;) (4.25)
i=1 i=1

4.2.2 Tinh chéat truc giao ctia cac dang dao dong riéng

Xét hai tan so rieng w; va w; va cac dang dao dong rieng tuong tng X;, X;.
Phuong trinh chuyén dong tng v6i dang dao dong rieng thit i va thi j:

yi(z,t) = X;(z)A; sin(w;t + 6;) (4.26)
yi(z,t) = X;(x)A;sin(w;t + 6;) (4.27)

Liyc quan tinh phan bd cé cudng do:

(f1)i(z,t) = wim(z) X;(x) A sin(wit + 6;) (4.28)
(fr)j(z,t) = w?m(m)Xj(x)Aj sin(w;t + ;) (4.29)

Cong clia Iyc quan tinh ¢ dang dao dong thit ¢ trén chuyén vi ¢ dang dao
dong thu j:

[ttt = [ ) X)Xy (a) A sinfot+6,) sinfos 0,
(4.30)
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Cong ciia lyc quan tinh ¢ dang dao dong tht j trén chuyén vi ¢ dang dao
dong thu i:
! !
/ (fr)j(x, t)yi(z, t)de = / wf. () X;(x) X, (x)A; Aj sin(w;t+6;) sin(w;t4+6;)dx
0 0
(4.31)

Theo nguyén 1y cong tuong hoé Betti hai cong nay bang nhau. Sau khi don
gian hai vé cho A;A; sin(w;t + 6;) sin(w;t + 6;) ta thu duge:

(w? —w?) /0 m(x)X;(x)X;(x)dr =0 (4.32)

Véi hai dao dong rieng khac nhau thi w; # w; nén ta co:

/0 m(@) Xi(@)X(@)de =0 voi i) (4.33)

Phuong trinh (4.33) biéu thi tinh chit tric giao ciia cac dang dao dong riéng
qua khéi luong ctia hé. Tinh chat truc giao ciing c6 thé duge biéu dién qua
do cing cua thanh nhuw sau.

Phuong trinh (4.18) viét cho dang dao dong thit

"

[Ef(x)X[ (x)} = wm(z)X;(z) (4.34)

Nhan hai vé phuong trinh trén véi X;(x) va lay tich phan tit 0 dén [ ta co:

/Ol Xj [E[(ZU)XZN(QT)} de = wZZ /Ol m(x)Xz(ﬂf)X](:l?)d:p (4_35)

Thay (4.33) vao phuong trinh trén ta thu duge:

/

/ l X, [EI@:)X;’ (x)] dr =0 (4.36)

4.3 Dao dong tu do ctia thanh thang c6 khoi
luong phan bd déu va tiét dién khong doi

Khi thanh théang c6 khéi lugng phan bo déu va tiét dien khong ddi m(z) =
m = const va Fl(x) = EI = const, phuong trinh vi phan dao dong ty do
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(4.10) dugce don gian thanh:

My(x,t)  m OPy(z,t)
5 e ) _ 4.
ozt EI 0t . (4.37)
Phuong trinh (4.18) viét lai nhu sau:

; 77 Xil@) =0 (4.38)
hay
XW(x) = k' X;(z) =0 (4.39)
trong do: )
ki = ”;f‘} (4.40)
Phuong trinh dac trung ctia (4.39) ¢6 dang:
st —ki=0 (4.41)
Phuong trinh nay c¢6 4 nghiém:
S190 =tk  s34=Fik; véi iP=-1 (4.42)
Vay nghiém ctia phuong trinh (4.39) nhu sau:
X;(2) = 1™ + aze™™® + agsin(k;x) + a4 cos(k;x) (4.43)
hodc ¢6 thé viét dusi dang:
X;(x) = by cosh(k;x) + by sinh(k;z) 4 bs sin(k;x) + by cos(k;x) (4.44)
trong d6 sinh(x) va cosh(x) la cdc ham siéu viét duge xac dinh béi:
cosh(x) ce” sinh(x) e’

2

Phuong trinh (4.44) biéu dién dang dao dong riéng thit i! tng véi tan s6 dao
dong w;.

D@ viét phuong trinh duge don gian, trong phan sau ta sé bd di chi s6 dudi
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Ta ¢6 thé dat cac ham:
(

Az = [ cosh kx) + cos(kx)| /2

(
By, = _sinh(k:x)+sm(kx) /2 (4.45)
Ciz = | cosh(kx) — cos(kx)| /2

(

Dy, = -sinh kx) — sin(kz)|/2

\

Phuong trinh (4.44) dugc viét lai dudi dang sau:
X(x) = C1Aky + CoBiy + C3Chy + Cy Dy, (4.46)
Céc hing s6 C; (i=1,...,4) vab; (i=1,...,4) trong (4.44) c6 quan heé:
Cy = by + bs; Co=0by+by
Cy=by—by;  Ci=by—by (4.47)

Dé viec tinh toan duge thuan tien, gia tri cac ham s6 Apg, Big, Cre VA Dy
theo cac bién s6 kx dudc lap sdn thanh cac bang trong phu luc 2. Cac ham
nay c6 tinh chat sau:

/

Ay, = kDjy
B, = kA,
C'],:w . B: (4.48)
Dy, = kCh,
A(0) = 1; B(0) = 0; C(0) = 0; D(0) = 0 (4.49)
Céac hing s6 C; (i = 1,...,4) duge xac dinh tir dieu kien bien. Gia st tai
r = 0 ta co:
X(0) = X,
X'(0) = 6,
X'(0) = M/ (4.50)

Tt phuong trinh (4.46) ta c6 cac dao ham cta X(x):
X/ (ZL’) /{Z(Clem + OgAkx + CgBkw + O4O]m)
X” (x) = k2 (ClC,m + Oy Dyy + C3Ap, + CyBiy) (4.51)

2Xem bang 1
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k

Akm > Dkx

k k

ka: Ckx
k

Hinh 4.1: Quy ludt dao ham cia Ag., Bre, Cre va Dy,

Thay cic diéu kién bién (4.50) vao ta xac dinh dugce cic hing so:

0
Cy = X, @zf
M @
Cs = EYo0i Cy= Rl (4.52)

Thay lai céc gid tri nay vao céc biéu thiic (4.46) va (4.51) ta tim dugc cac
phuong trinh bién dang va phuong trinh noi Iy 3:
to My Qo

M) = Xodie 50 Bre = O~ Japy

My Qo
ey - A L1 4.54
REI T jRpr Ok (4:54)
Qo

M(z) = —EIXok*Cyy — EI0kDyy + MoAyy + — B (4.55)

Q(x) = —EIXok®Bry — E100k*Cry + MokDyo + QoAre  (4.56)

Dia (4.53)

X'(2) = XokDyy + 0 Apy —

Céac phuong trinh trén cho phép xac dinh cac dai lugng can nghién citu trong
dao dong rieng ciia thanh théng. Tt cac diéu kien bién vé bién dang va noi
lic ta sé 1ap duge hé phuong trinh x4c dinh cac thong s6 chua biét. Xét dieu
kién ton tai dao dong riéng ta sé lap dudc phuong trinh xac dinh thong s
k, tit d6 sé tinh dugce tan s6 dao dong riéng:

w=k*/— (4.57)

3Theo Stic bén vat liew: § = X (z), M(z) = X (2),Q(z) = X (z)
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Phuong trinh dé xac dinh & 1a phuong trinh siéu viét nén sé c6 vo sé nghiem
ki (i=1,2,...) nghia la c6 vo s6 tan s6 rieng w; (1 = 1,2,...). Diéu nay phu
hop v6i ¥ nghia ctia bai toan c6 vo s6 bac ti do.

Vi du 4.1: Xac dinh tan s6 dao dong riéng va dang dao dong riéng cia
thanh thang nhu hinh 4.2a , thanh c¢6 chiéu dai [, dau bén trai duge ngam
chat, dau bén phai tu do. Khéi luong ctia thanh 1a m

Loi giai: Diéu kien bien:

Tai x = 0:
X(0)=0 4.58)
6(0) =0 4.59)
Tai x = {:
M) =0 4.60)
Q) =0 4.61)
Thay (4.60), (4.61) vao (4.55) va (4.56) ta c¢6 hé phuong trinh:
Qo
MoAp + ?Bkl =0 (4.62)
MokDy + QoA =0 (4.63)

Diéu kién dé ton tai dao dong My # 0 va Qp # 0 1a dinh thitc clia hé phuong
trinh trén bang khong

A Bu/k| _ o _
hay
coshklcoskl+1=0 (4.65)

Phuong trinh siéu viét nay dugc gidi bang phuong phap thi dan. Ta tim
duge nghiém thi nhat kil = 1.875, nghiém thtt hai kol = 4.68... Thay vao
(4.57) ta tinh dugc cac tan s6 dao dong rieng

1,875 |EI 3,515 |EI
W, = =

[2 m {2 m
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7 m
| @
7|

| L |
7 — (b)
7
7 = (c)

| 0,7739L |
Z
; < ©
: 0,5L

0,8679L

Hinh 4.2: Dam mot dav ngam mot dau tu do (a), dang dao dong thi nhat
(b), dang dao dong thit hai (c), dang dao dong thi ba (d)

4,680 [ET 21,90 [EI
2T N T e Vo

Thay cac gia tri k;l vao hé phuong trinh ta xac dinh duge My va QQy. T do
tim dugc céc phuong trinh chuyén vi va noi luc clia thanh tng véi tan sé
w;. Ba dang dao dong ctia thanh ting véi ba tan s6 dao dong rieng dau tien
Wi, ws VA ws lan luot ducce biéu dién trén hinh 4.2b, 4.2¢ va 4.2d.

Vi du 4.2: Xac dinh tan s6 dao dong riéng va dang dao dong riéng cia
thanh thang nhu hinh 4.3a, thanh c6 chiéu dai [, hai dau dugc dit len hai
gbi c6 dinh. Khoi lugng ctia thanh 1a m

Loi gidi: Diéu kién bieén:
Tai x = 0:
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()

(®)

O 0 @

Hinh 4.3: Dam hai dau khdp (a), dang dao dong thit nhat (b), dang dao dong
thit hai (c), dang dao dong thi ba (d)

Tai x = {:

X()=0 (4.68)
M(l) =0 (4.69)

Thay (4.68), (4.69) vao (4.53) va (4.55) ta c6 hé phuong trinh:

0o Qo B
EBM — k}gE]Dkl =0 (470)
—0oETkDy + %Bkl — 0 (4.71)

Diéu kién dé ton tai dao dong Qo # 0 va #y # 0 1a dinh thic ctia hé phuong
trinh trén bang khong

B}, — D =0 (4.72)

hay
sinh klsinkl =0 (4.73)

Do sinh kl # 0 nén sin kI = 0. Vay ta tim dugc

kil =im  véi i=1,2,... (4.74)
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Thay vao (4.57) ta xac dinh dugce cac tan s6 dao dong rieéng

(im)? |EI
Wi = 1] —
2 m

(4.75)

Do sinkl = 0 nén ta c6 By = Dy. Tit phuong trinh (4.70) ta rit ra dang

thtec: / 0
0 0
20 _ 4.
k kK3EIT (4.76)
Dang dao dong rieng tht ¢ dugc xac dinh theo biéu thiic:
to Qo Qo
X(x)=—By, — —Dy, = ——(By, — D 4.
Thay bidu thic cac ham By, va Dy, vao phuong trinh trén ta co:
Qo . Qo . iz
= — 4.
(z) BRI sin kx ] sin l (4.78)

Céc dang dao dong rieng duge biéu dién trén hinh 4.3b, 4.3¢ va 4.3d.

4.4 Dao dong cudng biic cua thanh thang co6
khoi luvgng phan bo déu va tiét dién khong
doi

Trong phan nay chiing ta sé nghién citu dao dong clia thanh thing cé khoi

lugng phan bé déu va tiét dien khong doi chiu tédc dung ciia tai trong diéu

hoa p(x,t) = p(x) sinwt.
Phuong trinh vi phan dao dong diéu hoa c6 dang:

My(x,t)  m Py(x,t)  plx)sinwt
Ox* EI ot  EI

(4.79)

Ta da biét nghiém téng quét ctia (4.79) gdom nghiém clia phuong trinh thuan
nhat (dao dong ty do) vd nghiém riéng ctia phuong trinh khong thuan nhat.
Nghiém ctia phuong trinh thuan nhat da dugde nghién citu 6 phan trén. Ta
sé khao sat nghiém riéng ctia phuong trinh khong thuan nhat. Gia dinh rang
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& giai doan 6n dinh, thanh thing dao dong véi tan sb ctia luc cudng biic.
Nghiém riéng duge tim dudi dang sau:

y(x,t) = X (z)sinwt (4.80)

Thay (4.80) vao (4.79) va bién ddi ta co:

XB(z) — kX (2) = % (4.81)
trong do:
—2
mw
k= 4.82
ol (4.82)
Néu p(x) 1a mot da thic thi nghiém riéng ctia (4.81) ¢6 dang:
px) | pP(z)  p®(2)
X = o 4.83
@) =3ipr Y e T weer (4.83)
Vay nghiém tong quat ctia (4.81) duge viét nhu sau:
x @ (g
X(2) = C1 Ags + CoByy + C3Chs + CiDpy + 154(3)1 + pkg é 1) . (4.84)
Trudng hop p(z) = p = const thi nghiem X (z) ¢6 dang don gian:
X(2) = CiAts + CoBpa + CsCha + CiDpo + = (4.85)

E*ET

T d6 ta tinh duge cac dao ham ctia X (). Két qua thu duge tuong tu (4.51).

Céc hing s6 C; (i = 1,...,4) duge xac dinh tir dieu kién bien:
p to
—x. P _ %
Gi=Xo-mpr =%
M, Qo
. . 4,
Cs=—wmpr 9T TBE (4.86)

trong do6: Xy, 0o, Mo va Qg 1a cac gié tri cia X (z) va cac dao ham ctia né tai
x = 0.
Thay cac hing s6 nay vao (4.85) va (4.51) ta c6 phuong trinh bién do chuyén
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vi va noi lyc ctia thanh thing khi dao dong cudng biic:

to My Qo

X XoA — B — — Dy, A, —

(2) = XoAps + - . Dk kZE[O’” GE] k4E[( e — 1)
/ My Qo i

Q(z) = —EIXok* By, — EI06k*Chy + Mok Dyy + Qo Ay + 2By,

k

4.5 Dao dong cudéng bic ciia thanh thang chiu
tai trong bat ky - Khai trién theo dang
dao dong

Gia st da xac dinh duge tan s6 dao dong rieng va dang dao dong riéng ti

phuong trinh (4.18). Khi dé nghiém ctia phuong trinh vi phan (4.8) (b6 qua
It can) 1a to hgp tuyén tinh clia caAc dang dao dong:

= Z Xi()qi(t) (4.88)

Phuong trinh vi phan dao dong (4.8) duge bién ddi thanh mot tap hop vo
han cac phuong trinh vi phan méa trong moéi phuong trinh dé toa do dang
dao dong ¢;(t) dong vai tro la an so.

Thay (4.88) vao (4.8) ta co:

o0 "

> m@)Xu@)it) + Y |EI@)X] @)] a(t) =ple.)  (489)

Nhan cé hai vé v6i X;(x) roi tich phan trén toan bo chiéu dai thanh, ta co:

1"

/Zqz Xi( da:+/ Zqz [ I(z )X;’(a;)} dz
z/p(x,t)Xj(x)dx (4.90)

0
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Thay do6i tht tu lay tich phan va tong céc s6 hang ta thu dugc:

"

ic’ji(t) /0 () X, () X, () + iqi(t) /O X() EI@)X] (2)] do

= / p(x, t)X;(z)dx (4.91)
0
Theo tinh chat tryc giao cdc dang dao dong (4.33) va (4.36), tat ca cac sb
hang trong dau téng déu bing khong trit s6 hang ma chi s6 ¢ = j. Do do ta

CO:
l l . Z l
it) [ m@) X @deralt) [ X@)[BI@X] @) do= [ pla.)Xix)ds
0 0 0
(4.92)
Phuong trinh trén c6 thé viét lai nhu sau:

M,Gi(t) + Kigi(t) = Py(?) (4.93)

trong d6:
M, — /O ()X ()i

K, — /0 X (BI()X] () da
P.1) = [ bl X, (@)

0

goi 1a khéi lugng tong quat, do cing tong quat va luc tong quat ctia dang
dao dong thit 7. Cac dai lugng nay chi phu thudc vao dang dao dong thit ¢.
Khéi lugng tong quat M; va do cing tong quat K, c6 lien hé v6i nhau béi
biéu thiic:

K; = w’M; (4.94)

Nhu vay, phuong trinh dao dong y(x,t) ctia hé c6 thé duge xac dinh bing
cach giai phuong trinh (4.92) doi véi ¢;(¢). Phuong trinh ctia méi dang dao
dong la doc 1ap vé6i cac phuong trinh ctia cac dang dao dong khac, do dé co
thé duge giai mot cach doc lap. Hon nita, cdc phuong trinh nay c6 dang giéng
phuong trinh vi phan dao dong hé mot bac tu do nén c6 thé st dung céc két
qua trong chuong 2 dé xac dinh nghiém ¢;(t) ctia phuong trinh (4.92).
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Mot khi ¢;(t) duge xac dinh, ta tim dudc chuyén vi 1a to hgp clia tat ca cac
dang dao dong:

- Z ui@,t) = Z Xi(z)qi(t) (4.95)

Moment udn va luc cit tai mat cit bat ky dudc xéc dinh béi cac biéu thic
sau:

M(z,t) = EI(z ZEI )qi(t) (4.96)

! I

Qz,t) = |EI(x } i[ }ql(t) (4.97)

i=1



Chuong 5

Dao dong cua hé phic tap

Chuong nay sé trinh bay cach tinh dao dong ciia cac hé phiic tap thuong gap
trong xay dung dan dung nhu: khung, dam lién tuc va dan. C6 hai phuong
phéap tinh dao dong ctia hé phiic tap: phuong phap chinh xac va phuong phap
gan dang. Trong phuong phap chinh xéac ta xem két cau c6 khoéi luong phan
b6 hay néi mot cach khac xem két cau c6 bac tu do bing vo cung. Dong
thoi, qua trinh tinh toan dugc thuc hién theo s6 do bién dang, c6 ké dén tat
cd cac dang bién dang. Dé viéc tinh toan duge don gidn ngusi ta dua vao
nhitng gia thiét nhu: tinh toan hé theo so do khong bién dang, boé qua bién
dang doc truc va bién dang trugt clia cac tiét dien khi xéc dinh cac chuyén
vi. Trong phuong phap gan ding, ngudi ta co thé thay thé cac khoi lugng
phan bd bang mot s6 khoéi lugng tap trung nghia 13 bién hé c6 bac tu do
bang vo cuing thanh hé c6 s6 bac ty do hitu han. Trong pham vi bai gidng,
ta sé nghién cttu phuong phap chuyén vi dé tinh cac két cau dam va khung
dong thoi sé gisi thieu cach van dung phuong phap gan ding dé gidi quyét
bai toan.

5.1 Phuong phap chuyén vi tinh dao dong
cua khung

5.1.1 Dao dong cudng bic

Xét khung siéu dong chiu tac dung clia cac tai trong p;sinwt. Ta chon két
cau co ban bing cach them cac lien két dé ngin can chuyén vi ctia nat. An
s6 1a cac chuyén vi thing hoac chuyén vi goc tai vi trf cac lien két dat them

81
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Vao.

Gia thiét dudi tac dung clia cac tai trong thay doi dicu hoa p(t) = psinwt,
cac phan luce, noi luc va chuyén vi ciing thay doéi theo quy luat sinwt. Do d6
chuyén vi tai cac nit va phan liyc trong céc lien két dat them vao duge viét
nhu sau:

trong do:

e Z; 1 tri s6 bien do chua biét ciia cac chuyén vi thang hoic chuyén vi
goc tai vi trf cac lien két dat them vao.

e Ry 1a tri s6 bien do phan luc tai lien két phu thit ¢ do bien do chuyén
vi Z;, 6 lien két phu tht k gay ra trong hé co ban.

Dé hé co ban lam viéc giong he thuyc thi phan lyc tai cac lien két phu dat
thém vao do céc an s6 co ban va do tai trong gay ra phai bang khong.

R;(t) = Risinwt 4+ Rppsinwt + ... + Ry, sinwt + Ry sinwt =0 (5.3)
Phuong trinh (5.3) c6 thé viét lai dusi dang sau:
rinZh +rielo+ ...+ rinZy+ Ry =0 vl (i=1,2,...n) (5.4)
trong do:

e r;; 1a tri s6 bien do phan luc tai lien két phu thit ¢ do chuyén vi dong
Zi(t) = 1sinwt tai lien két phu thit k& gay ra trong he co ban.

e R;p la tri s6 bien do phan lyc tai lien két phu thit 4 do cac tai trong
dong gay ra trén két cau co ban.

Tit (5.4) ta c6 n phuong trinh chinh tic véi n an s6 Z;. Cac hé s6 va s6 hang
tu do trong (5.4) dugc xac dinh bang cac phuong trinh can bang nhu trong
phan tinh hoc. Céc biéu do moment do cac gia tri bien do ciia chuyén vi don
vi va cac gia tri bién do tai trong gay ra dugc vé tuong tu nhu trong phuong
phap chuyén vi. Dé thuan tién cho viéc tinh toan, céc gia tri bien do moment
uon va luc cit tai dau cac thanh do cac chuyén vi don vi va do tai trong gay
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ra dugc cho trong cac bang.

Sau khi gidi hé phuong trinh chinh tic (5.4), tim dugc cac tri s6 bien do
chuyén vi nit Z; ta ¢ thé tim duge bién do biéu ddo moment uén dong theo
nguyén ly cong tac dung:

M = MZy + MyZs + ...+ M, Zy, + M, (5.5)

5.1.2 Dao dong riéng

Khi cho R;p = 0 trong (5.4) ta c6 phuong trinh chinh tic ctia dao dong riéng:
ri14y +riele + ... +ripdy, =0
7"21:21 +7‘2:2Z2 + +T2:TLZ” =0 (5.6)

rnl‘Zl —|—T7;2Z2 + —H"n'nZn =0

Dé khung c6 dao dong rieng nghia la cac chuyén vi Z; # 0 thi dinh thic cta
(5.6) phai bang khong.

11 T2 ... T1in
T21 T22 ... Top

=0 (5.7)
Tnl Th2 -« Tnn

Khai trién dinh thtc ta sé duge phuong trinh xac dinh thong s A = kI, tit
d6 tinh duge tan s6 dao dong theo cong thiic:

EI ) [EI
i = k3 —— = S — 5.8
wi=k\ =2\ (5.8)

Vi du 5.1: Xac dinh tan s6 dao dong riéng va vé biéu dd moment udn
dong ctia khung chiu tac dung ctua tai trong dong P sinwt nhu hinh 5.1a.
Biét rang tan s6 dao dong cudng biic w = 10s~!, trong lugng médi thanh 1a
62,4kN va ET = 4 x 10*kNm?.

Loi giai:
1. Xdc dinh tan so6 dao dong riéng
Chon hé co ban nhu hinh 5.1b. Phuong trinh dao dong riéng c6 dang:

’/’1121 + 7"1222 = 0
ro1Z1 + 19242 = 0
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Z, Z,

Psinmt
B C Eé %Z
] u = o) 7
1 41/3 7 4
1 I 4m
a b
A (a) b (b)

[ 2m | 2m [ 4m |

Hinh 5.1: Khung chiu tdc dung cta tdi trong dong (a), Hé co ban (b)

trong do:
r1 = Elpn(Aag) + Elp(Age)
EI
T2 = 7#20\30) =T

roe = Elpn(Age) + Elui(Aep) + Elus(Acg)

Chon Iy = I. Ta c6:
Iy 3

Icp 4
nén kog = {*/%ko. Nhut vay: Aug = Age = Aop = Ao v Aop = \/g Mo,
Ta tinh duge céc he s6 r;;:

Ao cosh A\gsin A\g — sinh Mg cos Ag

= 2 1 — cosh A\gcos A\g
Ao sinh Ag + sin A
2 = 41— cosh Ao COS Ag -
_Agcosh Agsin Ag — sinh Ag cos Ag
2= 2 1 — cosh A\g cos \g
</§2)\0 sinh(0, 9306\ sin(0, 9306 )
43 cosh(0,9306) sin(0, 9306\ ) — sinh(0, 9306)0) cos(0, 9306 )

Diéu kién dé ton tai dao dong Z; # 0 la dinh thic cac hé s6 bing
khong:

1 T2
21 Ta2

=0
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Thay cac bicu thic clia riq, 712 VA 799 VAo phuong trinh trén ta thu
duge phuong trinh déi véi \g. Giai phuong trinh nay sé tim dugce thong
s6 ko. T d6 sé tinh dugc cac tan s6 dao dong rieng.

2. Biéu do moment uon dong
Hé co ban dugc chon nhu khi tinh cac tan sé rieng. Phuong trinh chinh
tac:
{7“11Z1 +ri9Zs+Rip =0
To121 + 12245 + Rop = 0

Dic trung co ban:

o 62.4 x 102
k=4 :i‘/ ’ =0,25m!
V EI 0x4dxdx10t 0™

Thong s6 A clia cac thanh:

/\AB:/\BC:/\CD:)\CE:)\:0725X4:1
Tt d6 ta tinh dude cac hé s6 va s6 hang tur do:

rip = 2EIp (1) = 2E1 x 0,99761 = 1,99522E1
EI EI

rig = 7,&2(1) =3 x 1,00358 = 0,50179E1

ros = 2EI (1) + Elus(1) = 1,99522E1 + 0,99363E1 = 2,98885E1
Rip — P C\Dyj2 — DrCyy2 _ P Ci1Dos — D1Cy 5

k2~ ByD, 0,25 C?— BiD,
Rop = —Ryp

= —0,501155P

Thay vao phuong trinh chinh tac va giai hé phuong trinh ta tim dugc
hai an s6 co ban:

. _ 0.306279P
te El
—0,219095P
22 = EI

Phuong trinh biéu dién moment dong trong cac thanh ctia két cau:
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e Thanh AB: chon goc 6 A
Thong s6 ban dau:

X(0) =0
0(0) =0
2ET
M(0) = == pa(1)Z1 = 0, 153688P
3E]
Q(0) = —2=25y(1)Zy = —0, 115448P

8

Thay cic gia tri trén vao (4.55) ta duge phuong trinh biéu dién
moment trong thanh AB:

M(z) =0, 153688P Ay, — 0,461792P By,

e Thanh CD: chon gbéc § D
Thong s6 ban dau:

X(0) =0
8(0) = 0
21
M(0) = = pia(1)Z = ~0,10094P
El
Q(0) = —%52(1)22 —0,082585P

Thay cac gia tri trén vao (4.55) ta duge phuong trinh biéu dién
moment trong thanh CD:

M(z) = —0,10994P Ay, + 0, 33034P By,

e Thanh CE: chon goc ¢ C
Thong s6 ban dau:

X(0)=0
0,219095P
0(0) = Zy = ———r—
M(0) = Elps(1)Z, = —0,217699P
EI
Q(0) = ——=¢£5(1)Z, = 0,053203P
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Thay cac gia tri trén vao (4.55) ta dugc phuong trinh biéu dién
moment trong thanh CE:

M (z) = 0,054774P Dy, — 0,217699P Ay, + 0,212812P By,

e Thanh BC: chon goc 6 B
Thong s6 ban dau:

X(0) =0
0,306279P
00 =2 =—F—
EI
M(0) = Elpn(1)Zy + —-pa(1) 22 + Rap = —0,305548P
3EI 3FI
Q(0) = —Tsl(l)Zl — Téz(l)ZQ + Q% = 0,470045P

trong d6 Q% dugc xac dinh bang cach tra bang lyc cat do tai trong
dong gay ra trén dam hai dau ngam:

QL — P(C\Cyj2 — BaDy2) _ P(C1Cys5 — B1Dy5)
P C? — B\D, C? — B, D,

=0,501311P

Thay céc gia tri trén vao (4.55) ta duge phuong trinh biéu dién
moment trong thanh BC:
Khi0 <z <2:

M;(z) = —0,07657P Dy, — 0, 305548 P Ay, + 1, 83018 By,

Khi 2 <z <4:

P
My(x) = Mi(x) — sz(z%)

= —0,07657P Dy, — 0,305548 P Ay, + 1,88018 P By, — 4P Bjy(z—2)

Biéu do moment uén dong ctia khung duge vé trén hinh 5.2. Cac
tung do clia bieu dé duge nhan véi sin wt.
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x(m) | Thanh AB | Thanh BC | Thanh CD | Thanh CE
0 0,153688P | -0,305548P | -0,10994P | -0,217699P
2 0,632649P
4 -0,305546P | -0,436272P 0,21857P | 0,000003P

Bang 5.1: Bdng gid tri moment dong cia cdc thanh tai mot s6 mdat cdt

0,436272P
0,305548P
0,217699P
0,305546P
V 0,21857P /
0,632649P
0,153688P 0,10994P

Hinh 5.2: Biéu do moment uon dong cia khung

ms= 1y my=mlL/2  m3=ml/4+mH/4
m P —
B ¢ @ o
'l ~
( )
S mf mg=m; @ @ n,—mH2
¢ N
L )
4 N
(a) _ N (b) )
M7=y m,=mH/4
vz 77 7 !

\ L

Hinh 5.3: Khung c6 khoi lugng phan b6 (a), Khung cé khoi higng tip trung

(b)

5.2 Phuong phap gan diang tinh dao dong cua
khung

Trong muc nay sé gisi thieu phuong phap thay thé khéi lugng dé dua bai
toan c6 bac tu do vo cling vé bai toan c6 mot so6 bac ty do. N6i mot cach
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khéc ta bién déi so dd khéi luong phan bd theo chiéu dai thanh vé mot sb
khéi lugng tap trung. Thue té, ngudi ta thuong thay thé cac khoi lugng phan
bd trong mdi doan bang hai khoi luong tap trung dat ¢ hai dau doan do.
Hinh 5.3b mo ta sy thay thé khéi lugng phan bo trén mdi thanh thanh céc
khéi lugng tap trung & gitta va 6 dau cac thanh. Khi dé ta cé thé tinh khung
nhu hé httu han bac tu do.

5.3 Phuong phap chuyén vi tinh dao dong
cia dam lién tuc

Khi tinh dao dong ctia dam lién tuc bing phuong phap chuyén vi, ta chon
két cAu co ban nhu khi tinh véi tai trong tinh. Phuong trinh chinh tic thi 4
¢6 dang sau:

T(i—l)iZifl -+ TMZ,L -+ ri(i—i—l)Z'H»l -+ Rip =0 (Z =1.. n) (59)

Ta tinh dugc cac hé sb 1a cac phan luc do cac chuyén vi don vi Z; = 1 gay
ra:

2FE1;
Ta-ni =~ p2(Ai)
4F1; 4F1;
T = ;i p (i) + ;i +1,M1(/\¢+1)
i i+1
2E1;
Ti(i+1) = = p2(Aig1)

liya
Truong hop hai dau dam lién tuc 1a lien két khop:

3BT AET
Ty = ;i 1#50\1) + I 2#1()\2)
1 2

AET, . 3EI,
Ty = p(An-1) + =

NSO‘TJ

Dé xac dinh tan sé6 dao dong riéng, ta xét phuong trinh chinh tic sau:
r(ifl)iZi—l + TzzZz + ri(i+1)Zi+1 =0 (’l =1... TL) (510)

Thiét lap diéu kién ton tai cac chuyén vi Z; ta sé dude phuong trinh tan sb
viét duéi dang dinh thic ctia cac hé s6 phai bang khong. Tu d6 ta xac dinh
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A B m C D
Z//%///% I I I Z/ é// Z/,/ I 7//%/%
| L | 3/2L | L |
(a)

Z//9///% 5//%/% Z/é///;// 5//%/%
(b)

Hinh 5.4: Dam lién tuc (a), Dang dao dong doi xing cia dam lién tuc (b)

dude cac thong s6 A ma trong dé c6 chita tan sb rieng w.
Truong hop dam lién tuc déi xing, khi tinh dao dong riéng ta cé thé chia
thanh hai bai toan:

e Bai toan xac dinh tan sb rieng ting v6i dang dao dong doi xiing.

e Bai toan xac dinh tan sb6 riéng ng v6i dang dao dong phan ddi xing.
Vi du 5.2: Xa4c dinh céic tan s6 dao dong riéng ciia dam lién tuc ba nhip
nhu hinh 5.4a. Dam c6 tiét dien khong doi va c6 khoi lugng phan bb m.

Loi giai: Phuong trinh dao dong riéng:

rinZiy +rigds =0
7’2121 + 7"2222 = 0

Céac hé s6 r;; duge xac dinh béi biéu thic:
3ET 4F1

Ty = T,ME)()\AB) + Tﬂl()\BC)
2FT

rig = T,UQ(/\BC) =T21
4F1 3ET1

Tog = TM()\BC) + T,US()\CD)

trong do:
Aap = Aep = A=kl
3\ _ 3k

A =
BC 9 9
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Ta thu duge:

2\E1 sinh A sin A
T T osh Asin A — sinh A\ cos A -
3AET cosh(3)M/2)sin(3)\/2) — sinh(3A/2) cos(3\/2)
* 21 1 — cosh(3A/2) cos(3A/2)
_ 3AEI sinh(3A/2) —sin(3X/2)

T2 = =T

2] 1 — cosh(3A/2) cos(3A/2)

= T22

Diéu kién dé ton tai dao dong Z; # 0 la dinh thitc cac hé s6 bing khong:

Fin Tz _ 0
21 T22
hay
3AET [1 + cosh(3A/2)] sin(3)\/2) — [1 + cos(3A/2)] sinh(3A/2)
21 1 — cosh(3A/2) cos(3A/2)
2 \E1 sinh A sin A

{  coshAsin A — sinh A cos A =0

Giai phuong trinh nay ta sé tim dugc thong s6 \; = k;l va tinh dude tan s6
dao dong riéng:

Hinh 5.4b biéu dién dang dao dong déi xing ctia dam lién tuc ba nhip.

5.4 Dao dong cua dan

Mot cach tong quat, khi tinh dao dong ciia dan ta phai ké dén sy phan bb
khdéi lugng trén cac thanh va anh hudng do ciing clia cac nit dan. Nhu vay
bai toan sé rat phiic tap do sé bac tu do 1a vo cting. Dé viéc tinh toan dugc
don gidn ta gid thiét khoéi lugng phan bé ciia cac thanh duge tap trung ve
cac nat ctia dan (hinh 5.5a). Khi d6 két cAu dan trd thanh hé hitu han bac
tir do. Nham muc dich don gian tinh toan hon nita, ngudi ta c6 thé chuyén
khoi lugng ctia dan vé duong bién c¢6 mit dudng xe chay (hinh 5.5b). Ta c¢6
thé xac dinh tan s6 dao dong riéng ctia dan nhu déi véi hé hitu han bac tu
do da nghién cttu 6 chuong 3.
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77 %

(a)

(b)

Hinh 5.5: Dan c6 khoi lugng tap trung tai nit dan (a), Chuyén khoi ligng vé
duong bién cé ze chay (b)



Chuong 6

Phuong phap tich phan theo
thoi gian trong phan tich bai
toan dong luc hoc

Trong nhiéu bai toan, nghiém gii tich ctia phuong trinh vi phan dao dong
khong thé xac dinh duge khi tai trong dong tac dung lén hé bién doi bat ky
theo thoi gian hay hé lam viéc ngoai giéi han dan hoi (phi tuyén). Cac bai
toan nhu vay c6 thé duge tinh gan ding bing cic phuong phap s6. Trong
chuong nay sé trinh bay mot vai phuong phap tich phan s6 theo thoi gian.

6.1 Heé tuyén tinh mot bac tu do

Phuong phép tich phan tryc tiép theo thoi gian xac dinh cac gia tri xap xi
clia nghiém tai mot s6 thoi diém chon trude. Nguyén 1y ctia phuong phap
nhu sau:

e Chia thoi gian tai trong dong tac dung 1én hé thanh cac khoang thoi
gian c¢6 thé bing nhau hosic khac nhau. Trong thuc té, dé thuan tien
cho viéc tinh toan va lap trinh, ngusi ta thuong chon cac khoang thoi
gian bang nhau (budc thoi gian).

e Gia st cac ham mo ta sy thay doi ctia chuyén vi, van téc va gia toc
trong cac khoang thoi gian nay.

e Cac ham trén phai théoa méan phuong trinh vi phan dao dong tai cac
thoi diém chon trudc (thoi diem dau va cudi cac khoang thoi gian).

93
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L uﬂ,ﬂ 1/2 U.

' U Un-1f2 N+

'At/.?._' a/2 | AL/2 | at/2
| |

n-1 tnvl/z tn tnu/z inn

l

Hinh 6.1: Phuong phap sai phan ding tam

Do chinh xac clia két quéa, do on dinh clia nghiém ciing nhu thsi gian tinh
toan phu thudc vao buée thsi gian va viec chon cac ham mo ta sy thay doi
ctia chuyén vi, van téc va gia toc. Chiing ta sé dé cap dén van dé nay trong
phan sau.

6.1.1 Phuong phap sai phan dang tam

Phuong phap sai phan ding tam dya trén viéc xap xi van toc va gia toc bang
cac sai phan hitu han céc gié tri chuyén vi tai cac thoi diém. Theo hinh 6.1

ta co: i n
Uy U, Up T Up
—12 ; Unt1/2 = D) = (61)

Van tbc ctia hé tai thoi diém ¢, duge biéu dién bang sai phan hitu han:

Up—-1/2 =

Up41/2 — Upn—1/2

At

Uy = (6.2)
Thay cac gia tri trong (6.1) vao (6.2) ta thu duge biéu thitc van tdc tai thoi
diém t,,:
. Up+1 — Up—1
L, = 6.3
! 201 (©.3)

Van toc tai thoi diém t,_1/2 Va tyi1/0:

. . Unp4+1 — Un
Up—1/2 = T; Unt1/2 = +T (6.4)
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Tt dé xéac dinh duge gia tdc tai thoi diém ¢, dua vao sai phan hitu han:

Upt1/2 — Un—1/2  Ups1 — 2Up + Up_q
- = 6.5
At At? (6:5)

Up,
Thay cac biéu thiic van toc (6.3) va gia toc (6.5) vao phuong trinh can bing
dong hoc ta co:

Up41 — 20y, + Up—1 + Cun-‘rl/Z — Up-1/2

At? At

+ ku, = p, (6.6)

Sau khi bién déi phuong trinh trén, ta thu dugc:

m c m c 2m
(A_t? * @)“ =Pn= (E - Tm)“ B (’“ - E)“ 6.7)

Biéu thiic (6.7) duge viét gon lai nhu sau:
Ktns1 = Pn (6.8)

trong do:
m c

- m c 2m

Van t6c tai thoi diém ¢,

~

P
Unp1 = = 6.11
"=z (6.11)

Nhu vay, dé tinh duge chuyén vi u,y; tai thoi diém t,,., ta can biét cac
chuyén vi u,_; va u,. Dya vao biéu thitc van tdc (6.3) va gia toc (6.5) tai
thoi diém ¢, ta xac dinh dugc chuyén vi u,,_; nhu sau:

2

At

Thay céc gia tri chuyén vi, van toc, gia toc tai thoi diém ban dau ¢t = 0, ta
tim dugce biéu thic tinh chuyén vi tai thoi diém t_q:

At?
U—_1 = Uy — AtUO + TUO (613)
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Dé phuong phap sai phan ding tam 6n dinh va cho két qua chinh xac ta phai
chon buée thoi gian At nho hon mot gia tri t6i han At,.,

T
At < At = — =0,3183T (6.14)
T
trong dé6: T la chu ky dao dong ctia heé.

Thuat toan tinh dao dong bang phuong phap sai phan ding tam:

1. Diéu kién ban dau:

Ug va ?:LO
Po — Cl'to — ]{?’LLO

Uy =
m

2. Chon buéc thoi gian: At < At =T/7
3. Tinh cac hing s6 tich phan:
1 1

va a] = ——

NE] I

Qg

4. Tinh chuyén vi u_; tai thoi diém t_,

At?
U_1 = Uy — At’U,O + TUO

5. Tinh do cing: k= apgm + aic
6. Tinh vong lap:

{ Pn = Pn— (aom — arc)u, 1 — (k — 2agm)u,
Up+1 = ﬁn/k

Vi du 6.1: Tinh dao dong ctia hé nhu hinh 6.2, biét rang khoi luong cia
he m =5 x 10°kg, do cing k = 3 x 10°kN/m va tham so tat dan £ = 0,05.
Hé chiu tac dung ctia tai trong dong p(t) = 5000sin(27t)kN trong khoang
thoi gian t45 = 0, 5s.
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— (1) (N)
5000 | - -~~~ o

N

h k/2

0 b) 05 {s)

Hinh 6.2: Tru cau chiu tic dung ciia tdi trong dong (a), Tdi trong dong (b)

Loi gidi: Tan s6 dao dong riéng ciia heé:

k 3 x 108
=4/ — = = 24.4949rad
w “m “5><105 ,4949rad /s

Chu ky dao dong ciia hé:

7= 2T 025655
w

Heé s6 can:

c = 2mwé = 1,2247 x 10°N.s/m
Chon buéc thoi gian At = 0,05s < At.. = T/7m = 0,08s. Két qua tinh toan
dudc cho trong bang, cot cudi cuing 1a nghiém chinh xac duge xac dinh theo
cong thitc da biét trong chuong 2: hé dao dong mot bac tu do chiu tac dung
clia tai trong diéu hoa.

6.1.2 Phuong phap Newmark

Theo cong thic Taylor !, ta c6 thé xac dinh trang thai ctia hé ¢ thoi diém
tn41 theo trang thai da biét clia he & thoi diém truée dé t,, nhu sau:

At? At®

Flta+At) = f(tn)+Atf’(tn)+Tf”(tn)jt...+ | FO(tn) 4+ Ry(t) (6.15)

!Brook Taylor, nha toan hoc, sinh ngay 18/08/1685 tai Edmonton, Middlesex, Anh,
mat ngay 29/12/1731 tai Somerset House, London, Anh
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w10°
2_5_ ....... s TR SR ........ s R freeeeees . ........ :
: : : . : 4 Mghiem chinh xac | :
5 | o at=0Dss :
T At=0025s
: At=001s
T (U NN, . N . UV DU SO . < I S ST
=
=
Z 7 Resmssmitanpmnsaiin b o T i S A S A s e M
i}
=
e
o : : : ‘ : ; : ] : :
05k FRERE & s ........ EREERIREE ........ Lo i ........ P A
] ]
9
05 1 1

n i i i ; i i i i i
1] oos 01 015 02 025 03 035 04 045 05
Thoi gian t (s)

Hinh 6.3: So sdanh nghiém chinh zac va nghiém tinh theo phuwong phap sai
phan dung tam vdi cac budc thoi gian khdc nhau

trong d6 R,(t) 1a phan du Lagrange bac s, dugc xéac dinh theo biéu thic sau:

tn+AL R
Ru(t) = - / i (tn+At—T> FEO(P)dr (6.16)

st i,

Chuyén vi va van toc tai thoi diém tn+1 duge xac dinh theo cong thiic:

tni1
Upi1 = Up + Att, + / (tper — 7)u(T)dr (6.17)
tn
tni1
lg1 = T + / i(r)dr (6.18)
tn

Cac tich phan trong cong thitc trén lan lugt 14 phan du bac 1 va bac 0 cla
khai trién Taylor.
Dé tinh cc tich phan nay ta can tim biéu thiic ctia i(7) trong doan [t,,, ;1]
theo céc gia tri i, VA tini1. Ap dung cong thic khai trién Taylor ta co:

(ta —7)° W

i(ty) = (1) + (t, — T)u® (1) + ST (1) + ... (6.19)
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n| t, | ppx107%| P, x 107° | u, x 10% | upe x 103
0 | 0,00 0 0 0 0
110,05 1,545 1,545 0 1,173
2 10,10 | 2,939 3,667 7,280 7,169
310,15| 4,045 4,406 17,276 15,692
41020 4,755 3,587 20,759 20,379
510,25 5 2,793 16,902 18,740
6 0,30 | 4,755 2,898 13,158 14,528
71035 4,045 2,940 13,652 12,250
8 10,40 | 2,939 1,761 13,851 11,579
9 |0,45 1,545 -0,226 8,296 8,602
10 | 0,50 0 -1,664 -1,064 1,550

.. . (3) (tns1 — 7—)2 (4)

U(tpyr) = (1) + (tpyr — 7)u' (1) + —————u'"Y (1) + ... (6.20)

2!
Nhan hai vé ctia (6.19) va (6.20) lan lugt véi (1 — ) va vy roi cong céc thanh
phan tuong ting, ta co:

(1) = (1 = )iy + Yilp1 + (T =ty — YA (1) + .. (6.21)

Nhan hai vé ctia (6.19) va (6.20) mot 1an nita v6i (1 —23) va 2 16i cong cac
thanh phan tuong tng, ta co:

(1) = (1 = 28)iin + 2Biins1 + (7 — tn — 28A)US (1) + . ..

Thay (6.21) vao (6.18) va thay (6.22) vao (6.17) roi tich phan ting phan ta
cO:

(6.22)

tnt1 1
/ W(r)dr = (1—7~)Atil, +yAtii, 1+ <§ _,y> A (t,)+0 (At3u(4)(7~')>
tn
(6.23)
/ tnﬂ(t — 7)i(r)dT = (1 — B) A, + BAiip + <1 _ 5) A1)
. n+1 2 n n+1 6 n
+0 <At4u(4) (7~')> (6.24)

VoL t, < T < lpt1
Do At thudng duge chon rat nhoé nén ta cé thé bé qua cac sé hang chita At
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v6i s6 mil 16n hon 2 déi v6i chuyén vi va 16n hon 1 déi véi van téc. Nhu vay
biéu thiic chuyén vi va van toc tai thoi diém t,e1 cO dang sau:

i1 = i+ (1 — 7) Al + YAl 1 (6.25)
1
Uns1 = U + Aty + (5 - 5) AtZiiy, + BAE i, (6.26)
trong do v va /3 1a céc thong s6 xét dén anh hudng ctia gia tdc tai thoi diém

t, Va t,4q dbi véi van tdc va chuyen vi. Trong thuec té, cac thong s6 nay dudc
chon trong céc khoang sau:

1 < v < 3
2>7 >3
{0 353 (6.27)
Tit (6.26) ta tinh dugdc gia toc tai thoi diém t,; theo biéu thiic:
. 1 1 . 1
Unt1 = BAL (Un+1 - Un> - @un - (% - 1> (6.28)
Thay (6.28) vao (6.25) ta co:
. Y
Upg1 = E(unﬂ — un> + (1 — 5) + (1 — %>Atun (6.29)

Thay van toc (6.29) va gia téc (6.28) vao phuong trinh can béng dong hoc
tai thoi diém ¢, ta thu dugc:

m ye 1. 1 .
(k Thae T m) ~ et {mt? * i+ (55~ 1>“”} "
v v . gl y
{m“” (G 1) (35 1>““”] ‘
(6.30)

Tit biéu thiic (6.30) tinh duge chuyén vi tai thai diém ¢, :

Uy = Lot (6.31)
k
trong do:
~ m c
k=k+ + I (6.32)

BAE T BAt
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Hinh 6.4: Phuong phdp gia toc trung binh (a), Phuong phdp gia toc tuyén
tinh (b)

1 1 1
An = Pn n ‘n __1>n
Pn+1 p+1+{/@At2u +5Atu +<25 u]m

gt (5 1)+ (5= 1)
+[5Atu+ 5 Uy, + 55 U, | C (6.33)
Sau khi tinh dugc chuyén vi u,,, 1, thay vao (6.29) va (6.28) ta tinh dugc van
toC Upy1 VA gia toc 1.

Diéu kién 6n dinh ctia phuong phap Newmark:

T

2m\/3 B

At < At,, = (6.34)

Nhan xét:

1. Khi chon cac thong s6 v = % va [ = }L ta c6 phuong phap gia toc trung
binh (hinh 6.4a). Chon cac thong s6 nhu vay ¢6 nghia ching ta gia dinh
rang gia toc 1a hang s6 va bang gia tri trung binh trong khoang thoi
gian At:

. un—i—l + ,dn
U(T) = T
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Tich phan bicu thiic trén ta c6 bicu thic van téc trong khoang thoi
gian At:

(r) = iy + 3 (lgr + i)

Tich phan mot lan nita ta c6 biéu thic ctia chuyeén vi:

2
uw(T) = up + T, + TZ(’&/TH_l + iy, )

Thay 7 = At ta c6 gia tri van tdc va chuyén vi tai thoi diém ¢,

un—i—l = Uy + T(ﬂn—l—l + un)
2

Upi1 = Up + Up At + ATt(anH + iiy,)

Thay céc gia tri v = 1/2 va 8 = 1/4 vao diéu kién 6n dinh (6.34) ta
co:

.

7 S
Diéu dé c6 nghia phuong phéap gia téc trung binh 6n dinh véi moi gi
tri ctia At. Thuc té, ngudi ta thudng chon bude thoi gian At < T/10
dé dao dong clia hé dugce xac dinh chinh xéc. Dac biét khi tinh hé chiu
tac dung ctia dong dat, bude thoi gian At thuong duge lay cac gia tri
0.01s hay 0.02s nhé hon rat nhiéu so véi giéi han T'/10.

2. Khi chon cic thong s6 v = % va [ = % ta c6 phuong phap gia toc tuyén
tinh (hinh 6.4b). Trong trudng hop nay, gia toc duge gia dinh 1a ham
tuyén tinh trong khoang thoi gian At:

U(T) = Up + —— (Ups1 — Uy
( ) At( +1 )
Tich phan biéu thic gia téc lan lugt cho ta cac biéu thic van téc va
chuyeén vi:
. . LT i
W(T) = Uy + Ty + SAT (i1 — i)
2 3
u(T) = u, + TU + L —i—T—(il 41— i)
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Thay 7 = At ta c6 gia tri van toc va chuyén vi tai thoi diém byt
At

Upt1 = Up + T(un-l—l + un)

1 1

Diéu kién 6n dinh c6 dang:

1S

At < = 0,551
T — -
Thuat toan tinh dao déng ctia hé bang phuong phap Newmark:

1. Diéu kién ban dau:

Uo va ’llo
Po — C’L.LO — k’UO

(%
m

2. Chon phuong phap tich phan:

e Gia toc trung binh: v =1/2va f=1/4
e Gia toc tuyén tinh: y=1/2va §=1/6

3. Chon budc thoi gian: At < At,.,

4. Tinh cac hing s6 tich phan:

1 ., 1
ag = a1 = —— Qo — ——
07 BAR LT oBA > BAt
1
a3:ﬁ—1 CL4:%—1 a5:<%—1)At

5. Tinh do cing: =kt agm + aic

6. Tinh vong lap:
Prnt1 = Dnt1 + (aguy + agtl, + agii,)m + (aqu, + agty, + asiiy,)c
Up+1 = ﬁn/k

Uni1 = 1 (U1 — Un) — aglt, — asiy,
lint1 = ao(Uns1 — Un) — Aoty — asiiy
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o 10°
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z : : : S :
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’ ; 3 % Phuong phap gia toc tuyen tinh :
: +  Phuong phap gia toc trung binh k
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o i ] i i i i ] ; i i
u] 0.0z 01 015 02 02 03 035 04 045 05

Thoi gian t (s)

Hinh 6.5: So sdanh nghiém chinh xac vdi nghiém tinh theo phuong phap gia
toc tuyén tinh va gia toc trung binh

Vi du 6.2: Tinh dao dong ctia hé trong vi du 6.1 bing phuong phap
Newmark.

Nhan xét: Phuong phap gia téc tuyén tinh cho két qui chinh xac hon
phuong phap gia toc trung binh khi chon bude thoi gian At nhu nhau.

6.2 Heé phi tuyén mot bac tu do

Mot hé duge goi la phi tuyén khi do ciing va (hodc) hé s6 can thay doi theo
thoi gian. Viéc tinh toan hé phi tuyén dugc thyc hién bang cach tich phan
theo titng budc. Thuan toan duge trinh bay & phan trude c6 thé duge ap
dung dé tinh he phi tuyén khi viét dusi dang gia s6.

6.2.1 Phuong trinh can bang dong dudi dang gia sb

Xét he mot bac tir do c6 khdi luong m chiu tac dung clia tai trong dong bat
ky p(t) (hinh 6.6a va b). Gia thiét noi luc fg(t) va luc can fp(t) 1a cdc ham
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Hinh 6.6: H¢ mot bac tu do (a), Tdi trong dong (b), Do ciing phi tuyén (c),

Luc cdn phi tuyén (d)

phi tuyén dbi v6i chuyen vi va van téc (hinh 6.6¢ va d).
Tai thoi diém ¢, = nAt, phuong trinh can bing dong ctia he:

fIn + fDn + fSn = Pn

(6.35)

Tai thoi diém ¢,,, = (n + 1)At, phuong trinh can bang dong duge viét nhu

sau:

frnt1 + fons1 + font1 = Pns1

Lay (6.36) trit di (6.35) ta duge phuong trinh dudi dang gia s6:

trong do:

Afr+Afp+Afs=Ap

Afr = finr1 — frn = mAU

Afp = font1 — fon = ¢ AU

Afs = fsnt1 — fon =k, 1Au
Ap = pnt1 — Pn

(6.36)

(6.37)
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cs.q va ki, lan lugt 1a he s6 can cat tuyén va do cing cat tuyén trong
khoang thoi gian At. Cac dai lugng nay 1a chua biét do chuyén vi va van toc
ctia hé tai thoi diém tn+1 chua duge xac dinh. Ngudi ta co thé thay do cing
cat tuyén k., (he sO can cat tuyén ¢ ) bang do ctng tiép tuyén k!, (he s6
can tiép tuyén c!) duge xdc dinh ¢ dau khodng thoi gian t,. Viéc sit dung
do ciing tiép tuyén thay cho do cing cat tuyén sé dan dén sai s6 trong qua
trinh tinh toan. Dé gidm sai s6 nay, ngudi ta thusng ding budc thoi gian At
rat nho va phuong phap Newton-Raphson 2.

Thay céc phuong trinh (6.38) dén (6.41) vao (6.37) ta co:

mAQ + ¢ Au+ kL Au = Ap (6.42)

Dé don gidn ngudi ta thuong gia dinh hé s6 can ¢ 1a hang s6. Khi d6, phuong
trinh (6.42) dugc viét lai nhu sau:

mAi + cAu+ kb Au= Ap (6.43)

6.2.2 Phuong phap Newmark

Dé ap dung phuong phap Newmark tinh hé phi tuyén, ta viét lai cdc phuong
trinh (6.25) va (6.26) dudi dang gia s6:

At = Atii, + YAtAi (6.44)
2
Au = A, + ATtun + BAF* Al (6.45)

trong do: Au = Upiq — Uy 5 AU = Upi1 — Uy va AU = g — Uy
Tt phuong trinh (6.45) ta tinh duge:

1 1 . 1.
= AP Au — ﬂAtun - %un (6.46)

At
Thay (6.46) vao (6.44), ta thu duge:

Ad = ﬁm - %un - <% - 1) Atii, (6.47)

2Joseph Raphson, sinh nim 1648 tai Middlesex, Anh, mat nam 1715. Raphson da coéng
bé thuat toan ndy duéi tén "phuong phap Newton" vao nam 1690
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Thay (6.46) va (6.47) vao (6.43), ta co:

kpnAu = Ap (6.48)
trong do:
~ m ye
kn:k;+mt2 +@ (6.49)

A= Ap + (ﬁun + %un)m + [%un + (% - 1) Atdn} ¢ (6.50)
Tt (6.48) ta tinh dugc gia s6 chuyen vi Au, sau d6 thay vao (6.47) tinh duge
gia s6 van toc Au. Gia tri chuyén vi va van toc tai thoi diém ¢, dudce xéc
dinh bang cach cong thém cac gia sé vao chuyén vi va van toc tai thoi diém
t,. Gia toc tai thai diém tni1 €O thé dugc xac dinh bang cach tuong tu. Tuy
nhién, w1, Upe1 VA Gipyq tim duge khong thoa man dieu kién can bang tai
thoi diém t,,41 do ta da st dung do ciing tiép tuyén k! ¢ dau thoi bude thoi
gian t, thay cho do ctng cat tuyén. Do do, ta c6 thé xac dinh gia to¢ i, 1
tir diéu kien can bang dong tai thoi diém t,1:

m

Thuat toan tinh dao dong hé phi tuyén bing phuong phap New-
mark:

1. Diéu kién ban dauw:

Uo va ’llo
po — ctig — kug

g
m

2. Chon phuong phap tich phan:

e Gia toc trung binh: y=1/2va 8 =1/4
e Gia toc tuyén tinh: y =1/2va 3 =1/6

3. Chon buéc thoi gian: At < At,,



108CHUONG 6. PHUONG PHAP TICH PHAN THEO THOI GIAN TRONG PHAN TICH B.

4. Tinh cac hang s6 tich phan:

— 1 . — 1
“ = GA = 2= Gap
1
agzﬁ a4:% a5:(%—1)At

5. Tinh do ciing c6 hieu tai thoi diém ¢,,: /k\n = k! + agm + a;c
6. Tinh gia s6 luc Ap:

Ap = Ap + (agty, + asii,)m + (a4, + asii,)c

7. Tinh gia s6 chuyén vi Au:

)

Au =

§>| >

8. Tinh gia s6 van téc At = a;Au — aqt, — asii,
9. Tinh chuyén vi va van toc tai thoi diém ¢,

Upi1 = Up + Au; Upi1 = Uy + AU

10. Tinh gia tdc tai thoi diém ¢,,; theo phuong trinh can bing dong tai
thoi diém ¢,
Pnt1 — fsn41 — Cling1
m

Un+1 =

Vi du 6.3: Tinh dao dong clia hé trong vi du 6.1 bing phuong phéap gia
téc trung binh biét ring quan hé giita fg(t) va chuyén vi u la dan déo ly
tuéng nhu hinh 6.7 :

Loi gidi: Cac thong s6 clia hé:
m =5 x 10°kyg; k=3 x10°N/m; c=1,2247 x 10°Ns/m
Dieu kién ban dau:
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Hinh 6.7: Quan hé lu’c—chuyén vl

Chon buée thoi gian: At = 0,05s
Do cing c6 higu:

En:kn—l—aom%—alc:k’n—l—&@x108

b 3 x 108 trén doan AB, CD va EF
"0 tren doan BC va DE

Gia s6 Iite: Ap = Ap + 4,24 x 1074, + 10%i,
Két qua cho trong bang sau:

6.2.3 Giam sai s6 bang thuat toan Newton-Raphson

Nhu da néi 6 phan trén, stt dung bude thoi gian At nhé cho phép gidm sai s6
trong "mot" bude thoi gian khi tinh hé phi tuyén. Tuy nhién, sai s6 tong cong
(trén toan bo thoi gian ma tai trong dong tac dung) c6 thé rat 16n. Phuong
phap hiéu qua dé gidm sai s6 14 ap dung thuat toan lip Newton trong timg
buée thoi gian dé hoi tu dén gia tri chinh xac. Trong co hoc, phuong phap
nay thuong duge goi la thuat toan Newton-Raphson.
Xét nghiém ctia mot hé phi tuyén nhu trén hinh 6.8a. Ta bat dau budc lap
theo thuat toan Newton bing céach xét gia so chuyen vi AulM) tit phuong
trinh (6.48):

E9 Au® = Ap (6.52)
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Af,{” VAL
P 3
] =T
af
&p
Ar(
Au(l) I Au(z) l Au(3) l u
N T G g !
Au
(a)
o AR ) a0
P o \ \B \)
¥ Af(3)
Saaii|
Af@)
—t X
4p
af(
Auld) I Au(z)_L l A3 u
Ay o
(b)

Hinh 6.8: Thuat toan Newton-Raphson (a), Thuat toan Newton-Raphson cdi
tién (b)
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n| tn | fonx107¢ | Ap, x 107¢ | k, x 107 | u, x 10°
0 | 0,00 0 1,545 1,149 0

1 |0,05 0,403 5,829 1,149 1,345

2 10,10 1,925 9,099 1,149 6,418

3 10,15 4,301 6,903 1,149 14,336
4 10,20 5,000 2,664 0,849 20,345
5 | 0,25 5,000 1,867 0,849 23,482
6 1030 5,000 0,207 0,849 | 25,681

71035 5,000 24,033 1149 | 25925
8 | 0,40 3,947 -8,009 1,149 22,415
9 | 0,45 1,856 -8,721 1,149 15,444
10 | 0,50 -0,421 -4,748 1,149 7,854

v6i k), = k, 1a do ciing tiép tuyén c6 hieu tai thoi diém t,.
O bude lap thi nhat, Af® duge xac dinh béi:

AfO = p 4 ( UL ﬁ) (un + Aul)

BAL " BAL
o _ <5Z&2 i %) Un (6.53)
hay
AfO = (M — 0y <5Zt2 - %) Au® (6.54)

T hinh 6.8a ta thay, noi luc thuc tac dung trong 1o xo Af(l) nho hon AD.
Hicu s6 gitta Ap va AfW 1a Iye du A fr(z). Luc du nay gay ra mot chuyén vi
Au® ma ta c6 thé xac dinh tit biéu thic:

L Au® = Af® = Ap— AFD (6.55)

vé6i Eﬁ}jl la do ctng tiép tuyén cé hieu duge xac dinh & cudi gia s6 chuyén vi
Ay,

Chuyén vi Ay? nay cho phép ta tinh dugc lye du méi va qua trinh duge bat
dau lai cho dén khi hoi tu vé chuyén vi thuc. Thuat toan lap Newton-Raphson
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dugc tém tat theo cac bude nhu sau:

AL = AfE-D A pED (6.56)
AW
knJrl

u;ﬂ)rl = u'h + Aul? (6.58)

£ = fs (W) (6.60)

A0 — O _ -1 m 7€\ Ay® 61

v6i diéu kien ban dau tai thoi diém t,, nhu sau:

ALY = Ap (6.62)

Af@ =0 (6.63)

Uilo}ﬂ = Uy, (6.64)

7O = g, (6.65)

Aug = 0 (6.66)

Trong thuat toan Newton-Raphson, do ciing tiép tuyén %ﬁf}rl phéi dugce xéc
dinh tai m&i budc lap thit 7. Viéc nay lam tang dang ké thoi gian tinh toan,
diic biet d6i véi he nhiéu bac tu do. Dé giam thoi gian tinh toan, ngudi ta
c6 thé ding thuat toan Newton-Raphson cai tién hay con goi la thuat toan
lip véi do ciing khong doi (hinh 6.8b). Khi d6, do ciing tiép tuyén duge xac
dinh & dau budc thsi gian At va duge giit khong doi trong sudt qué trinh
lap ddi v6i buée thai gian d6 cho dén khi hoi tu. So sdnh hai hinh 6.8a va
6.8b ta c6 thé nhan thay, thuat toan Newton-Raphson cai tién cho két qua
sau nhiéu lan lap hon so véi thuat toan Newton-Raphson ban dau nhung
mdi lan 1ip sé nhanh hon vi khong phai xac dinh lai do cing tiép tuyén.
Thuat toan Newton-Raphson cai tién tuong tu nhu thuat todn ban dau, c6
mot diém khéc 1a trong biéu thitc (6.57), do ciing c6 higu kﬁf;ll ) dugc thay
bing do cing k, xac dinh tai thoi diém t,,.

Thuat toan lip Newton-Raphson ditng khi théa man diéu kién hoi tu. Diéu
kién nay co thé duge xac dinh bang ba tiéu chi sau:

1. Tieu chi chuyén vi:
Ti s6 gitta gia s6 chuyén vi & cudi mdi bude lip Aul® vi gia tri hien
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thoi ctia gia s6 chuyén vi Au; = £;Au® phéi nhé hon gia tri sai sé cho
phép dugce chon trude:

<ep (6.67)

Au®

2. Tiéu chi lue du:
Ti s6 gitta Ite du & budce lap thit 4 va lyce ¢6 hieu Ap nhé hon gia tri sai
s6 cho phép:

(i)
'Af’" <ep (6.68)

Ap

3. Tiéu chi nang lugng:
Ti s6 gitta gia s6 cong noi luc tng véi cac gia sé chuyén vi ¢ bude lap
thit ¢ va cong ting v6i chuyén vi tdng cong trong budc thai gian At nhd
hon sai s6 cho phép dude chon truée:

A Aut

< .
AoAu, = ) (6.69)

6.3 Heé tuyén tinh nhiéu bac tu do

Trong phan nay gidi thieu mot vai phuong phap tich phan theo thoi gian
tinh he nhiéu bac tiy do duge xay dung dya trén cac noi dung da trinh bay
& phan trén déi v6i hé mot bac tu do.

Phuong trinh vi phan dao dong hé nhiéu bac tu do:

Mii(t) + Cu(t) + Ku(t) = p(t) (6.70)

6.3.1 Phuong phap sai phan dang tam

Tuong tu (6.3) va (6.5), cdc xap xi clia vecteur van téc va vecteur gia toc
duoe bidu dién nhu sau:
Upp1 — Up—1

2At

Up41 — 2un + U,

At?

(6.71)

u, =

(6.72)

u, =
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Thay (6.71) va (6.72) vio phuong trinh vi phan dao dong (6.70) tai thoi diém
t, ta co:

1 1 1 1 2
— M4 — —p, - —M-——M|u, - [K--"M
(At2 + 2Atc> Unt1 = P (At2 2At ) Un—1 ( At2 ) tn

6.73)
hay N
Ku,,1 = p, (6.74)
trong do:
~ 1 1
K= @M + EC (6.75)
Pn = Pn — 11\/1—11\/Iu —K—21\/Iu (6.76)
Prn = Pn AtQ ZAt n—1 AtQ n .

Vecteur c/lguyén vi tai thoi diém tn1+1 duge xac dinh sau khi chéo héa ma tran
do cing K = LDLT

LDL"u,1 = Dn (6.77)
Tit phuong trinh (6.76) ta thay can phai xac dinh vecteur chuyén vi & cudi
bude thoi gian thit nhat ¢ = At. Vecteur nay duge xéc dinh theo biéu thiic:

2

At
u_; =4y — Atuo + TUO (678)

Diéu kién 6n dinh ctia phuong phap sai phan ding tam:

(6.79)

eq

T,
At < At,, =~ =0, 3187,
N

trong d6: T,,,, la chu ky dao dong nho nhat cta hé c¢6 n., bac tu do.

6.3.2 Phuong phap Newmark

Phuong phéap Newmark da duge trinh bay trong phan trude doi véi hé mot
bac tu do. Dé ap dung phuong phéap nay cho hé nhiéu bac tu do, ta chi can
thay cac phuong trinh vo huéng doéi véi chuyen vi, van tbc, gia tbc & cac
thoi diém ¢, t,,; thanh cidc phuong trinh ma tran. Cac biéu thic van toc
va chuyen vi:

1
Up1 = u, + Atu, + (5 — ﬂ) At*i, + AL, (6.81)
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Thuec hién bién doi tuong tu nhu déi v6i he mot bac tu do, ta cé:

Uy = L(un+1 —u,) — Lun (L 1), (6.82)
BAL2 BAL 23

Ut = ﬁ(un+1 —u,) + (1 - %) , + (1 - %) Atit,  (6.83)

Thay hai phuong trinh nay vao phuong trinh can bing dong tai thoi diém

tn+1:
Mﬁn+1 + Cl'ln_;,_l + Kum_l = Pn+1 (684)
ta thu duge: R
Kun_;’_]_ - ﬁn‘i‘l (685)
trong do:
N 1 v
K=K M+ ——C 6.86
TNy, (6.86)
R 1 1 1 .
Pnt1 = Pn+1 + {5&52 + BAL —=—u, + <2ﬁ 1>un}1\/[
T A (1 - 1)un (— - 1) Ati,|C (6.87)
ﬁAt g 2p

Diéu kién 6n dinh ctia phuong phap Newmark:

1,
At < At = ———— = 0,5517T,

2m\/T -8 et

véi Ty, 1a chu ky dao dong nho nhét ctia hé n, bac tu do.

(6.88)

6.3.3 Phuong phap Wilson

Phuong phap Wilson 13 sy cai tién ctia phuong phap gia toc tuyén tinh nham
lam cho phuong phap nay trd thanh phuong phap khong phu thuoc diéu kién
on dinh. Trong phuong phap Wilson, ngudi ta gia dinh gia tdc bién déi tuyén
tinh trong khodng [t,, t, + 0At] véi 6 > 1.

Gia toc tai thoi diem 7 (0 < 7 < 0AL):

U(t, +7) =1, + —— GAt (o — 0y) (6.89)
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Hinh 6.9: Phuong phap Wilson
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Tich phan (6.89) ta thu dugc biéu thitc van tdc va chuyén vi:

2
u(t, +7) =, + u,7 + YN} (o — 1) (6.90)
,,_2 7_3
u(ty +7) =Wy + W7+ -l + @(ﬁm — i) (6.91)

Tu cac phuong trinh (6.90) va (6.91), ta xac dinh duge gia tri van téc va
chuyén vi tai thai diém t,9 = t,, + 0At (hay 7 = OAt):

: . OAt . .

U9 = U, + T(un+9 + 1, (6.92)
2 2

W, = u, + 0Ata, + (ppo + 21,) (6.93)

Sau khi bién doi (6.92) va (6.93), ta c6 the bieu dién dugdc gia tdc t,,e v
van toc 11, theo chuyén vi u,:

6 6

9 = m(un+9 —u,) — e_Atﬁ” — 21, (6.94)
Wig = %(um —u,) — 2, — %ﬁn (6.95)

Phuong trinh can bing dong tai thoi diem ¢,
M, g + Clypg + Kunpg = Prge (6.96)

Trong phuong trinh nay p,¢ chua biét. Do ta gia dinh gia t6c bién doi tuyén
tinh nén ta sé dung hinh chiéu tuyén tinh ciia vecteur tai trong & thoi diém
tn+e duge bicu dién nhu sau:

Prn+6 = Pn + ‘9<pn+1 - pn) (697)

Thay (6.94) va (6.95) vao (6.96), ta c6:

Kt 9 = Prto (6.98)
trong do:
. 6 3
K=K M C .
T ear T oA (6.99)
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N 6 6 . ..
Pnto = Pn + 9(Pn+1 - pn) + M<62At2u” + QAtun + 2un> +

3 OAt
— 20 — 1
+C (QAtun +2u, + 5 un> (6.100)

Sau khi xac dinh dugc u,,,4, ta tinh 1,14 va 0, ¢ theo (6.94) va (6.95). Bang
cach thay 7 = At vao cac phuong trinh (6.89), (6.90) va (6.91), ta tinh dugc

Upt1, Upti va Upp1:

. . 1 6 6 . .

u,+1 = U, -+ 5 {W (un+9 — un) — @un — 311” (6101)

. . At . .

Wy = Wy + - [y + 1 (6.102)
. At? .

U, = u, + Atu, + - [Un+1 + 2un] (6.103)

Nguoi ta chitng minh [1] rdng phuong phap Wilson khong phu thuoc vao diéu
kien 6n dinh khi > 1,37. Thuc té ngudi ta thuong chon 6 = 1, 40.

6.3.4 Phuong phap HHT

Phuong phap nay do Hilber, Hughes va Taylor dé nghi nén ngudi ta thuong
goi la phuong phap HHT. Trong phuong phap HHT, cac phuong trinh cia
phuong phap Newmark dugc git nguyén, chi phuong trinh can biang dong
duge bién déi nhu sau:

Mi, 1+ (1+a)Cayy —aCu, + (1+a)Ku,y g —aKu, = (14+a)ppr1 —apy,

(6.104)
Thay cac phuong trinh (6.82) va (6.83) vao (6.104), ta co:
Kt,41 = Posi (6.105)
trong do:
~ ~ 1
K=(1 K+ (1 C M 6.106
(1+a)K+( —i—oz)ﬁAt +5At2 ( )
R 1 1 1 .
pn+1:<1+a>pn+1_apn+ ﬁAtZun—i_ﬁAtun—i_ %_1 u, M
Hla+a)Lu +1+a)(L—1)u,+1+a)-L - 1)Ati,|C
BAt 5 23

+aCu, + aKu, (6.107)
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Dé thay rang, khi o = 0, phuong phdap HHT trd thanh phuong phip New-
mark. Néu chon cac thong s6:

= lz2a (6.108)

phuong phap HHT sé tré thanh phuong phap khong phu thude vao diéu kién
on dinh.

6.4 Heé phi tuyén nhiéu bac tu do

Mot cach tong quat, dé tinh cac hé phi tuyén ngusi ta thuong dung céc
phuong phap khong phu thuoc vao diéu kién on dinh. Ly do 1a chu ky dao
dong rieng ctia hé phi tuyén thay doi trong qua trinh tinh toan gay khé khan
trong viec chon budc thoi gian dé théa man diéu kien én dinh. Tuy nhién
trong truong hop ma tran khéi lugng va ma tran can 1a ma tran duong chéo
hoiic b qua anh hudng luc can, cac phuong phap cé dicu kién 6n dinh van
c6 thé ap dung dé tinh hé phi tuyén. Trong phan nay sé gidi thieu phuong
phap Newmark tinh hé phi tuyén nhiéu bac tu do.

6.4.1 Phuong trinh can bang dong duéi dang gia s6

Tuong tu nhu déi véi heé mot bac tu do, phuong trinh vi phan dao dong sé
dudc viét lai dudi dang gia s6. D6i v6i hé nhiéu bac tu do, cac dai lugng vo
huéng duge thay bang cac dai luong vecteur hay ma tran tuong tng.

MAii + CAt + K. Au = Ap (6.109)

trong d6: K¢ 1a ma tran do ctng tiép tuyén tai thoi diém ¢, = nAt.

6.4.2 Phuong phap Newmark

Bai toan dao dong hé phi tuyén nhiéu bac tir do thuong dugc tinh bang
phuong phap gia toc trung binh do phuong phap nay khong phu thuoc vao
diéu kien 6n dinh.
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Viét lai cdc phuong trinh (6.44) va (6.45) du6i dang vecteur:

Au = Atii, + yAtA#Q (6.110)
A 2
Au = Au,, + Ttun + BAP Al (6.111)

Tu phuong trinh (6.111) tinh duge At

1 1 1
- Au- ——u, — —i 112
A" T At T ot (6.112)

Al
Thay (6.112) vao (6.110), ta thu dugc:

._L _1. B l_ .
Au = ﬁAtAu Bun (25 I)Atun (6.113)

Thay (6.112) va (6.113) vao (6.109), ta co:
K,Au = Ap (6.114)

trong do:

1
T ¢ (6.115)

K, =K' M
A TN Ry

AP =Ap+ (ﬁun + %UH)M + [%un + (% - 1) Atﬁn} C (6.116)

Sau khi tinh duge Au tit phuong trinh (6.114), ta tinh duge gia s6 van tdc
Au va gia s6 gia toc Al



Chuong 7

Tinh két ciu chiu tac dung
dong dat

7.1 Khai niém ve dong dat

7.1.1 Nguodn gbc cua dong dat

Dong dat 1a sy chuyén dong ctia dat gay ra bdi sy giai phéng nang luong
dugc tich lity trong vo trai dat mot cach dot ngot. Noi xay ra dong dat dudc
goi 1 tam dong dat, con diém trén bé mat trai dat giéng thang tit tam dong
dat goi 1a tam chan.

7.1.2 Lan truyén séng

Tit tam, cac rung chuyén dong dat lan truyén dudi dang séng theo nhiéu kiéu
khéc nhau do sut khong dong nhat ciia dat. Cac rung chuyén nay gay ra céc
chuyén dong phiic tap kho du doan trude. Ngusi ta o thé chia ra thanh cac
dang song nhu sau:

e So6ng khdi: Séng nay sinh ra tit tam dong dat va lan truyén trong dat
theo 2 kicu:

— So6ng P hay song doc: lan truyén véi van toc 7 — 8km/s va gay ra
sit thay déi thé tich (nén va dan xen ké nhau).

— Song S hay séng ngang: lan truyén véi van toc 4 — 5km/s, gay ra
x0#n trong mat phing vuong goc véi phuong truyen séng va trudt

121
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Tam chin | Khoang cach tir tam chan ]
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Hinh 7.1: Cédc khdi niém vé dong dat

khong thay doi thé tich. Khac véi song doc, song ngang khong
lan truyen trong moi truong 1éng hay khi do cac moi truong nay
khong truyen liyc cat.

e Song mait: cac song khoéi khi dén mat dat sé gay ra séong mat va anh
hudng dén 16p dat c6 chiéu sau nhé. Ngudi ta chia ra thanh hai loai
chinh:

— Song R hay séng Rayleigh: dat chuyén dong theo quy dao ellipse
trong mat phing vuong géc véi phuong lan truyen séng. Chuyén
dong nay gay ra nén (hodc kéo) ciing nhu cit trong dat.

— Séng Q hay séng Love: dat chuyén dong trong mit phang tiép
tuyén véi bé mit va vuong géc véi phuong truyen séong. Chuyén
dong nay chi gay ra tng suat cat trong dat.

Céac séng mit ¢6 van toc lan truyen tit 1,5 dén 5km/s trong dat chat hodc
da va tir 0,5 dén 1,5km/s trong dat yéu.

Néu ta coi dat 1a moi truong dan hoi va dong nhat dic trung bdi module
dan hoi E, he s6 Poisson v va khéi luong thé tich p thi van toc clia séng S
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Song Rayleigh

Song Love

Hinh 7.2: Song Rayleigh va song Love
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va song P dugce cho béi biéu thiic:

G
Vg = 4| — 7.1
s=1/5 (7.1)
A+2
op = 4| 2T2C (7.2)
)
trong d6: G va A 1a cac hang s6 Lamé:
E
G = ST+ (7.3)
E
A= Y (7.4)

(1 -2v)(1+v)
Ti s6 gifta van toc vp va vg c6 dang:
vp 2(1 — V)
I ek Sl 7.5
Vs 1—2v ( )

Ti s6 nay phu thuoc vao hé s6 Poisson:

v= 0 1
(o

v =015 P _ 1 56
Vg

v =0,25 ' _1n
Us

Dé thay rang séng doc P lan truyén nhanh hon séng ngang S khodng 1,5
lan. Néu biét van toc truyén séng vp va vg ciing nhu chénh léch thoi gian
truyen dén diém do ctia cac song, ngudi ta co thé xac dinh duge khodng céch
gitta tam dong dat va diem do. Dé xac dinh dudc vi trf ctia tam dong dat,
can phai stt dung dong thaoi tit 3 tram do trd len.

7.1.3 Chuyén dong ctia mat dat

Su chuyén dong ciia mat dat khi xay ra dong dat thuong duge ghi lai dudi
dang mot biéu do gia toc ma trén dé biéu dién sy thay déi cta gia téc doc
theo mot huéng nao dé theo thai gian. Dong thoi ngusi ta cé thé ghi lai ca su
thay doi clia van téc va chuyén vi. Trén biéu do gia toc, ngusi ta quan tam
dén gia tri gia toc 16n nhat, day la thong s6 quan trong dé xac dinh nguy co
dong dat.
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7.1.4 Cuong do

Cuong do ctia mot tran dong dat dudce xac dinh theo st cdm nhan ciia con
nguoi va thiet hai do né gay ra. Do6i véi mot tran dong dat, cuong do phu
thuoc vao khoang cach dén tam chan. Néi chung cuong do gidm khi khoang
cach nay tang léen nhung doi khi ciing ¢6 nhiing bat thuong xuat hién do diéu
kien dia chat dac biet.

Thang cuong do Mercalli: duge dé xuat bdi nha dia chat hoc nguoi Italia
Giuseppe Mercalli ! vao nam 1902

e Bac 1: rung dong ma con ngudsi khong cam nhan duge

e Bac 2, 3: rung dong ma chi mot s6 it ngudi cAm nhan duge
e Bac 4, 5: rung dong ma nhiéu ngudi cAm nhan dugc

e Bac 6: rung dong rat nhiéu ngudi cdAm nhan duge

e Bac 7: gay thiét hai nhe cho cac cong trinh xay dung

e Bac 8, 9: gay thiét hai kha nghiém trong cho cac cong trinh xay dung,
xuat hién cac vét nit trong dat

e Bac 10: pha hiiy hoan toan cac cong trinh

e Bac 11, 12: tham hoa

7.2 Tinh két cau chiu tac dung ctia déng dat

Ung dung rong rai nhéat ciia dong lue hoc cong trinh trong xay dung dan
dung 1a nghién cttu "tng xt" clia két cau dudi tac dung ctia dong dat. Ly do
chit yéu 1a vi dong dat gay ra luc quan tinh 16n déi v6i nha cita ciing nhu cac
cong trinh xay dung dan dung khac.

LGiuseppe Mercalli, nha dia chat hoc, sinh ngay 21/05/1850 tai Milan, Italia, mat ngay
20/03/1914 tai Naples, Italia
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Hinh 7.3: Thanh phan gia toc ciia dat theo hudng Bac-Nam duoc ghi lai tai
El Centro, California trong tran dong dat ngay 18 thing 5 nam 1940. Van
toc va chuyén vi cia dat duge zdc dinh bang cdch tich phan gia toc ctia dat

7.2.1 Hé moét bac tu do tuyén tinh
Su kich dong dong dat:

Su kich dong dong dat duge biéu hién qua gia téc chuyén dong ctia dat i, (t).
Dé ghi lai gia toc ctia dat nguoi ta diing cac thiét bi do gia téc. Két qua dugc
biéu dién bing biéu do gia toc nhu trén hinh 7.3

Phuong trinh vi phan dao dong

Xét két cau chiu tac dung ctia dong dat nhu hinh 7.4a. Chuyén vi cia nén 13
uy(t). Chuyén vi tuyet doi ctia khéi luong ky hieu 1a u!(¢), chuyén vi tuong
déi gitta khoi lugng va nén 1a u(t). Cac chuyén vi nay duge lien hé véi nhau



7.2. TINH KET CAU CHIU TAC DUNG CUA DONG DAT 127

m
~m
| U
fs = //I
f D -
L7777 7777077 777 7 7 777/ 7 77 77 77 7 7 7
a b
@ el (b)

Hinh 7.4: (a) Hé mot bac tu do chiu dnh hudng cia dong dat, (b) Cdc luc tac
dung léen khoi lugng

bdi biéu thiic:
u'(t) = u(t) + ug(t) (7.6)

Theo so do phan tich Iyc tac dung lén khéi lugng trén hinh 7.4b, chiung ta
c6 phuong trinh can bang dong:

fi+fp+fs=0 (7.7)
trong d6 Iuc quan tinh f; duge biéu dién bdi bicu thiec:
fr = mii! (7.8)

Cac Iye dan hoi va lye can van c6 dang (2.2). Thay cac biéu thic nay va
(7.8) vao phuong trinh (7.7) thu duge:

mii(t) + cu(t) + ku(t) = —miiy(t) (7.9)

Phuong trinh trén c¢6 dang tuong tu phuong trinh vi phan dao dong ctia hé
mot bac tu do chiu tac dung cta luc dong —mii,(t). Nhu vay, &nh hudng cia
chuyén dong nén c6 thé duge thay thé bdi "luc dong dat c6 hieu" p//(¢) xac
dinh béi biéu thre:

P (8) = —mit, (1) (7.10)

Chia hai vé ctia phuong trinh (7.9) cho m, ching ta co:
ii(t) + 2wi(t) + wu(t) = —iiy(t) (7.11)

Nghiém ctia phuong trinh chi phu thuoc vao tan sé dao dong riéng w va tham
s6 tat dan ¢ khi da biét gia téc nén di,(¢). Trong qua trinh xay ra dong dat,
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gia toc nén bién ddi bat ky khong theo quy luat nén khong thé xac dinh
nghiém giai tich ctia phuong trinh vi phan dao dong. Do do, cac phuong
phép s6 (tich phan theo thoi gian) gi6i thieu trong chuong 6 duge st dung
dé xac dinh nghiém ctia bai toan.

Nghiém theo thoi gian-Response history

Mot khi chuyén vi theo thoi gian u(t) duge x4c dinh bang phan tich dong
luc hoc két cau, noi luc c6 thé duge xac dinh bing phan tich tinh két cau tai
mdi thoi diém. Dau tién, luc tinh tuong duong duge xac dinh nhu sau:

fs(t) = ku(t) (7.12)
trong dé k 1a "do cting" ctia két cau. Biéu dién k theo khéi lugng m thu duoge:
fs(t) = mwiu(t) = mA(t) (7.13)

voi A(t) = wlul(t).

D@ thay rang lyc tinh tuong duong bang m lan A(t) chit khong phéi m lan
gia toc tong ii'(t). "Gia toc gid" A(t) ctia he c¢6 thé duge xac dinh tit chuyén
vi u(t) bang cach nhan u(t) véi binh phuong tan sé goc w?.

Noi I ctia he (moment, e cat) duge xac dinh tai thoi diém bat ki bang
phan tich tinh két cau chiu tac dung ctia Iyic tinh tuong duong tai cting thoi
diém do.

Khai niém pho nghiém-Response spectrum concept

D6 thi biéu dién cyc tri ctia cac dai lugng nhu chuyén vi, van toc hay gia toc
theo chu ky rieng T hay tan so rieng f ctia he dude goi la pho nghiem ctia
dai lugng do.

(€)= ma ult, T, ) 7.1
i0(T. ) = max [a(t. 7€) (7.15)
to(T,€) = max li(t, T, )| (7.16)

e Pho chuyén vi
Hinh 7.5 thé hien qua trinh xac dinh pho chuyén vi. Su phu thudc ctia
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Hinh 7.5: (a) Nghiém chuyén vi ciia hé mot bac tu do vdi ba chu kj dao dong
rieng khdac nhau, (b) Pho chuyén v

chuyén vi theo thoi gian gay ra bdi chuyén dong dat nén ctia 3 hé mot
bac tu do duge biéu dién béi cac hinh bén trai. Déi véi mdi he, gia
tri cuc dai ctia chuyén vi duge xac dinh (thong thuong, cuc dai thudng
xuat hién trong qué trinh dat nén chuyén dong, tuy nhién déi véi nhitng
hé c¢6 hé s6 can nhd va chu ky dao dong 16n thi cyc dai c6 thé xuat
hién trong qua trinh dao dong tu do sau khi chuyén dong dat nén da
két thic). Gia tri chuyén vi cuc dai uy duge xac dinh d6i véi mdi he
cho chiing ta mot diém trén phd chuyén vi. Lap lai qua trinh tinh toan
cho cac chu k¥ T,, khac nhau va giit € bang hing s6 sé cho phd chuyén
vi nhu hinh vé bén phai. Pho chuyén vi hoan chinh sé gom céac duong
cong tuong tu doéi véi cac gia tri € khac nhau.

e Phé gid van toc
Xét dai luong V' ctia hé mot bac tir do véi tan sb rieng w, dugc lién he
v6i chuyen vi cue dai D = ug clia n6 bdi biéu thiec:

21

V=w, T (7.17)
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Dai lugng V' c6 thit nguyén ciia van toéc va duge goi 1a gia tri cuc dai
"gia" van toc. Tien t6 "gid" dudc st dung vi V khong bang van toc cuc
dai 1o mac du cing thi nguyén. Ching ta sé tré lai van dé nay trong
phan sau. Phé gia van toc 1a do thi biéu dién sy thay ddi ciia V' theo
chu ky dao dong riéng T,, hay tan s6 rieng f,, ctia he.

e Phé gid gia toc
Xét dai luong A ctia hé mot bac tir do véi tan sb rieng w, duge lien he
v6i chuyen vi cue dai D = ug ctia né béi biéu thiec:

o\ 2

A=wlD = (—) D (7.18)
T

Dai lugng A c6 thit nguyeén ciia gia toc va dude lien hée véi gia tri cuc

dai ctia lye cit & chan clia cong trinh theo biéu thiic:

A
Vio = feo = mA = EQ (7.19)

trong d6 Q la trong lugng clia cong trinh va g 1a gia toc trong truong.
Dudi dang nay, ti s6 ? duge xem nhu hé s6 Iuc cat hay heé s6 luc day
ngang. Chi ¥ rang dai lugng A khac vdéi gia tri ciic dai clia gia toc i,
ctia hé. Pho gia gia téc 1a do thi biéu dién su thay doéi ctia A theo chu
ky dao dong rieng T;, hay tan sb riéng f, cia he.

Két hop cac pho nghiém D-V-A

MB&i pho chuyen vi, pho gid van téc hay pho gia gia téc ciia mot chuyén dong
dat nén (dong dat) déu cung cap cing mot thong tin vé ting xit clia két cau
hay cong trinh. Biét mot trong ba phd nghiém nay, hai phd nghiém con lai
c6 thé dé dang thu duge bing céc bién doi dai s6 cac phuong trinh (7.17) va
(7.18). Tuy nhién, chiing ta van stt dung 3 phd nghiém vi m&i phd cho biét
tric tiép ¥ nghia vat 1y clia dai luong d6. Pho chuyén vi cho biét chuyén vi
cuc dai ctia hé. Pho gia van tdc lien hé truc tiép véi nang lugng cuc dai cia
hé trong qué trinh xdy ra dong dat. Pho gia gia toc lien hé tryec tiép véi gia
tri cyc dai ctia Iie tinh tuong duong va luc cat & chan cong trinh. Mot 1f do
khac la trong thuc té, dang ctia cac phd c6 thé duge xap xi dé phuc vu cho
viéc thiét ké. Do d6, biéu dién két hop ca 3 pho nghiém la rat can thiét. Cach
biéu dién nay xuat hién 1an dau tién béi A.S. Veletsos va N.M. Newmark vao
nam 1960.



7.2. TINH KET CAU CHIU TAC DUNG CUA DONG DAT
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Hinh 7.6: (a) Pho chuyén vi, (b) Pho gid van toc, (c) Pho gid gia toc

1

0.610 37.5
w[—0.191 235

Tn (5)

(a)

(b)

(c)

131



132 CHUONG 7. TINH KET CAU CHIU TAC DUNG DONG DAT
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Hinh 7.7: Két hop pho nghiem D-V-A, truong hop € = 2%



Chuong 8

Phuong phap phan t& hitu han
trong bai toan dong luc hoc

Sy phat trién ctia phuong phap phan ti hitu han 13 giai doan quan trong
trong co hoc ting dung. C6 rat nhiéu cong trinh nghién ctu dudi dang tong
quat hay ting dung ctia phuong phap phan tit hitu han trong bai toan dong lc
hoc. Trong chuong nay, ching ta sé gi6i thieu mot s6 nét chinh ctia phuong
phéap nay.

Phuong trinh co ban ctia bai toan dong luc hoc:

Mii(t) + Cu(t) + Ku(t) = p(t) (8.1)

trong d6 M, C va K lan ludt 13 ma tran khdi lugng, ma tran anh hudng luc
can vd ma tran do cing clia két cau.

M=) M
C= i Ce
K= i K°
p=> p°
Ma tran khéi lugng clia phan tit duge xéc dinh bang biéu thiec:

M° = / pNTNdV (8.2)
|4
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Ma tran dnh huéng hyc can phan ti:

C* = / cNTNdV (8.3)
1%
Ma tran do cting phan ti:
K® = / B'EBadV (8.4)
%
Vector tai trong:
p° = / NTpav (8.5)
1%

v6i B 1a ma tran bién dang-chuyén vi: ¢ = Bu; E 1a ma tran do cing cla
vat lieu: 0 = Ee; N la cac ham dang.
Truong hop thanh théng, N ¢6 dang sau:

N[N0 0N 0 0] [N,
“| 0 NyN; 0 Ns Ng|

Ny
trong do:
Ni=1-7 Ny= —B’Li;—i-%s N3:l’—%—|—g£—z
Nao=1T N5:3LL2Q_QLL; NGZ_L;—F%:;

Néu bé qua bién dang doc truc:

[N]Z[Nu]:[ ~HtE - +hE BT —f+ﬁ}
d2
[B]:@[N]Z[—%Jrf—f 448 H-% -1+%]

Ma tran do ciing ctia phan tit thanh c6 chiéu dai L

12 6L —12 6L
L EI | 6L 4L? —6L 2L?

e T o T S —
K _/VB EBdV_/O BTEIBdx = I3 | =12 —6L 12 —6L

6L 2L*> —6L 4L*

(8.6)
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Ma tran khéi lugng ciia phan tit thanh c6 chiéu dai L

156 22 54 —13L

L 2 9

. P . mL| 220 4I? 13L 3L
M= /VPN Ndv _/0 pAN"Ndw = o0 54 13L 156 —22L
_13L —3L2 —92L  4I?

(8.7)

Code Matlab tinh tan sb riéng ctia dam mot dau ngam mot dau tw
do bang phuong phap phan tit hitu han

E=1; Module dan hoi cta vit licu

I=1;  Moment quan tinh cia thanh

m=1;  Khoi ligng phan bo cia thanh

L=1; Chiéu dai thanh

nele=2;  S6 lugng phan ti

L1=L/nele;  Chiéu dai phan ti thi nhat

L2=L/nele;  Chiéu dai phan ti thi hai
ml=BeamElementMass(m,L1);  Ma tran khoi lugng phan ti thii nhat
m2=BeamElementMass(m,L2);  Ma tran khoi lugng phan ti thit hai
kl1=BeamElementStiffness(E,[,L1); Ma tran do ciing phan ti thi nhat
k2=BeamElementStiffness(E,[,L.2); Ma tran do ciing phan ti thit hai
MO0O=zeros(6,6);

MO=BeamAssemble(M0,m1,1,2);

MO=BeamAssemble(M0,m2,2,3);

K0=zeros(6,6);

KO=BeamAssemble(K0,k1,1,2);

KO=BeamAssemble(K0,k2,2,3);

M=[M0(3:6,3:6)];  Dicu kién bién

K=[K0(3:6,3:6)];  Diéu kién bién

[V, D] = eigs(K, M, 4, 'SA’);

omega=sqrt(D)

Ldp ghép ma tran do cing tong thé cia dam:
function y = BeamAssemble(K k,i,j)

K@2xi—12xi-1)=K2xi-1,2xi-1)+k(1,1):
K2xi—1,2xi)=K2xi—1,2x1)+k(1,2);
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K2xi—12xj—-1)=K2xi—1,2xj—1)+k(1,3);
2xi—1,2xj)=K(2xi—1,2xj)+k(1,4);
2xi,2xi—1)=K(@2xi,2xi—1)+k(21);

(2 x0,2x1)=K(2x1i,2x1)+ k(2,2);
2x4,2xj—1)=K(2xi,2xj—1)+k(2,3);
(2%x1i,2xj)=K(2x14,2x7j)+k(2,4);
2xj—1,2xi—1)=K(2xj—1,2xi—1)+k(3,1);
2xj—1,2%4)=K(2xj—1,2x1)+k(3,2);
2xj—1,2xj—1)=K@2xj—1,2xj—1)+k(3,3);
2xj—1,2xj)=K(2xj—1,2xj)+k(3,4);
(2xj,2x1—1)=K(2x7j2xi—1)+k(4,1);
(2x7,2x1)=K(2xj,2x1)+k(4,2);
(2x7,2xj—1)=K(2xj2xj—1)+k(4,3);
(2Xj,2><]) K(2xj,2x7)+k(4,4);

@NNNNNNNNNNNNN
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Phu luc

Bang cic ham s6 Ay, Bra, Crz VA Dy

| ke |

Akm

|

ka

|

Ck:v

|

Dkac

|

0,00
0,10
0,20
0,30
0,40

1,000000
1,000000
1,000070
1,000340
1,001065

0,000000
0,100000
0,200005
0,300020
0,400085

0,000000
0,005000
0,020000
0,045000
0,080005

0,000000
0,000170
0,001335
0,004500
0,010665

0,50
0,60
0,70
0,80
0,90

1,002605
1,005405
1,010005
1,017070
1,027350

0,500265
0,600645
0,701400
0,802735
0,904925

0,125025
0,180065
0,245165
0,320360
0,405740

0,020835
0,036005
0,057180
0,085375
0,121595

1,00
1,10
1,20
1,30
1,40

1,041690
1,061060
1,086510
1,119205
1,160435

1,008335
1,113430
1,220750
1,330970
1,444875

0,501390
0,607460
0,724150
0,851705
0,990465

0,166365
0,222220
0,288710
0,367410
0,459425

1,50
1,60
1,70
1,80
1,90

1,211575
1,274130
1,349740
1,440135
1,547220

1,563385
1,687570
1,818645
1,958010
2,107230

1,140835
1,303330
1,476580
1,667335
1,870510

0,565895
0,688000
0,826985
0,984160
1,160930
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| ke |

Akx

ka

Ckx

|

Dkx

|

2,00
2,10
2,20
2,30
2,40

1,673025
1,819730
1,989705
2,185470
2,409780

2,268080
2,442535
2,632805
2,841335
3,070815

2,089175
2,324580
2,578205
2,851750
3,147170

1,358780
1,579325
1,824305
2,095625
2,395385

2.50
2,60
2,70
2.80
2,90

2,665575
2,956060
3,284700
3,655255
4,071810

3,324335
3,605115
3,916820
4,263455
4,649405

3466715
3,812950
4,188770
4,597475
5,042770

2,725865
3,089615
3,480440
3,928465
4,410155

3,00
3,10
3,20
3,30
3,40

4,538835
9,061180
5,644180
6,293640
7,015970

5,079495
9,559015
6,093755
6,690065
7,354910

5,528825
6,060320
6,642470
7,281120
7,982770

4,938375
5,517435
6,152425
6,347815
7,610450

3,50
3,60
3,70
3,30
3,90

7818180
8,708010
9,693955
10,785405
11,992710

8,005925
8,921470
9,840725
10,863775
12,001665

8,754640
9,604770
10,542055
11,576375
12,718640

8,446705
9,363990
10,370565
11,475635
12,689435

4,00
4,10
4,20
4,30
4,40

13,327295
14,801805
16,430200
18,227940
20,212120

13,266560
14,671790
16,232045
17,963470
19,883850

13,930035
15,376625
16,920460
18,628740
20,549450

14,023360
15,490070
17,103625
18,879640
20,835450

4,50
4,60
4,70
4,80
4,90

22,401660
24,817515
27482870
30,423410
33,667560

92,012740
24,371720
26,984560
29877465
33,079360

22,612460
24,929665
27,495260
30,335910
33,481050

22,990270
25,365410
27,984480
30,873625
34,061810

5,00
5,10
5,20
5,30
5,40

37,246805
41,195990
45,553700
50,362635
55,670080

36,622445
40,541050
44,874955
49,666820
54,994095

36,963445
40,818040
45,085480
49,808265
55,035390

37,581065
41,466860
45,758405
50,499090
55,736855




